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Abstract

In this paper, we prove an explicit upper bound on the number of rational points on a smooth
projective curve of genus at least two over a number field. This gives explicit constants in the uniform
Mordell conjecture proposed by Mazur and proved by Vojta, Dimitrov—Gao-Habegger, and Kiithne. The
main body of this paper consists of two parts. Part I proves arithmetic theorems over number fields by
Arakelov geometry, and Part II proves some complex analytic estimates used in Part I.
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The finiteness of rational points on algebraic curves of genus at least two, conjectured by Mordell [Mor22] and
proved by Faltings [Fal83], stands as one of the central achievements of modern number theory. Following
this landmark result, Vojta [Voj91] provided a new proof using techniques from Diophantine approximation,

and Lawrence—Venkatesh [[.V20] gave a third proof based on p-adic Hodge theory.

A natural refinement of Faltings’ theorem was suggested by Mazur [Maz86, p. 234], who asked whether
the number of rational points can be bounded uniformly in terms of the genus of the curve and the Mordell-
Weil rank of its Jacobian variety. Building on Vojta’s method, Dimitrov—Gao—Habegger [DGI121] and Kiihne

[Kuh21] solves Mazur’s uniform Mordell conjecture. Their theorem has the following form.



Theorem 1.1 (Vojta | ], Dimitrov—-Gao—Habegger | ], Kiihne [ ). Let K be a field of
characteristic 0, and let C' be a curve of genus g > 2 over K. Denote by J the Jacobian variety of C. Let
A C J(K) be a subgroup of finite rank. Fix a point Py € C(K), and view C(K)— Py as a subset of J(C)(K)
via the Abel-Jacobi embedding. Then

#((C(K) —Py)NA) < cl(g)CQ(g)l”k(A)7
where ¢1(g) and ca(g) are positive constants depending only on the genus g.

Throughout this paper, a curve means a smooth, projective, and geometrically connected curve over a
base field. In the theorem, A is not assumed to be finitely generated, and the rank rk(A) = dimg(A ®z Q).
By a specialization argument, it is easy to reduce the theorem to the case where K is a number field.

The theorem is proved by a combination of the following bounds.

(1) (Large points) Vojta’s proof of the Mordell conjecture in [ | actually gives a deep inequality
concerning distribution of rational points of large heights, which particularly implies an upper bound
on the number of rational points of large heights. Note that this is sufficient for the Mordell conjecture
by the Northcott property of heights.

(2) (Small points) The works | , ] prove a uniform Bogomolov conjecture, which gives an upper
bound on the number of algebraic points of small heights. By a simple argument of sphere packing, the
uniform Bogomolov conjecture also bounds the number of all rational points complementary to (1).

Previously, the original Bogomolov conjecture for a single curve was proved by Ullmo | ] by the
equidistribution theorem of Szpiro—Ullmo-Zhang | ]. A less well-known proof of the Bogomolov con-
jecture, which establishes the positivity of the admissible volumes of curves over number fields, is obtained by
the works of Zhang | , ], Cinkir | ], and de Jong | ]. Before the works | ) 1,
DeMarco—Krieger—Ye | ] proved the uniform Bogomolov conjecture for bi-elliptic curves of genus 2.

Based on the theory of adelic line bundles of Yuan—Zhang | |, recently Yuan | ] gave a different
proof of the uniform Bogomolov conjecture and thus the uniform Mordell conjecture. The key ingredient
of Yuan’s approach is a family version of the positivity of the admissible volume by Zhang [ , 1,
Cinkir | ], and de Jong | ], while the key ingredient of Kiithne’s approach is a family version of the
equidistribution argument of Ullmo | ]

1.1 Main theorem: quantitative Mordell conjecture

It is natural to ask whether one can obtain a quantitative version of the uniform Mordell conjecture, i.e. to
determine explicit constants ¢1(g) and c2(g) in Theorem 1.1. There are serious difficulties to extract explicit
constants in the above approaches. In fact, the approach of [ , | is based on an equidistribution
argument, the approach of Yuan | | is based on a compactness argument at archimedean places, and
both approaches are based on arithmetic of chains of subvarieties of the moduli space of curves.

However, in the function field case, Looper—Silverman—-Wilms [ | established the uniform Bogo-
molov conjecture with surprisingly explicit constants. Their proof is through estimates on single curves
instead of moduli spaces, and still based on the positivity of admissible volumes of Zhang | , 1,
Cinkir | ], and de Jong | ]. Building on the result of [ ] and adapting Vojta’s proof of the
Mordell conjecture over function fields, Yu | | achieved c1(g) = 16g% + 329 + 129 and ca(g) = 40g in
Theorem 1.1 for non-isotrivial curves over function fields of characteristic 0.

The work | ] does not cover number fields due to many obstacles at archimedean places. In
this paper, we manage to overcome all these archimedean obstacles and prove a quantitative Bogomolov
conjecture over number fields. We also establish a quantitative Vojta inequality (with explicit constants)
over number fields. Consequently, we prove the following our main theorem, which is an explicit version of
Theorem 1.1.



Theorem 1.2 (Theorem 5.1). Let K be a field of characteristic 0, C a curve of genus g > 2 over K, and
J the Jacobian variety of C. For any line bundle o of degree 1 on C and any subgroup A C J(K) of finite
rank,

£((C(K) — a) N A) < 1038 - min {1 b5 14 3losg }rk(A)
= 4\/§a g
If K is a number field, then J(K) is finitely generated by the Mordell-Weil theorem and we can take
A = J(K). The gives the following quantitative version of the original Mordell conjecture.

Theorem 1.3. Let C be a curve of genus g > 2 over a number field K, and J the Jacobian variety of C.
Then

#C(K) < 103¢® - min {1 45 gy 3losg }M(K) .
4\/§ g

In the theorems, the Vojta constant

1
CQ(Q)min{1+5 1+3Ogg}7

4,/9’ g
which essentially comes from Vojta’s proof of the Mordell conjecture, tends to 1 as g — oco. This provides
an affirmative answer to a question of Gao and Habegger (cf. | , Que. 1.19)).

On the other hand, recall that the Manin—Mumford conjecture proved by Raynaud [ , ]
asserts that (C(K) — a) N J(K)or is finite. Here J(K)ior denotes the subgroup of torsion elements of
J(K). In Theorem 1.2, the constant c;(g) = 10'3¢g® bounds the order of (C(K) — a) N J(K)ior by taking
A = J(K)tor, so we call ¢1(g) the Manin-Mumford constant. Our proof of the theorem actually gives the
following quantitative Manin—-Mumford conjecture with better constants.

Theorem 1.4 (Theorem 4.2). Let K be a field of characteristic 0, C a curve of genus g > 2 over K, and
J the Jacobian variety of C'. Then for any line bundle o of degree 1 on C,

#((C(K) — a) N J(K)ior) < 3.2-10M g%

In Theorem 1.2, if C is not defined over a number field, we are in the function field case and have the
following theorem with better constants.

Theorem 1.5 (Theorem 5.13). Let K be a field of characteristic 0, C' a curve of genus g > 2 over K, and
J the Jacobian variety of C. Assume that C' is not isotrivial over Q in that Cx cannot be descended to Q.
Then for any line bundle o of degree 1 on C' and any subgroup A C J(K) of finite rank,

6 3 5 rk(A)
#((C—a)nA) <1.8-10° -(1+4\/§) ,

#((C—a)NA) <25-10%° - (1 42289

Our proof of this function field version applies a variant of the main result of Looper—Silverman—Wilms
[ ], but the other parts of the proof are similar to that of Theorem 1.2. Note that our Vojta constant
here is better than that obtained by Yu | |, which comes from a refined version of the Vojta inequality
and a more delicate method of point counting.

1.2 Some consequences

Let us consider some consequences of Theorem 1.3, which give different bounds of the number of rational
points.



First consequence: beyond Chabauty range

For the first consequence, recall that in the Chabauty range rk J(K) < g, Coleman | ] applied the
Chabauty method give an upper bound of #C(K) which is almost linear in g. Our theorem gives a clean
bound beyond the Chabauty range. In fact, by the inequality

g
(1 + BIOgg) <g?
g

Theorem 1.3 gives
rk J(K)

#C(K) <10%g% 0 18,

1
This is polynomial in g if —rk J(K) is bounded.
g

Second consequence: bounds by bad reductions
Our second consequence is the following “more explicit” bound on the number of rational points.

Theorem 1.6. Let C be a curve of genus g > 2 over a number field K. Denote by d = [K : Q] the degree
of K over Q, by Ak q the discriminant of K over Q, and by Ng/K the product of the norms of the prime
tdeals of Ok where C' has bad reduction. Then

#C(K) < c1(g,d) - (Ng/K)Cz»(g,d) . |AK/Q|CS(9"1),

where
3 135892

. 5 3logg* " 13, 692d%2%° 48

ci(g,d :1013gs-mln{1+71—|— } < 10%3g% +8
(9,d) i/ J
ea(g,d) = 4g3d*2%9" - log, min {1 P ?’logg} < 87-g%d% -2 log g
’ 4 4\/§7 g )

es(g,d) = gd2%9 log min{1—|—5 1+ 3logg} < 22.d-2%"logg
3 I - ° 5 2. . .

4 19 g

The theorem is a consequence of Theorem 1.3 and the following bound of Rémond | , Proposition

5.1] on the Mordell-Weil rank:

gd2892
log 4

rk J(K) < (4dg®log NY i +1og |Ax gl + g*d*1og 16) — 1.

Here N? K is the product of the norms of the prime ideals of Ox where J has bad reduction, which is a
factor of Ng/K.
Recall that the admissible volume a% /K.a is the self-intersection number of Zhang’s admissible canonical

-2
bundle; see §2.5 for a review. In Theorem 1.6, we can replace Ng/K by ¥¥¢/x.a since we have

-2 max{g B 17 2} 1 0

We/Ka = W@(C) > glogNC/K-
Here the first inequality is from Theorem 2.4, a consequence of works of Zhang | ], de Jong | ], and
Wilms | ], and the second inequality is by Cinkir | , Theorem 2.11] and Cinkir | ]

We can further change the expression in terms of the admissible volume (I% /K by that in terms of the
Faltings height hpa(J), since we have

1
(K : Q] w%’/K,a < 12hpa(J) + 6glog(27?).




See | , Theorem 4.14] for the inequality, a consequence of the arithmetic Noether formula of Faltings
[ ], an inequality of Zhang | ], and a lower bound of the delta invariant by Wilms [ ]

Interested readers can also compare our results with the results of Rémond | , Theorem 1.1, The-
orem 1.2] for rational points on planar curves. Our current results strengthen the ones in the loc. cit. in
some sense.

Finally, for integral points, Corvaja—Zannier | ] obtained explicit upper bounds on the number of
integral points on a hyperbolic curve with at least three points at infinity, which is based on a sharp explicit
version of Schmidt’s subspace Theorem and does not involve the Mordell-Weil rank.

Third consequence: hyperelliptic curves

If C is a hyperelliptic curve, we have a better bound for rk J(K), and thus a better bound for #C(K) as
follows.

Theorem 1.7 (Theorem 6.1). Let K be a number field of degree d over Q. Let f(z) € Oklz] be a monic
and square-free polynomial. Let Ay € Ok be the discriminant of f.

(1) If deg f = 2g + 1 for some integer g > 2, then
#{(m,y) c K2 . y2 — f(l‘)} < 1013_2d99d10g2(2gd+d)+18d+8(29d+d)%d.|NK/QAf|4log2 g+%_|AK/Q|310g2 g+%_

(2) If deg f = 2g + 2 for some integer g > 2, then

#{(Z, y) c KQ . y2 _ f(:ﬂ)} < 1013.26d+199dlog2(29d+2d)+18d+8(29d+2d)%d.|NK/QAf‘4log2 g+%"AK/Q‘3]Og2 g+%.
Here the discriminant Ay € Ok is the usual one defined by

A= ] @)%

1<i<j<deg f

where 1, ..., Tqeg f are the roots of f in K.

Fourth consequence: average for hyperelliptic curves

For the last consequence, recall that Bhargava—Gross | ] proved that the average size of the 2-Selmer
groups of hyperelliptic curves with marked rational Weierstrass points over Q is 3. If the rational point is
non-Weierstrass, Shankar—-Wang [ ] proved that the average size is at most 6. By the easy inequality

5\ kI (E) "
14+ — 2k JU) < Qe
( + 4\/§) < = #SGQ(J)v

we have the following consequence of Theorem 1.3.

Theorem 1.8 (Theorem 6.5). (1) For hyperelliptic curves of genus g > 2 over Q with a marked rational
Weierstrass point, the average number of rational points is at most 3 - 1013¢5.

(2) For hyperelliptic curves of genus g > 2 over Q with a marked rational non-Weierstrass point, the
average of number of rational points is at most 6 - 1013g%.

In the case g = 2, Alpoge | ] previously proved the finiteness of the average number in Theorem
1.8(1). Our treatment of large points is very similar to that of the loc. cit.; in fact, we both use Vojta’s
inequality and Bhargava—Gross’ theorem.

The following are other related probabilistic results.



(1) Bhargava | ] proved that as g tends to infinity, the density of hyperelliptic curves of genus g over
Q having #C(Q) = 0 tends to 1.

(2) Poonen-Stoll | ] proved that as g tends to infinity, the density of hyperelliptic curves of genus g
over Q with a marked rational Weierstrass point having #C(Q) = 1 tends to 1. The proof is based on
Bhargava—Gross’ theorem and the Chabauty method.

(3) Shankar—Wang | ] proved that as g tends to infinity, the density of hyperelliptic curves of genus
g over Q with a marked rational non-Weierstrass point having #C(Q) = 2 tends to 1. The proof is
based on extensions of the methods of Bhargava—Gross | ] and Poonen—Stoll | ]

1.3 Quantitative Vojta inequality

Our proof of Theorem 1.2 is based on a quantitative Vojta inequality and a quantitative Bogomolov conjecture
with some delicate arguments in sphere packing. We will first introduce these two quantitative theorems
and then give some ingredients of our sphere packing.

We start with some notation for heights and arithmetic numbers, which are introduced in §2 with details.
Let C be a curve of genus g > 2 over a number field K, and let J be the Jacobian variety of C' over K.
Taking the base change to a finite extension of K if necessary, we can assume that there is a line bundle
o on C such that (29 — 2)ay is isomorphic to the canonical sheaf w = we/i. Here we usually write tensor
products of line bundle additively. Via «g, we have an Abel-Jacobi map

lag : C — J, z+— (z) — .

This gives a theta divisor § on J, defined as the image of 09! — J. The theta divisor gives a Néron-Tate
height function h : J(K) — R, which extends to a positive definite quadratic form on J(K)r = J(K) ®z R.

This gives a metric on J(K)r by
2l = /I Qh), = € J(E)s.

Denote by Z(x,y) the angle between two vectors z,y € J(K)g under this metric. The notations |z| and
Z(x,y) for x,y € C(K) are understood via the map i,, : C — J.

Let Wy = Wo /Ko be Zhang’s admissible canonical line bundle on C. The Bogomolov conjecture proved
by Ullmo is equivalent to the strictly positive of the arithmetic self-intersection number @2. The number w2
is a canonical arithmetic invariant of C/K, and it is called the admissible volume of C/K. We refer to §2.5
for more details on this.

In this paper, we prove the following quantitative version of Vojta’s inequality.

Theorem 1.9 (Theorem 3.1). Let C be a curve of genus g > 2 over a number field K. Let Py, P, € C(K)
be distinct rational points. Assume

1P| > 1.2-10%5 /@2

and .
[P > 10°g% | Py
Then
/1.01
COSA(Pl,PQ)S —_—.
g
The theorem with implicit constants is proved by Vojta [ ] in order to prove the Mordell conjecture.
The most technical part of the proof of Vojta | | is an application of the arithmetic Riemann-Roch
theorem of Gillet—Soulé | | to construct a small section. This technical part is replaced by an application
of the more elementary Siegel’s lemma by Bombieri | |, and replace by an application of Yuan’s
arithmetic Siu inequality by Yuan | ]. We refer to | , §1] for a brief history of these approaches.



Note that Rémond | , Thm. 1.1] proved a Vojta inequality for subvarieties of abelian varieties,
most of whose constants are also explicitly written down.

Our proof of Theorem 1.9 is based on the framework of Yuan | ] on Vojta’s method, and our
additional idea is to use Zhang’s admissible adelic line bundles to have explicit constants. Moreover, we
also need some explicit inequalities to compare the Arakelov metric and the hyperbolic metric of a compact
Riemann surface.

/1.01
Note that the bound y/ —— in the theorem is very sharp by the current method. In fact, all the bounds
g

1
we can derive from Vojta’s method should be strictly bigger than \/7 This can also be seen from the
g

statement of [ , Theorem 2.1].
As a companion of the quantitative Vojta inequality, we have the following quantitative version of Mum-
ford’s inequality in | ] (cf. [ , §5.7]).

Theorem 1.10 (Theorem 3.6). Let C be a curve of genus g > 2 over a number field K. Let P;, P, € C(K)
be distinct algebraic points. Assume
|Pr| > 10%97 /@2

and
|P1| < |Ps| < 1.15|Py|.

Then

1.01
cos (P, Pp) < —0
g

As in Mumford’s original inequality, the proof of our theorem uses some techniques of those of Theorem
1.9, but it is much easier than that of Theorem 1.9.
1.4 Quantitative Bogomolov conjecture
The following theorem is our quantitative version of the Bogomolov conjecture.

Theorem 1.11 (Theorem 4.1). Let K be a number field, C a curve of genus g > 2 over K, and J the
Jacobian variety of C'.

(1) ForanyO§T<,/§ and x € J(K)g,

#{PecCE):|P—z| < Fz}<w 1410 %log [ —
: x| < ry/@w? Ty g 8g2) )
(2) Let k > 1 and 0 € (0,7/2) be real numbers satisfying

(k+1)? 1
+ 11 °
Ar 3.2-1011g%

gcos’ >

Then for any nonzero x € J(K)g,

#{P e C(K):|z| <|P| < rlz|, Z(P,x) <0} <3.2-10"g5.

The first inequality is a number field version of | , Theorem 1.3], and it has a much larger coefficient
3.2-10'" due to the larger coefficients from archimedean places. The second inequality is an effective variant
of the inequality coming from the extra term in [ , Theorem 1.1]. In fact, an elementary calculation
gives

{PeCK):|z| <|P| <klz|, Z(P,x) <0} C {PEC(K):|P—2| < (K +1-— 2&6089)%|LL‘|}.



Then an upper bound of the order of the right-hand side gives the effect of the extra term in [ , Theorem
1.1]. See also Remark 4.5.

Let us describe our idea to prove Theorem 1.11. As mentioned above, the global part of our proof follows
closely the proof | , Theorem 5.2], where the key ingredient is a quadratic identity, and the local part
of our proof consists of a few technical estimates of invariants of compact Riemann surfaces. We will first
describe the global part, and come back to the local part later.

Assume that P, ..., P, are n distinct points of C(K) with small distances |P; — z|. We hope to obtain
an upper bound for n. By base change, we can assume that P, ..., P, are defined over K. Extend P; to
the admissible adelic divisor O(P;), on C (cf. §2.5). By the arithmetic Hodge index theorem (cf. Theorem
2.5) and the arithmetic adjunction formula (cf. Theorem 2.6), we have a quadratic identity

2

w2+ (2g—2)ZPi—nw

=1

dn+g-1)(9-1) 2 4ng
n—1 >, PP = > how, (P P+

1<i<j<n 1<i<j<n

Here the height
h@(A)a (P, Py) = Z €0Gaw(Pis Pj),

vEME

where Gy, : (C?\ A)(K,) — R is Zhang’s admissible Green function at v as in §2.5. See Lemma 4.3 for a
proof of this quadratic identity. This quadratic identity is extracted from the proof of | ]

To prove the first inequality of Theorem 1.11, assume that |P; — x|?> < t for a small positive number ¢,
and we want to have an upper bound of n in terms of t. We first have

Pi = Pif* < (1P, —a] +|Pj —al)” < (Vi+ V) =
We will prove a key bound of the form
Z hoay., (P Pj) = —O((nlogn)@?).
1<i<j<n

It follows that the inequality becomes

2
n 2 2
(29 —2) Z P, —nw| + %@3 — O((nlogn)@?) > I @2 — O((nlogn)@?).

i=1

8(g — 1)n’t >

This gives an upper bound of n as long as 2t < @(21. By some refined method, we eventually get the

8(g—1)
first inequality of Theorem 1.11.
For the second inequality of Theorem 1.11, the conditions |z| < |P| < k|z| and Z(P,z) < 0 give

|P; — Pj|? = |Pj|? + | P;|? — 2| P||Pj| cos Z(P;, P}) < 2k|z|* — 2|x|* cos(26).

The projection of P; to the direction of x has length |P;| cos Z(P;, z). It follows that

2

(20-2)> Pi—nw

i=1

2
> (29 — 2)? (Z | P;| cos A(Pi,:r)> > (29 — 2)*n?|z|* cos? 6.

)

Then the quadratic identity gives

n2

2|z|?(k — cos(20))n? > (29 — 2)?n?|z|? cos? 0 + ?w 2~ O((nlogn)w?).

This gives an upper bound of n as long as 2(k — cos(26)) < (2g — 2)? cos? 0. A refinement of this argument
gives the second inequality of Theorem 1.11.



It remains to prove an explicit bound of the form

" hoa), (P Py) = —O((nlogn)@?).

1<i<j<n

We need Zhang’s global p-invariant

p(C) = Z €vpu(C),

vEMEK

where the local y-invariant

an
Ky

0, (C) = —/ Gawc1(O(A)g.)N > 0.
(C?)

This is recalled in §2.5. By the works of Zhang | ) ], Cinkir | ], de Jong [ ], and Wilms
[ ] on the original Bogomolov conjecture, we have an inequality

1
@2 > L= p0).

We refer to Theorem 2.4 for more details.
It is reduced to prove an explicit bound of the form

3" b, (P Py) = —O((nlogn)p(C)).

1<i<j<n

Note that h5( A (P;, P;) and ¢(C') are both sums of local components over places v of K. The problem is
reduced to find a suitable positive constant ¢(g) independent of C' and v such that

FE,(n, C) + c(g) (nlogn) ¢, (C) = 0.

Here the Faltings—FElkies invariant

FE,(n,C) = inf Gow(Fs, Pj).
e Pl"“’P”eC(K'”)KZ;@ | )

Note that the problem is purely local for v.
If v is a non-archimedean place, then both FE,(n,C) and ¢,(C) can be computed in terms of the

reduction dual graph of C. In this case, a lower bound of ¢,(C) is given by Cinkir | ], and a suitable
lower bound of FE,(n,C) is given by | ]. Their combination gives ¢(g) at v.

If v is archimedean, the term FE,(n,C) is an invariant of the compact Riemann surface C,(C). Lower
bounds of FE, (n,C') was previously obtained by Faltings [ ] and Elkies (cf. | , §VL.5]), but their

bounds are not uniform as the Riemann surface varies. Our explicit bound in this case is as follows.

Theorem 1.12 (Theorem 3.5, Theorem 10.11). Let C' be a curve of genus g > 2 over a number field K.
Let v be an archimedean place of K. Then we have

FE,(C,n) > — (4- 10%g3nlogn + 1.32 - 10109%n) 0o (O).

The proof of this explicit bound is the most technical part of our analytic part of this paper. We will
come back to this later.

10



1.5 Sphere packing

Now we describe our argument of sphere packing to prove Theorem 1.2 by Theorem 1.9, Theorem 1.10, and
Theorem 1.11. It is easy to reduce the problem the case a = ap. We divide the set CNA = (C(K) —ap)NA
into the following three parts:

w?
Asma = P A:|P < = s
(C'NA)sman { eCn |P| “169}

—2
(CmA)mediunl = {PECQA:“ ;g; < ‘P‘ < 1.2~10995\/w§},

(C'N Atarge = {P €CNA:|P|>12 10%F \/L:Tg} .

This is similar to the partition by Dimitrov—Gao—Habegger | ], but we will apply many refined methods
to obtain good constants in the bounds.
Our cut-off limits for |z| in the three sets are chosen from the constants in Theorem 1.9 and Theorem

1.11. For example, the set (C' N A)gman of small points comes from Theorem 1.11(1) with r = ﬁ. This

gives the bound
#(C N A)small <6.5- 10119%7

It remains to bound the medium points and the large points.
Denote n = rk(A) and assume n > 1. The space V' = Ag under the norm |- | is isometric to the Euclidean
space R™. For any nonzero vector u € V and any angle 6 € (0, 7), denote the cone

cone(u,d) ={zr eV : L(u,z) <6}

centered at u and of angular radius € in V', and denote the spherical cap

cap(u,0) ={x €V :|z| =1, L(u,z) <6}
centered at u and of angular radius 6 in V. Note that cap(u, ) lies in the sphere

Sy ={xeV:|z| =1}

Medium points
Now we describe our idea to bound the set (C'N A)medium. For any 0 < r < r/; denote

(CNA)w ={PeCnA:r<|P|<+'}.

Then we have

(C N A)medium = (C n A)Tl,m
with

wg T
ro= 169’ ry =1.2-10%53 Vw2,

Cover (C' N A)medium by the sets
(CQA)21*17‘1,2W1; 1=1,..., |—10g2(T2/T1)].

It suffices to bound #(C' N A), 2, for every r > 0.
Apply Theorem 1.11(2) to

0 = arccos /| —, Kk =2.
g

11



As a consequence, under the natural map

H cone(P,0) — V,
Pe(CNA)r2r

every nonzero point has at most 3.2 - 10'! g% preimages. Take intersections with the sphere S and compare
the volumes. We have .

#(C' N A)ya, - vol(cap(P,0)) < 3.2-10" g3 vol(Sy).

The remaining part is just some volume estimates in Euclidean spaces. Our final result is

) 5 n—1
C N A pedium < 1.64 - 103 7<1+> .
#( ) edium S g 2\/29

Large points

Now we describe our strategy to bound C(K )1arge, which requires more delicate results in sphere packing.
A similar strategy previously appeared in the work of Alpoge | ].

We first introduce an important counting function in sphere packing. For any positive integer n and any
angle 0 € (0,7), denote by A(n,0) the maximal number of nonzero points u,...,uy € R™ such that any
two of them form an angle at least . The condition is also equivalent to that the interiors of the spherical
caps cap(u1,0/2),...,cap(un,0/2) are disjoint from each other. It follows that A(n,#) is also the maximal
number of spherical caps of angular radius /2 in R™ such that any two such spherical caps have no common
interior points.

Now we return to the bound of large points. For any § € (0, ), there is a subset S of (C' N A)arge
satisfying the following properties.

(1) For any P € (C N A)jarge, there is a @ € S such that Z(P,Q) < 6 and |Q| < |P|.
(2) For distinct Q1,Q2 € S, we have Z(Q1,Q2) > 6. As a consequence, #5 < A(n,0).

This set can be constructed inductively.
For any x > 1, we have

(CNMarge = [ J{P€CNA:|P|>|Q, L(P.Q) < 0}
QEeS

U U{PeCna:s1QI < P < K|Ql, £(P,Q) < 6}

QeSi=1

Mog, (10°3)]

U U {Peona:wMQI<IPI<HIQL 4(PQ) <0},

Qes i=1

Here the third equality is a consequence of the quantitative Vojta inequality in Theorem 1.9 by taking

1.01
0 = arccos — .

g
Take k = 1.15. For each @ € S and i, suppose we have two distinct points
P, Py e {PeC(K)NA:&"1Q| <|P| <r'IQ|, £(P,Q) < 6}.

Denote by Pj, Py the orthogonal projections of P;, P, to the linear space Q+ = {x € V : (z,Q) = 0}. A
simple estimate gives (P, P3) < 0 and hence Z(P{, P;) > 5. This strong property implies that

#{PeCnA:RTQI < Pl < WIQL £(P.Q) <0} < An—1,5) <n.

12



As a consequence, we have the following result.
#(C N Mtarge < [10g1.15(10°%) 1nA(n, ).

We refer to Proposition 5.4 for more details.
Then the problem is reduced to give a good upper bound of A(n,#). By volume comparison, we have a
bound 1(5"1)
vol(S™™
An,0) < ————mM———~2 .
(n,6) < vol(cap(P,0/2))
This bound grows roughly as (1/2)™ when 6 is close to 7/2, and is too large for our purpose of making the
Vojta constant close to 1.
We have two other methods to seek stronger upper bounds of A(n,#). The first method is due to Rankin
[ , Thm. 2], which eventually leads to

n—1
5
#(C'N Miarge < 3.4-10°%¢2 (1+ > .
( ) g 4\/§
The second method applies a result of Kabatjanskii-Levenstein | ] on sphere packing. By some delicate
argument, this method eventually leads to

31 nt
L(C' N A)jarge < 2.4 1068 (1 n (;gg)

for g > 142. This explains the proof of Theorem 1.2, and also explains the origin of the Vojta constant

1
Cg(g):min{1+5 1+3°gg}.

4,/9’ g
The main body of this paper consists of two parts: Part I for arithmetic estimates and Part II for analytic
estimates. Up to now, we have sketched the main ideas of Part I. On the other hand, Part II proves three
estimates required for Part I, which can be found from the first paragraph of Part I or that of Part II. In the
remaining part of this section, we sketch the main idea to prove Theorem 1.12; which is the most difficult
one of the three. The proofs of the other two are based on similar strategies.

1.6 Systoles of hyperbolic surfaces

Now we start to sketch our proof of Theorem 1.12. For this, we restrict our attention to smooth projective
curves C' of genus g > 2 over C, i.e., compact Riemann surfaces of genus g > 2. Then

Go=Gar: C2\A — R

is just the Arakelov Green function on C. We have Zhang’s @-invariant

p(C)=— [ Garcr(A,Gar)™
CQ
and the Faltings—Elkies invariant
FE(n,C) = . Z Gac(P;, Pj).
1<i<j<n

Since no direct connection between ¢(C') and FE(C') is currently known, our estimation strategy proceeds
in two steps: a lower bound for ¢(C) and a lower bound for FE(n, C'). The key idea is to relate both invariants
to a certain geometric quantity, which will serve as an intermediate bridge. We now introduce this quantity.

13



Let C be a smooth projective curve of genus g > 2 over C. Then C carries a unique Kéhler metric uxg
of constant curvature —1. Since dim C' = 1, we identify a Kéahler metric p with its associated volume form
and measure. Let sys(C) denote the systole of (C, ukg), i-e., the length of the shortest non-trivial closed
geodesic. We will use the quantity

max {sys(C) "', 1}

as the intermediate quantity.

Although it is not seriously needed in our estimates, the behavior of the systole when varying C' helps
us understand our final results. Consider the coarse moduli scheme M, ¢ of curves of genus g over C. We
have a function

sys: Mg c(C) — (0,00), C+——sys(C).

The function is continuous on M, ¢(C) under the Euclidean topology. See also the Teichmiiller-theoretic
construction of M, ¢ in | , Section 2.C]. As C approaches the boundary of the moduli space, the systole
sys(C) converges to 0.

The following estimate shows that, up to constants depending only on g, we can bound the p-invariant
¢(C) in terms of the invariant max {sys(C)~!,1}.

Theorem 1.13 (combining Theorem 9.19 and Corollary 11.6). Let C' be a compact Riemann surface of
genus g > 2. Then

10_79_% - max {sys(C)_l, 1} <p(C) < 10%¢° - max {sys(C)_l7 1}.
To understand the theorem abstractly, consider the function
¢ : Mgc(C) — (0,00), Cr— p(C).

It is smooth and tends to infinity as C approaches the boundary of the moduli space (with logarithmic
growth). These facts follow from the interpretation of ¢ as an adelic divisor by | , §3.2.3], and the proof
of | , Theorem 3.10] considering the boundary behavior. Then the loc. cit. concludes that ¢(C) > co(g)
for some implicit constant ¢y(g) > 0 by compactness. Now we can view the theorem as a comparison of two
continuous functions on the moduli space. It is worth noting that the bound ¢(C) > 10~7g~% from the
theorem gives an effective expression for cy(g).

The upper bound in Theorem 1.13 is comparatively straightforward. It follows from a comparison between
the systole and the eigenvalues of the Laplacian, together with the standard estimate comparing the L
norm and L? norm of holomorphic sections. This part of the argument is similar in spirit to the classical
L? estimate for the Poisson equation. We also note that the upper bound in Theorem 1.13 will not be used
later in the paper.

The lower bound in Theorem 1.13, however, plays a central role in our analysis. The argument is
inspired by Tian’s peak section method as in [ , , , , ], the localization of
Bergman kernels due to Ma—Marinescu | ], and the relationship between loops and harmonic 1-forms
established by Buser—Sarnak [ ].

We also need the following result, which bounds the Faltings—Elkies invariant in terms of the systole.

Proposition 1.14 (Proposition 10.10). Let C be a compact Riemann surface of genus g > 2. Then
1
FE(n,C) > —anogn — 4007 (g — 1)* - max {sys(C) ", 1} - n.

By combining Theorem 1.13 with Proposition 1.14, we can obtain a result in the form of Theorem 1.12.
By introducing some additional refinements, we can achieve the better constants in Theorem 1.12. In the
following, we sketch the proofs of Theorem 1.13 and Proposition 1.14.
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1.7 Estimate of the p-invariant

We now sketch the proof of the lower bound in Theorem 1.13. For clarity, we only outline the main ideas
leading to an estimate of the form ¢(C) > ¢(g) - max {sys(C)~*, 1} for some constant c¢(g) > 0. A complete
proof with an improved value of ¢(g) will be provided later.

We begin by introducing a lower bound for Zhang’s -invariant that is easier to analyze. The lower
bound is derived using a potential-theoretic expression of Zhang’s ¢-invariant (cf. Proposition 9.2), which
we view as an analytic reformulation of Zhang’s original formula (cf. Proposition 9.1).

Let {a;}7_; be an L*-orthonormal basis of T'(C,wc) with respect to the L? inner product

(a, 0y = %/ aNd,
C

where we denotes the canonical bundle of C. The Arakelov Kéhler metric is defined by

. g
1
= — ap N\ oy,
HAr 2g;k k

and is independent of the choice of basis. By the standard theory of Poisson equations, for each j, there
exists a unique smooth R-valued function u; on C' satisfying

ddCUj =ia; N — 2par, / u;jpar = 0,
C

where d° = 51-(9 — 0). Then Proposition 9.1 yields the lower bound

1 g
QP(C) > *Z/ duj/\dcﬁj.
2j:1 c

Thus, a suitable choice of L? orthonormal basis for I'(C,w¢) leads directly to explicit lower bounds for the
(p-invariant.

Let € = €(g) € (0,1) be a small constant, and let 79 C C be the shortest non-trivial closed geodesic
on (C, ukg). We say that 7 is separating if its homology class [yo] € H1(C;Z) vanishes. Otherwise, 7 is
non-separating. By the classification theorem of compact surfaces, a simple closed geodesic is separating if
and only if it divides C' into two connected components. See also | , Chapter I, 41A].

We then decompose the moduli space as

Mg,C(C) = Mg,thick(e) U My,sep(e) J Mg,nsep(e)a
where

€},

¢, and 9 C C is separating},

M thick(€) = {C € My c(C) : sys(C)
Mygsep(€) ={C € My c(C) : sys(C)
Mg nsep(€) = {C € My c(C) :sys(C)

ININ IV

¢, and 79 C C is non-separating}.

We call these the thick, separating, and non-separating parts, respectively. As before, we do not distinguish
between a curve C and the corresponding complex point in M ¢. This decomposition reduces the proof to
establishing the existence of positive constants €1(g), €2(g), €3(g) such that

€2 €3

) >
SyS(C) on Mg,sep(6)7 80 - SyS(C)

@ > €1 on Mg,thick(e)a w > on Mg,nsep(e)-

We now analyze each case separately. In what follows, we sketch the argument and highlight the main
ideas, suppressing certain technical refinements that will be carried out in the full proof later in the paper.

15



Thick part

Assume that C' € M inick(€). Since C' is compact, the function ﬁ;{*E attains its maximum at some point

x € C. Moreover, a classical argument (see also Lemma 7.21) shows that there exists a section a € T'(C, w¢)

such that _ )
i i
f/oz/\&:l, and —aAa(x)=sup
2 Jo 2 c

GHArY
\ ixe(@).
HKE

By a unitary transformation, we can assume that the L?-orthonormal basis {a; }gzl satisfies a; = a.

Let (D, up) be the Poincaré disk. Then there exists a universal covering map p : D — C such that
p(0) = z and p*ukg = (147“'% = up, where z is the standard coordinate on D, and pgy. = % is the
standard Euclidean Kéahler metric on C. See also Theorem 7.2.

Let f be the holomorphic function on D such that p*«a = f(z)dz. Let 3 = p*u; and define the radial

average Uy radial (2) = % 027T 11 (ze")df. By definition,

ip*(aA@)(0)  2iaAa(x)

FOP =" b

HKE

>qghal®) A9 1

=4
g=ep pxe(C)  dn(g—1) " 7

2pmuc(0)  pke(e) c

Moreover,

o . 02 . 0)2
A%y = il %z A d7 — 20" e > 20 Pae — LOL gty > (2|f2 - W”M) e
iy g(—12P)

Since f is holomorphic, the function |f|? is subharmonic and satisfies the mean value inequality. Taking the
radial average yields

1 1
ddu radia > N2 0 2 uc > 0 2 uc > — uc» v < —.
S patin(2) 2 (2 s ) VO P > 11O > Simae, V2 < g
By the Laplacian inequality for the radial function iy yadial, we obtain
1
/ . dLl1 ,radial A d ul ,radial > /[;) . d|2|2 A dC|Z|2 40000
10 10
By the thick-thin decomposition and the Cauchy—Schwarz inequality, we obtain
1 _ 5 - sys(C 5 - sys(C /
C)y>— | dug ANdUy > —————— dity A d°u _ 2 clrl/\drl
QO( ) 9 /C U U 2+10- SyS / U U > 2+10- SyS ) U1 radial U1 radial-
10

where the second inequality follows from Lemma 7.8. Hence ¢(C) > 1076

Separating part

Assume that C' € M s (€). Since 7y is separating, C' \ 7o has two connected components, which we denote
by C1 and C5. There exists a smooth R-valued function n on C such that 0 <n <1,

/ dn A d°n < sys(C),
c

and .
Z <’L/ |’I7|Oéj A ay +Z/ |77 — 1|Oéj A\ Oéj) < 10_109_10.
j=1 Cy Cs
The construction of such a cutoff function 7 is standard (see | , Theorem 8.1.3]) and relies on the fact

that, when 7 is separating, the Arakelov measure pp, is uniformly small in a neighborhood of ~q. See also
Proposition 7.16.
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Using this function 1 and the Cauchy—Schwarz inequality, we obtain

2
1y j=1 Lo dn A deu|
o(C) > = /du-Adcﬁ-z 7= -
1 g 2 1 9 2
> ddu;| = —— i A\ Oy — 2UAr
- 2-sys(C’)Z /(;77 H 2-sys(C’)Z /077(1% @ = 2par)

J=1 J=1

Thus, to obtain a uniform lower bound for ¢(C'), it suffices to construct a holomorphic 1-form o €
I'(C,we) with £ [, aAa@ =1, such that the quantity | [, n(ice A & — 2ua,)| is bounded below by a positive
constant depending only on g.

Since 7y is a simple closed geodesic, the Gauss—Bonnet formula implies that both C7 and Cs have positive
genus. Choose a smooth loop ¢y C C; whose homology class [co] € H1(C;Z) does not vanish. By Poincaré
duality, let 8 be the harmonic 1-form representing the class dual to [co].

Since g is a separating closed short geodesic, there exists a smooth closed 1-form 3’ cohomologous to 3,
supported in C7, such that

/B’A*B’S ﬁA*ﬁ+e’2(g,e)/ﬁA*/3,
C Cq C

where €} is an explicit function depending only on ¢ and ¢, with €5(g,€¢) — 0 as ¢ — 0 for each fixed g > 2.
Note that the cohomology class is determined by its integrals along cycles; in particular, this can be verified
using suitable loops c;. See Figure 1. Here we again use the fact that the Arakelov measure pp, is uniformly
small in a neighborhood of 9. By the L?-minimality of harmonic forms (see also Lemma 7.22), we obtain

/@BA*@SE’Q(Q,E)/C[?A*@

where x denotes the Hodge x-operator.

Cy

Figure 1: The separating short geodesic vy and the loops cg, ¢y
Set a = ﬁ(ﬁ +i%f). Then § [oaAa=1,and § [, aAa < e, which implies
(o]
par(Cy) = (L—ey)g™", j=1.2.
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Using the second inequality involving 7, we obtain

>

/ T](iOél Aoy — 2MAr)
C

/"(QMAT—ialA(h) —1078¢78
C2
> 2 (Cy) — 1078978 — 2¢f, > 2971 — 107897 — 26},

which yields a strictly positive lower bound depending only on g, and thus the existence of €5 follows.

Non-separating part
Assume that C' € M sep(€). By the same argument as in the thick part, there exists an explicit constant
c'(g) > 0 depending only on g, such that

2
HAr

HKE

p(C) > d(g)~SYSU7)'Sgp

It remains to prove that the quantity sys(C) - sup ‘ EAr | admits a strictly positive lower bound depending

HKE

only on g. Let g be the shortest non-separating closed geodesic on C'. By definition of ua,, for a € T'(C,wc)
satisfying £ [, a A @ =1, we have
3
— | «
27 /5,

It therefore suffices to construct a holomorphic 1-form « satisfying % /. o @A a =1, such that the quantity

22 2

>
~ 2g-sys(C)?

A\ &
29 - BKE

HAr
sup
C |MKE

-~ su
C

1

sys(C)
Let 8 be the harmonic form representing the Poincaré dual of 79. By Lemma 7.22; the desired lower
bound can be reduced to a lower bound on the quantity

1
¥5(0) '/c“*ﬁ'

The idea is that if this quantity were too small, one could construct a loop ¢ having a nonzero intersection
number with g but such that the absolute value of fc B is less than 1, contradicting the defining property
of 8 as the Poincaré dual of 9. Let ¢y be the shortest geodesic loop such that [yo] N [co] # 0. See Figure 2.

2
% f% a‘ has a strictly positive lower bound depending only on g.

Figure 2: The collar € (7o) and the loop cq

18



By combining the collar theorem with the Cheeger—Colding’s segment inequality (cf. Theorem 9.13), we
obtain a piecewise smooth loop c,, homotopic to ¢ such that

c//
| ool s2L /[ 5nes
v sys(C) c
where ¢’ (g) is a constant depending only on g. Note that our previous smallness condition for S concerns
integrals over a real surface, whereas here we are interested in an integral taken along a real curve. By the
Cheeger—Colding’s segment inequality, which can be viewed as an analogue of Fubini’s theorem, we obtain

the desired estimate by integrating along a suitable perturbation curve c., of cg. See Figure 3.
Since c,, is close to cp, it has the same nonzero intersection number with vy as cg. Therefore,

[

Y0

sys(C)
/cﬁ NP2 gy

Hence there exists a constant e3.
Combining the estimates for €;, €3, and €3, we obtain the lower bound of ¢(C) in Theorem 1.13.

sys(C)
> c”(g)2 :

Figure 3: Construction of the piecewise smooth loop c,

1.8 Estimate of the Faltings—Elkies invariant

Now we sketch our proof of Proposition 1.14. Inspired by the works of Autissier | , Proposition 3.2.5] and
Faltings—Flkies (cf. | , Theorem 5.1]), our key idea to prove Proposition 1.14 is to recast the Arakelov
Green function into one involving hyperbolic geometric data, achieved by convolving the hyperbolic heat
kernel with the Kéhler potential of the Arakelov Kéhler form.

By the definition of FE(n,C), it suffices to show that for pairwise distinct points Py,..., P, on C, we
have
40073 (g — 1)3 max {1,sys(C)}

5vs(C) b

1
Z Gar(Pj, Py) > —anogn—

1<j<k<n
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Recall that G, is the Green function associated with the Arakelov measure pia;.
Our strategy is to reduce this to an estimate involving the hyperbolic measures uxg and pnyp, =
1

Tr(y—T HKE- Note that pnyp(C) = par(C) = 1. As a quick fact (cf. Theorem 10.1), there exists a unique

R-valued smooth function 1, on C, such that

GAr(xa y) - Ghyp(x7 y) = "/}Ar(m) + wAr(y)7

where Gy is the Green function associated with the hyperbolic measure pinyp.
Following the standard argument of Autissier | , Proposition 3.2.5] and Faltings-Elkies | ,
Theorem 5.1], one applies the hyperbolic heat equation

ou
E — Ahypu =0

to deduce that for any ¢ > 0,

1< n(n — 1)t
Z Gar(Pj, P) > —ij;Ghyp(Pj,Pj;t) T <1 + sup

1<j<k<n c

MAr . 1‘) 7

Hhyp

where Ghyp(,y;t) denotes the solution to the hyperbolic heat equation with initial data hm+ Ghyp(z,y;t) =
t—0

Ghyp(z,y) in the L? sense.
prar

_ 1
Set t = g5n0 1y Fhyp
the form —c/(g)n -sys(C)~!, where ¢/(g) > 0 is a constant depending only on g. Thus it remains to estimate
the quantity —n sup Ghyp (2, x;1).
zeC

By a local argument, the term *W (1 + supgo

— ID admits a lower bound of

We expand Ghyp(z, z;t) in terms of the eigenfunctions @nyp.0, Phyp,1, Phyp,2; - - -, Where @nyp; is the eigen-
function of the hyperbolic Laplacian corresponding to the eigenvalue Anyp i, with Apyp.o =0 and ¢nypo = 1.
Then

Z eit/\hyp’1|¢hyp,l(x)|2 Z e~ tAnyp.i |¢hyp,l($)|2

Ghyp(xvx;t) = + ’
1 )‘hyp,l 1 ’\hpr
0<Anyp, 1< 45— Anyp,1> 45—
and the desired estimate splits accordingly into two parts.
For the first term, by a theorem of Otal-Rosas | , Théoreme 2|, if A\pyp; < g?_l, then [ < 2g — 3.

Hence one can control this term via an estimate of the form
1 /!

< (9)

Ahyp,1 — sys(C)’

where ¢’(g) > 0 is a constant depending only on g. Such an estimate was proved by Schoen—Wolpert—Yau
[ ]; it was later improved by Wu—Xue | ]. In fact, the estimates of Schoen—Wolpert—Yau and
Wu—Xue are stronger: the right-hand side can be taken to be the reciprocal of the minimal total length of
a separating multicurve dividing C' into two components. Moreover, Wu—Xue’s estimate is optimal up to an
absolute constant. We shall also provide a new proof using conformal perturbation and Cheeger’s inequality
(see Proposition 8.10).

For the second term, we use the hyperbolic heat kernel Ky, (z,y;t). By definition,

2t

Ghyp (2, 2;2t) — Ghyp(x, 25t) = Khyp(z,y;6)ds,
t

and hence the integral fft Kuyp(x,y;5)ds provides an upper bound for the second term. Therefore, the
required estimate for the second term follows from an upper bound for the hyperbolic heat kernel.
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1.9 Notation and terminology

For a real number z, denote by |z] the greatest integer less than or equal to z, and denote by [z] the least
integer greater than or equal to x.

For an abelian group M, we denote Mg = M ®z Q, Mr = M ®z R, and Mc = M ®z C. The rank of M
is k(M) = dimg(Mg).

By a wvariety over a field, we mean an integral scheme separated of finite type over the field. By a curve
over a field, we mean a smooth, projective, and geometrically connected variety of dimension 1 over the field.

We usually write tensor products of line bundles additively. For example, aL —bM means L®* @ M®(~?)
for line bundles L, M and integers a, b.
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Part 1
Arithmetic Estimates

This part consists of arithmetic arguments of this paper. The main goal of this section is to prove the
quantitative Mordell conjecture in Theorem 1.2 (or equivalently Theorem 5.1). The treatment of this part
assumes three analytic results: Theorem 3.5, Theorem 3.9, and Theorem 3.10. These three analytic results
will be proved in Part II of this paper.

2 Preliminaries on arithmetic intersection theory

This section is review some preliminary terminology and results on heights and arithmetic intersection theory.

2.1 Néron—Tate heights

By a wariety over a field, we mean an integral scheme separated of finite type over the field. Let us briefly
recall the definition of Weil heights on projective varieties and Néron—Tate heights on abelian varieties. For
a detailed introduction, we refer to | , , ].

Weil heights

Let K be a number field. Denote by Mg the set of places of K. Denote by Mg o (resp. Mg 5) the set
of archimedean places (resp. non-archimedean places) of K. For any place v of K, normalize the absolute
value | - |, on the completion K, as follows.

(1) If v is an archimedean place, take |- |, to be the usual absolute value on K, = R, C;
(2) If v is a non-archimedean place, set |a|, = (#(Ok, /aOKU))_1 for any a € Ok, .

The valuations satisfy the product formula

II I

vEMK

Cv = VaecK*.

v )

Here €, = 1 for all real or non-archimedean places v; €, = 2 for all complex places v. o
Let P™ be the projective space of dimension n over K. The standard height function h : P*(K) — R is

defined to be )

[K': Q]

Z €w 10g max{|x0|w, |x1|w7 T |$m|w}7
weM g/

h($07x17"‘ ;zn) =

where K’ is a finite extension of K containing all the coordinates x;. It is independent of the choice of the
homogeneous coordinate by the product formula.

Let X be a projective variety over K, and L an ample line bundle on X. Let ¢ : X — P™ be any morphism
such that *O(1) = L®¢ for some positive integer ¢ > 1. We obtain a height function

1 _
hp,=—-hoi: X(K)—R
e

as the composition of i : X(K) — P"(K) and th : P"(K) — R. It depends on the choices of d and i.

More generally, let L be any line bundle on X. We can always write L = A1 ® Ag(_l) for two ample line
bundles A; and Ay on X. For k = 1,2, let 45 : X — P™ be any two morphisms such that i;O(1) = A%e"‘
for some positive integer ex. We obtain a height function

hL,il,ig = hA1,i1 — hAz,iz X(K) — R.
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It depends on the choices of (Aj, As,41,i2). However, the following result asserts that it is unique up to
bounded functions.

Theorem 2.1 (Weil’s height machine). The above construction L — hr, ;, i, gives a group homomorphism

{functions ¢ : X(K) — R}
{bounded functions ¢ : X(K) — R}’

H : Pic(X) —

A function hy, : X(K) — R in the class H(L) in the theorem is called a Weil height function associated
to L.

Néron—Tate heights on abelian varieties

Let A be an abelian variety over a number field K. Denote by [m] : A — A the multiplication by an integer
m. Let L be a symmetric and ample line bundle on A. Here L is called symmetric if [-1]*L = L, which
implies [m]|*L = L2 for all integers m. Let hy, : A(K) — R be any Weil height function associated to L.
The Néron—Tate height function (or the canonical height function)

hy: A(K) — R

associated to L is defined by Tate’s limit

1 _
hr(z) = lim 4—nhL(2"x), x € A(K).

n—roo

An easy argument proves the convergence and independence of the choice of the Weil height function hp.

Moreover, hy, : A(K) — R is also a Weil height function associated to L. We further have the following
quadraticity and positivity properties.

Theorem 2.2. (1) The height hy(x) > 0 for any © € A(K), and the equality holds if and only if = is
torsion.

(2) The function hy : A(K) — R is quadratic in the sense that it satisfies the parallelogram rule
hi(@+y) +ho(e—y) =2 (he(@) + ho(y)), Yoy € AK).

Moreover, we have

hi(mz) = m?hp(x), YmeZ, Vze AK).

(3) The quadratic form hy : A(K) @ R — R, induced by the height function hy + A(K) — R via the
quadraticity, is positive definite on the real vector space A(K) ® R.

Denote A(K)gr = A(K)®R. Fix a symmetric and ample line bundle L on A and its associated Néron—Tate
height h(-) = hr(-). For convenience, we take the normalization

h(z)x = [K : Q] h(z), x¢€ A(K)g.

The factor [K : Q] will bring convenience when comparing heights with arithmetic intersection numbers.
Define the Néron—-Tate height pairing

(,y) : A(K)r x A(K)g — R

by

(w.y) = 5 (e + )i = h@)c —hy)x), @,y € AR

DN | =
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The associated norm of the pairing is given by

lz| .= \/h(2)k, z€ AK)g.

The angle /(x,y) between x,y € A(K )R is defined as

The left-hand side is set to be 0 if x =0 or y = 0.

Néron—Tate heights on curves

By a curve over a field, we mean a smooth and geometrically connected projective variety of dimension 1
over the field.
Let C be a curve of genus g > 2 over a number field K. Denote by J the Jacobian variety of C' over K.
As the multiplication
29 —2]: J(K) — J(K)
is surjective, there is a line bundle oy on Cy such that (29 — 2)ayg is isomorphic to the canonical sheaf w.
Replacing K by a finite extension if necessary, we can assume that g is actually a line bundle on C. This

process does not change our definition of heights. Nor does the choice of ay.
Consider the Abel-Jacobi embedding

lag : C—J, z+— 2 — ap.
Recall that the theta divisor on J is given by
Oay = tag(C) + -+ +1q,(C) .

g—1 copies

It is well-known that 6,, is ample and gives a principal polarization of J. By | , D T4, eq. (1)], Oa, i
symmetric in the sense that [—1]*6,, is linearly equivalent to 6,,. It defines a Néron-Tate height function
h = he,,, on J(K)g.

We apply h(-), h( )k, |- |, () and Z(-,-) to C(K) via the embedding i, : C — J. For example, for
x € C(K), we have

2.2 Intersection theory of hermitian line bundles

Let us introduce some terminology of Arakelov geometry developed by Arakelov | ], Deligne | 1,
and Gillet—Soulé | ].

Let X be an arithmetic variety of dimension n+1, i.e. a projective and flat integral scheme over Spec(Z)
of absolute dimension n+1. A hermitian line bundle on X is a pair £ = (L, || - ||), where £ is a line bundle on
X, and || - || is a smooth hermitian metric of £(C) on the complex variety X(C) invariant under the complex
conjugation. If X(C) is singular, the smoothness of the metric means that the metric is locally equal to the
pull-back of a smooth metric via a closed embedding into a smooth complex manifold. Denote by 151\C(X )
the group of isometry classes of hermitian line bundles on X.

If dim X =1 and X is normal, then X = Spec(Og) for some number field K, and £ is an Ox-module of
rank 1 and the hermitian metric || - || is a collection (|| - || )s:x—c of metrics on the complex line £, (C). Let
s be any nonzero element of L. The arithmetic degree of L is defined as

deg(L) =log#(L/sL) — > log|s|l,.

o:K—C
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It is independent of the choice of s by the product formula. The arithmetic degree map
deg : Pic(X) — R

is additive. o -
In general, let £1,L2, -+ ,L,4+1 be n + 1 hermitian line bundles on X, and let s,41 be any nonzero
rational section of £, 11 on X. The arithmetic intersection number is defined inductively by

L1-Lo - Lyr1 =Ly Lo Ly wdiv(spi) — / log |[sni1llc1(L1) A=+ Acr(Ly).
X(0)

The right-hand side depends on the Weil divisor wdiv(s,1) linearly, so it suffices to explain the case that
D = wdiv(s,+1) is irreducible (and reduced).
If D is horizontal in the sense that it is flat over Z, then

Zl'Zz"'zn'D:ZI|D'22|D"'Zn|D

is an arithmetic intersection on D defined by the induction hypothesis. If D is a vertical divisor in the sense
that it is a variety over F,, for some prime p, then

Zl ZQZnD: (£1|’D 'EQ‘D'”EMD)lng.

Here the intersection is the usual intersection on the projective variety D over IF,. The definition does not
depend on the choice of the rational section s, 1. It gives a symmetric and multi-linear intersection pairing

Pic(x)" ! — R.

When n = 0, it is just the arithmetic degree map.

Let X be an arithmetic variety and £ = (£, | - ||) be a hermitian line bundle on X. We say that £ is nef
if its hermitian metric is semi-positive and the intersection number £ -C > 0 for any 1-dimensional closed
integral subscheme C of X.

2.3 Metrized line bundles on Berkovich analytic spaces

We review the theory of analytic spaces developed by Berkovich | ]. Tt allows us to define metrics at
non-archimedean places more flexibly.

Berkovich analytic spaces

Let (K,|- |k) be a complete valuation field. For any variety X over K, its analytification X" is the set of
pairs = (T, | - |.) consisting of the following data:

(1) a schematic point T € X, called the center of x;

(2) a multiplicative norm | - |,, on the residue field K(Z) of T which restricts to | - |k on K. Denote the
completion of (K(Z), |- |.) by H(z).

For any pair (U, f) with a regular function f on an open subvariety U of X, we have a function |f| : U** — R
sending z € U to |f(x)| = |f].- The analytification X*" is endowed with the weakest topology such that
U is open in X" and |f| : U** — R is continuous for every pair (U, f).

As X is separated and connected, the space X" is Hausdorff and path-connected. If further X is
projective, then X?" is compact.

Let K’ be a finite normal extension of K. The analytification X2% of the base change Xk has an action
by Aut(K'/K), which gives an isomorphism X" = X5 /Aut(K'/K).
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If K = C, the space X" is usual complex analytic space X (C) with the Euclidean topology. If K = R,
then X" is the quotient of X (C) by the complex conjugation. If K is non-archimedean, X" is the Berkovich
analytic space associated to X.

Let X,Y be two varieties over K and f : Y — X a morphism. Then there is a natural continuous map
A Yyam — X2 In particular, any closed point € X induces a point 2" € X" called a classical point
(or a rigid point). The map

{closed points of X} — X?*"

is injective with dense image.

Metrized line bundles

Let (K, |- |k) be a complete valuation field which is either archimedean or discrete non-archimedean.

Let X be a projective variety over K and L a line bundle on X. A metric of L on X (or on X?") is a
collection [|- || = (|| ||lz)zexan of norms || || on the fiber L(x) = L (s), which is required to be continuous in
the following sense. For any pair (U, s) with a regular section s of L on an open subvariety U of X, we have
a function ||s|| : U*™ — R sending z € U?" to ||s(z)|| = ||s||lz- The collection is continuous if ||s|| : U™ — R
is continuous for every pair (U, s). The pair (L, || - ||) is called a metrized line bundle on X*".

Let (K, |- |k) be a discrete non-archimedean field. Let X a projective variety over K. An integral model
X of X over Ok is a projective and flat integral scheme X over Og with an isomorphism X ®o, K = X.
Let k be the residue field of K and X}, the special fiber of X. There is a reduction map

red : X" — X},

defined as follows. For z € X?", let R(x) = {a € H(x) : |a|], < 1} be the valuation ring of H(x). By the
valuative criterion, the morphism Spec(H (z)) — X extends to a unique morphism Spec(R(z)) — X. Then
red(z) is defined as the image of the closed point of Spec(R(x)) in X, which lies in the special fiber Xj.
Let L be a line bundle on X. Let (X, £’) be an integral model of (X, L®¢) for some positive integer e, i.e.
X is an integral model of X over O and L' is a line bundle on X which restricts to L®¢ on X. This integral
model induces a model metric on L in the following way. For z € X", there is a morphism Spec(R(z)) — X
as above. Then E'R(r) is an R(x)-submodule of rank 1 in L%‘Em). There is a unique norm on L,y such that

E’R(m) is the unit ball. More precisely, for s € Ly (,),

L — e
8]l := inf{|als : a € H(x)*,a *s®¢ € L}

The model metric is called semi-positive if the line bundle £’ is nef on (every irreducible component of) the
special fiber of X.

For either archimedean or discrete non-archimedean K, let X be a projective variety of dimension n
over K. Let (L1, - ||1),-.-, (Ln, | - |ln) be semi-positive metrized line bundles on X, to be explained in the
following. Then there is a Monge-Ampére measure

cr(Lay - M) A- - Aea (L, || - [ln)
on X?" which is also explained in the following.

(1) When K = C, the first Chern current ¢; (L, || - ||) of a metrized line bundle (L, || - ||) is the (1, 1)-current
defined as

1
Cl(Lv || ' ||) = Eaalog ”S” + 6Wdiv(s)~

Here s is any nonzero rational section of L. The metric (or the metrized line bundle) is semi-positive if
for any analytic curve Y in X, ¢;(Ll]y,| - ||) is a non-negative measure. The Monge-Ampére measure
is defined as the wedge product by the theory of Bedford-Taylor | ]
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(2) When K =R, everything is defined by descending from C. To be precise, a metric (or a metrized line
bundle) is semi-positive if its base change to C is semi-positive, and the Monge-Ampére measure is the
push-forward from C.

(3) When K is discrete non-archimedean, a metric || - || on a line bundle L (or the corresponding metrized
line bundle) is semi-positive if it is a uniform limit of semi-positive model metrics || - ||, on L; i.e. the
sequence of functions || - ||;,/|| - || on X" converges uniformly to 1. In this case, the Monge-Ampeére
measure will be defined as the weak limit of those for the semi-positive model metrics, so it suffices to
define it for model metrics. Hence, for ¢ = 1,2,...,n, assume that (L;, | - ||;) are induced by integral
models (X;, £}) of (X, LE%). We may assume all X; are the same by taking a model X dominating
them. The pull-back of £; to X induces the same model metric on L;. Assume that X is normal.
Then we may take X to be normal. For any irreducible component V' of the special fiber of &X', there
is a unique point ny € X", called the divisorial point corresponding to V', such that the reduction
red(ny) is the generic point of V. Denote by d,, the Dirac measure supported at 7y . In this case,
Chambert-Loir | ] defined the Monge—Ampére measure as

er(La |- ) A Aer(Ls |- lla) = Y (Lalv - Lalv)dgy -
%

For general X, the Monge-Ampeére measure is the push-forward from its normalization.

A metric (or the corresponding metrized line bundle) is integrable if it is the quotient of two semi-positive
metrics (of different line bundles). Let (L1, || - ||1),- .-, (L4, ] - ||a) be integrable metrized line bundles on X.
The Monge-Ampére measure

ci(La, - ll) A Aea(La |- a)

is defined by multi-linearity.

2.4 Adelic line bundles on projective varieties

In this subsection, we review the theory of adelic line bundles on projective varieties introduced by Zhang
[ ]. We only consider the adelic metrics which extend continuously to the Berkovich analytic space at
all places, or equivalently the “m-continuous” metrics defined in | , §A.5.1].

Let K be a number field, X a projective variety over K, and L a line bundle on X. For any place v € Mk,
a K,-metric of L on X is a metric of L, on X3" . An adelic metric on L is a coherent collection (|- ||, )ve sy
of K,-metrics || - ||, of L on X over all places v of K. That the collection (|| - ||»), is coherent means that,
there exists a finite set S of non-archimedean places of K and a (projective and flat) model (X, L) of (X, L)
over Spec(Ok) \ S, such that the K,-metric [ - ||, is the model metric induced by (Xo, ,Loy,) for all
v € Spec(Ok) \ S. In the above situation, we write L = (L, (|| - ||»)») and call it an adelic line bundle on X.

Let (X,Z,) be a arithmetic model of (X, L®¢) for some positive integer e, i.e., X is an arithmetic variety
over Ok, and £ = (£, ]|]]) is a hermitian line bundle on X, such that the generic fiber (Xx, L)) = (X, L®®).

Then (X, Z/) induces an adelic metric (||+||,), on L. The metrics at non-archimedean places are model metrics,
and the metrics at archimedean places are just given by the root of the hermitian metric. Such an adelic
metric (resp. adelic line bundle) is called a model adelic metric (resp. model adelic line bundle). The model
adelic metric (resp. model adelic line bundle) is called nef if the hermitian line bundle L' is nef on X.

An adelic line bundle L = (L, (|| - ||»)») on X is called nef if the adelic metric (|| - ||,), is a uniform limit
of nef model adelic metrics on L. Namely, there exists a sequence {(|| - ||m,v)v }m of nef model adelic metrics
on L, and a finite set S of non-archimedean places of K, such that || - ||m = | - |lo for any v € Spec(Ox)\ S
and any m, and such that || - ||m,/] - ||» converges uniformly to 1 at all places v. An adelic line bundle is
called integrable if it is isometric to the tensor quotient of two nef adelic line bundles. The metric at every
place of a nef (resp. integrable) adelic metric is nef (resp. integrable). Denote by ISI\C(X )int the group of
isometry classes of integrable adelic line bundles on X.
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Let X be a projective variety of dimension n over K. By a limit process, the intersection pairing of
hermitian line bundles on models of X extends to a symmetric and multi-linear intersection pairing

Isi\C(X)nJrl —)R (fl,fg,...7fn+1)»—>f1-f2---fn+1.

int

For any closed subvariety Y of dimension d in X, and any integrable adelic line bundles L1, ..., Ly;1 on
X, denote o - B B B
Li-Ly---Lgy1-Y =Lily Loy - Las1ly-

By linear combination, the definition extends to Chow cycles of dimension d on X.
If X = Spec(K), then the line bundle L; on X is just a vector space over K of dimension one. We simply

have .
deg(Ly) = — Z €y 10g |||
vEMg

Here s is any nonzero element of L, and the degree is independent of the choice of s by the product formula.

Return to the high-dimensional case. We have an induction formula of Chambert-Loir—Thuillier (cf.
[ , Thm. 4.1]). Let s,4+1 be a nonzero rational section of L,; on X. Then their induction formula
gives
Ly--Lp-Lyi1 =1L Ly -wdiv(s,i1) Z eU/ log |sn+1lln+1, U)cl(Ll)q, “Necr(Ln)y-

vEMg

Here ¢1 (L1 4)A- - -Aci(Ln,) denotes the Monge—Ampére measure on X3 induced by the metrics of Li,...,L,
at v.
Let L be an adelic line bundle on X. The set of effective sections of L is

H(X,I)={s € H(X,L) : ||s(2)||£,y gup < 1, Vv € Mg}
Here the supremum norm
15T 0 sup = s Is()]o-
r€XF

Then H°(X,L) is a finite set. We denote

The volume of L is

ol ST (d+ 1)~ o =
vol(L) = lim sup s h°(X,L).

n—00

Here the limit always exists by the works of Chen | ] and Yuan | ], but we do not need this fact
here. We have the following arithmetic Siu inequality by proved Yuan [ ].

Theorem 2.3 (arithmetic Siu inequality). Let Ly, Lo be two nef adelic line bundles on X. Then
vol(Ty — L) > IU — (d+ 1T - Lo
For any adelic line bundle L on X, we have an associated height function
hy: X(K) —R
defined by
hi(z) = degl(j)f -z,
Here Z denotes the closed point of X corresponding to z, and deg(Z) = [K(Z) : K] denotes the degree of the

residue field of & over K. It is known that [K : Q] *hy is a Weil height function on X (K) associated to L.
If s is an effective section of L, then

hi(z) >0, Vo€ (X \ |div(s)])(K).

r € X(K).
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2.5 Admissible adelic line bundles

We review Zhang’s theory of admissible adelic line bundles on curves over number fields. We refer to | ]
and [ , Appendix A] for more details.

Local setting: metrics

Let K be a complete value field which is either archimedean or discrete non-archimedean. Let C' be a curve
of genus g > 2 over K. Let w be the canonical line bundle on C. Let A : C — C? be the diagonal. We also
denote by A its image in C2.

A metric || - || of O(A) on C? induces the following data:

(1) a Green function G = —log ||1]| : (C?\ A)** — R;
(2) a metric of w on C via the natural isomorphism A*O(—A) = w;

(3) a metric of O(z) on Ck- for any finite extension K'/K and anyx € C(K') = Ck/(K') via the natural
isomorphism (z,id)*O(A) = O(z). Here

(,id) : Spec(K'’) Xgpec(r) C — C Xgpec(k) C-
There exists a unique metric || - |a.q of O(A) on C?, called the admissible metric, satisfying the following
properties:
(1) Tt is symmetric; i.e. it is invariant under the swap map
C? — C?  (w,y) — (y,2).
As a corollary, the admissible Green function G, = —log||1||a,q is also symmetric.

(2) The equality
(29 = 2)er(O(2), [| - [la) = er(ws [ - fla) -

of the Monge-Ampere measure on C%} holds.

(3) The integral
G, Jer(O(@), | - ) = 0.

o

We also call the induced metric on w and O(x) the admissible metric.
Following Zhang | |, we have the local p-invariant

H(C) = —/(CQ)M G2 (O(D)0)2.

We will see that this invariant is always non-negative.

If K = C, the admissible metrics || - ||, on w and || - [|a,o on O(A) recover the original Arakelov metrics
introduced by Arakelov | ]. They are also denoted by | - [|ay and || - ||a,ar- The Arakelov measure
e = grgeren | lao)

on C* = (C(C) has the following description. Let aq,...,a, be a basis of H°(C(C),w) orthonormal with
respect to the hermitian pairing

s =5 [ an
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Then .
)
HAr = — a; N\ Q.
292221 J J

In the archimedean case, Zhang [ | obtained a spectral expansion of the local ¢-invariant, which
implies the positivity ¢(C) > 0. See also §9.1 for more details.
Local setting: graph theory

In the above local setting, assume that K is a non-archimedean field with a discrete valuation. Assume that
C' has semi-stable reduction over O, which can be obtained by passing to a finite extension of K. Let C
be the minimal regular model of C' over O and we/o, its relative dualizing sheaf. The reduction graph
' =T(C) of C is the graph determined by the following conditions.

(1) The vertices of I' correspond to the irreducible components of the special fiber Cy, of C.
(2) The edges of I" correspond to the nodes of Cy.

(3) Two (possibly equal) vertices of I' are connected by an edge if and only if the irreducible components
of Ci represented by the vertices intersect at a node.

There is a natural injective map I' — C?", and we identify I" with its image in C'®". The vertex corresponding
to a component V is its divisorial point 7y. There is a retraction map r : C*" — I'. For a node ny € T’
corresponding to a component V', r~1(ny) consists of those points x € C3" whose reduction red(z) lies in
the smooth locus of V. For any piecewise smooth function f : I' — R, define the measure

Af=—fde - <Z d,;f(P)) 5p,
P T

where

(1) each edge is identified with the closed interval [0,1], on which f” is the second derivative function of
f and dzx is the Lebesgue measure;

(2) the first summation is over all points P € I" and dp is the Dirac measure at P, and the summation has
only finitely many nonzero terms;

(3) the second summation is over all tangent directions ¥ at P and dgf(P) is the directional derivative.

The canonical divisor Kr is the formal linear combination

Kr = deg(we/orlv)nv,
|4

where the summation is over all components V' of the special fiber, and 7y is the corresponding node. There
is a unique pair of a piecewise smooth function Gp : I'> — R and a measure ur on I satisfying

Agr(z,-) = 0 — pr, /gr(x, Jpr =0,
I

and such that
gr(Kr, ) + gr(z,z)

is a constant for z € I'. By abuse of notation, we also denote by Gr : (C?)* — R its pull-back via the
composition (C2)3" — (C#1)?2 (g) re.
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Let || - be the model metric of w on C' induced by w¢,0, . Then

ch/oK
—log || - [la(z) = =log | - llwc)o, (¥) + Gr(z,z)log ||

for x € C?". Here w is a generator of maximal ideal of O.

For a finite extension K’ of K, let C’' be the minimal regular model of Cx+ over Og-. Then C’' Xgpec(0,.,)C’
is singular exactly at the products of nodes, and its blow-up X’ along these singular points is regular. Let
Ay be the closure of the diagonal of C%, in X’. Its induced model metric on O(Ag-) descends to a metric
[ -5 on O(A), and

—10g | - a1, 72) = —1og (Timl| - [ <) (21, 22) + Gr (a1, 2) log || !

for distinct points (z1,22) € (C*")? (cf. | , §3.5]). As a consequence, we have
Ga(1,22) = —10g||1]|aa(z1,22) > Gr(z1,22) log @],

where G, denotes the admissible Green function.

For the case K’ = K, denote || - ||x = || - |¥). If r(z1) and r(x2) are vertices in the graph I', then
red(z1,r2) lies in the smooth locus of the special fiber. The sequence of divisors Ay is stable on this locus.
It follows that

—log |- lla,a(zr,22) = —log| - [z (21, 22) — Gr(z1, 22) log [w].

Moreover, if C' has good reduction, then the admissible metrics on w and O(A) are the model metrics induced
by the integral models we 0, and O(A) respectively.
Finally, define the p-invariant of the graph I" by

1

P) = =38(0)+ [ ar(e.) (109 + 2)r = b,

where §(T") is the number of edges in I'. The relation with Zhang’s local @-invariant

A = [ | @)

is simply

p(C) = ¢(I') log |w|~".
By Cinkir [ ], we always have ¢(C) > 0, where the equality holds if and only if C' has good reduction
over Ok .

Global setting

Let K be a number field. Let C be a curve of genus g > 2 over K. Let w be the canonical line bundle on C.
Let A : C' — C? be the diagonal. We also denote by A its image in C?.

With the admissible metrics at all places of K, we have admissible adelic line bundles O(A),, w0, and
O(z), with underlying line bundles O(A), @ and O(z), where z € C(K’) is a point for a finite extension K’
of K. All of them are integrable. Moreover, @, is nef.

The self-intersection number @2, called the admissible volume of C//K, is strictly positive. This is equiv-
alent to the Bogomolov conjecture proved by Ullmo | ], and we will have a quantitative version form of
this positivity in the following.

Following Zhang | |, the global p-invariant of C over K is defined by

p(C)= Y ep(Cxk,),

vEMK
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where the local y-invariant

o(Cr,) = — / G (O(A)a))2.
),

By the above positivity of local y-invariants by Zhang and Cinkir, we always have ¢(C) > 0. The ¢-invariant
gives a lower bound of the admissible volume.

Theorem 2.4 (Zhang | ], Cinkir | ], de Jong [ ], Wilms [ D). Let C be a curve of genus
g > 2 over a number field K. Then
-1
2> 3 C)>0
WaZ 5 7#(0) >
Moreover, for g =2, @2 > 2¢(C); for g =3, 2 > 30(C); for g =4, @2 > 155¢(C).
By Zhang | ], the difference
2g+1
dC)= 29FL 2 e
(©) = 5555~ o(C)
is equal to the Beilinson-Bloch height of the Gross-Schoen cycle on C2, so it is conjectured to be non-
negative. By the recent work of Gao—Zhang | ], d(C) satisfies some type of the Northcott property on

the moduli space of curves, and thus d(C) > 0 for “almost all” C. For such curves, we have a stronger
version of Theorem 2.4.

The following arithmetic Hodge index theorem is a variant of the model case of the original theorem of
Faltings [ | and Hriljac | ]

Theorem 2.5 (arithmetic Hodge index theorem). Let D and E be divisors of degree 0 on C. Then
O(D), - O(E), = ~2(D, E).

Here O(D), is an arbitary admissible extension of O(D). For example, if O(D) is a linear combination of
w and O(x) for z € C(K), then the corresponding combination of &, and O(x), is an admissible extension.
The right-hand side is the Néron—-Tate height pairing on the Jacobian variety of C.

The following admissible version of the arithmetic adjunction formula of Arakelov | | is a major
motivation of the definition of the admissible metrics.

Theorem 2.6 (arithmetic adjunction formula). Let P be a rational point of C over K. Then
O(P)y - O(P)y = @4 - O(P)y = —@4 - P,

The fundamental theorems give the following clean expressions, which demonstrate the importance of
the above theory of admissible adelic line bundles.

Theorem 2.7. (1) Let Q € C(K) be a rational point. Then

20 -2, w2
ha(Q) = L2IQPR + ot
(@ ==l 45— 1)
(2) Let Py, Py € C(K) be distinct rational points. Then
hoay, (P P2) = O(P)y - O(P)a = ~(IPi[2 + | Paf?) — 2(P P)*i
), (1, P2 1)a 2)a =2 2 B T = 1)
Proof. By Theorem 2.5 and Theorem 2.6, we have
o 2
—2|1012 = (OQ), — a
2P = (0@ - 55
o) 2 (6(62)11 : ‘Da) (Z)Z g (I}g
= —_ = —7}]4:) [ —
Ol g1 (227 g1 D gy —ap
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This gives (1).
For (2), by the induction formula,

O(Py)o-O(Py)a=0(P)a-Pat > eU/ Gao(Pa;-)er(O(Pr)a)

an

veEMEK
=O0(P1)a - P
= Z evGa,v(PhPQ)
vEMg

= 0(A), - (P, P).

Now Theorem 2.5 and Theorem 2.6 imply

2Py, Py) = <O(P1)a - zfj 2) . (o(Pz)u - 2;71 2)

— . 1 - . o
=0(P1)q - O(P2)q — 297_2@& (O(P) o+ O(P)a) + ﬁ
1 o2
29 — Q(ha;a(Pl) + h‘,ja(PQ)) + (29%2)2_

=hza), (P) —
Apply (1). O

2.6 Function fields

Let k be an algebraically closed field, B a projective curve over k and K = k(B) its function field. We call
K a function field (of one variable) over k. The above theory has an analog over K. We sketch it to finish
this section.
The set My of places of K is naturally bijective to the set of closed points of B. For any place v € Mk,
normalize the absolute value by
la, = e (@) v e KX,

Denote by K, its completion. These absolute values satisfy the product formula

H lal, =1, VaeKX*.
vEMK

Let P™ be the projective space over K. The standard height function is defined as

1
h(x07x17 e axn)K = W Z - IOg maX{|xO|wa |x1|w7 Ty ‘-/I:m|w}
’ WEM g

There is no subfield Q and the standard height function depends on the base field, as indicated by the
subscript. Theorem 2.1 is still valid.

Let A be an abelian variety over K and L a symmetric and ample line bundle on A. The Néron-Tate
height hp, is still defined by Tate’s limit

1 .
hr(x) = nh_}n;o 4—hL(2" z), z€ A(K).
It is quadratic as in Theorem 2.2(2). However, it is positive only on the quotient space A(K)/f (tr g /x(A)(k)).
Here Chow’s K /k-trace tri,(A) is an abelian variety over k£ with a homomorphism f : tr,,(A) @ K — A
satisfying the universal property that for any abelian variety A’ over k£ with a homomorphism g : A’'®, K — A,
g factors through f uniquely. See | ] for its existence.
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Let X be a projective variety over K. The adelic line bundles on X are defined simply by omitting
archimedean data from the definition over number fields. To be precise, let L be a line bundle on X. An
adelic metric on L is a collection (|| - ||lv)verr, of Ky-metrics || - ||, on L satisfying the coherent condition
that there exist an open subscheme U C B and a (projective and flat) model (X, £) of (X, L) over U, such
that the K,-metrics | - ||, is induced by (Xo, ,Lo,) for all v € U. The intersection number of nef adelic
line bundles is the limit of the classical intersection numbers on projective varieties (cf. [ ]). The space
of effective sections

HY(X,L)={s € H(X,L) : ||s(x) <1, Yo € Mg}

”f,v#sup

is a finite-dimensional vector space over k. Define
n°(X,I) = dimy, H*(X,T),

— 1)~ _
vol(L) = lim (d+ )hO(X, L).

n—o0 ’)’Ld 1

The geometric version of Theorem 2.3, which is a limit version of the original Siu inequality, is still valid.

Let C be a curve of genus g > 2 over K. The admissible adelic line bundles are defined in the same
way as over number fields, except that the factor log|w| = —1 for quantities from the reduction graph. For
example,

—log || - [la(z) = =log | - lluc)o,, () — Gr(z,z)
for z € CF7,
—log|| - [la(#1,22) = —log | - (%1, %2) + Gr(z1,2)
for (z1,z2) € (C?)3 satisfying that r(x;) and r(x) are vertices in T,
Zhang’s global p-invariant is

e(C)= Y #(Ck,).

vEMEK

Theorem 2.4 still holds in the current setting. A major difference is that the admissible volume w2 is strictly
positive if and only if C' is non-isotrivial. Here C' is isotrivial if C ® x K =2 Cy ®) K for some curve Cy over
k. If k is of characteristic 0, then Theorem 2.4 can be strengthened to

29 — 2
29+ 17

-2
w,; >

(©).

3 Quantitative Vojta inequality

Recall that the norm |Q| = \/iL(Q)K and the angle Z(P;, Py) for algebraic points Q, P1, P, on a curve C over
a number field K are defined in terms of the Néron—Tate heights as in §2.1. The main goal of this section is
to prove the following quantitative version of Vojta’s inequality.

Theorem 3.1 (Theorem 1.9). Let C be a curve of genus g > 2 over a number field K. Let Py, P, € C(K)
be distinct rational points. Assume .
|Py| >1.2-10%% /@2

and .
|Py| > 10°g2 |Py|.

1.01
cos (P, Py) < ’/—0.
g

Then
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The theorem with implicit constants is due to Vojta | ]. Our proof of the quantitative version is
based on the framework of Yuan [ ], and our additional idea is to use admissible adelic line bundles to
track the constants.

Let us sketch our idea of the proof before going into details. Let py,ps : C? — C be two projections.
Consider the (adelic) Vojta line bundle

L = dipj@a + d2piia + d((29 — 2)O(A)a — pi&a — P5@a)
on C?. Here dq,ds and d are positive integers. By Theorem 2.7, we have the following result.
Lemma 3.2. Let P, P, € C(K) be distinct rational points. Then
2g — 2 d1+d2 —2gd _,
dglg—1)

hy(Py, Py) = (d1|P1|? 4 do| Po|?) — (4g — 4)d(Py, Py) +

Now we take (dq, ds,d) with growth

1Py 1 [P
di ~ —=d, do = —d.
1 g+ 10°g P | 2 9+1059‘Pz|
This gives

1

hf(Pl,PQ) %(4g74)d|P1HP2| < 54’ COSZ(Pl,P2)> .

1
105¢3
Then the key is to obtain a suitable explicit lower bound of k7 (P, P»), which gives an upper bound of
cos Z(Py, P») immediately. Such a lower bound is obtained as follows. First, we construct a small section s
of nL for some n > 0 by applying Yuan’s arithmetic Siu inequality. Here “small” means that

- Z 51)10g‘|5||v7511p

vEMEK

has a suitable lower bound. If s is non-vanishing at P = (Py, P,), this is a lower bound of &, 7(P). In general,
we apply Vojta’s idea to take the “derivatives” of s to eliminate the zero at P and estimate its norm. The
height is bounded below by the supremum norms of s and its multiplicities at P. Finally, Dyson’s lemma
controls the multiplicities. This finishes the proof.

3.1 Global sparsity
The goal of this section is to present the following technical estimate, which will be used twice in this paper.

Theorem 3.3 (global sparsity). Let C be a curve of genus g > 2 over a number field K. Let Py,..., P, €

C(K) be pairwise distinct algebraic points. Then

3 maA%(H,E)2——(LQJU%énbgn+396ﬂﬂmg%n)®2

o
1<i<j<n

Recall that the admissible adelic line bundle O(A), corresponding to the diagonal A of C? is introduced
in §2.5. We may view hg ) (P, Pj) as a (logarithmic) global distance between F;, Pj, as it is a summation
of local Green functions. Then the theorem asserts that the global distances are bounded below on average,
which can also be viewed as a lower bound of some global Faltings—FElkies invariant of C. We will prove the
theorem in the following, and also take the opportunity to introduce our bounds on the (local) Faltings—Elkies
invariant in terms of the (local) p-invariant.

From §2.5, we have an admissible Green function G, : (C?\ A)% — R and a local g-invariant ¢(Cr, )
at every place v of K. For n > 2, we have the Faltings—Elkies invariant

FE,(C,n)=  inf Gan(P;, Py).
(C.n) ‘“~“££€C“‘01<2;<n w(Pj Pr)
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Let us first recall the following result from Looper—Silverman—Wilms | |, which is based estimates of
Baker—Rumely | ] and Cinkir | ] on the reduction graph.

Theorem 3.4. Let C be a curve of genus g > 2 over a number field K. Let v be a non-archimedean place
of K. Then we have

FE,(C,n) > —l—sncp(CKv).
Proof. We can assume that C has semistable reduction by base change. We have
Gaw(Pj, Pr) > Gr(cy,) (P, Py) log N,
from §2.5. Then the result follows from | , Proposition 2.1]. O

The following archimedean version of the theorem will be proved in Part II of this paper, which is actually
the most difficult estimate in Part II.

Theorem 3.5 (Theorem 10.11). Let C be a curve of genus g > 2 over a number field K. Let v be an
archimedean place of K. Then we have

FE,(C,n) > — (4~ 10%g4nlogn + 1.32 - 10109%71) - o(Cr,).

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. There is a finite extension K’/K such that Py, Ps,..., P, € C(K’). Taking the base
change of C' to K’ multiplies each term in the equality by [K’ : K]. So we may assume Py, Ps, ..., P, € C(K).
By Theorem 3.4 and Theorem 3.5,

Yo how,(PuP)= Y. > «Gau(P,P)

1<i<j<n veEMg 1<i<j<n
1 u 15
> — |Z (4 -10%g3nlogn + 1.32- 1003 n) evp(Ck,) — ; gmp(CKv)
e V1o0

> (4- 10%g5nlogn + 1.32 - 101°g%n) 0 (0).
Now the result follows from Wilms’ estimate »(C) < 3@? in Theorem 2.4. O

3.2 Quantitative Mumford inequality

Before Faltings’ proof of the Mordell conjecture, Mumford proved an inequality on angles between two
points under the assumption that the heights of the points are large and close. Mumford’s inequality was
not sufficient for the Mordell conjecture, but actually inspired Vojta’s inequality in history. We refer to
[ , §3, Cor. 1] and | , §5.7] for Mumford’s original work. In this subsection, we derive the
following quantitative version of Mumford’s inequality.

Theorem 3.6 (Theorem 1.10). Let C be a curve of genus g > 2 over a number field K. Let Py, P, € C(K)
be distinct algebraic points. Assume
[P > 10%95 /@2

and
|Pi| < |P2] < 1.15|P|.

Then 101
cos Z(P, Py) < —.
g
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Proof. By Theorem 3.3 for n = 2,
o), (P P2) > — (4.71 -10%g5 - (2log2) + 3.96 - 1005 ~2) @2 > —10" g w2,
By Theorem 2.7, we further have

1
- Pl 2 + P2 2 -2 Pl,P2 Z —10119%512.
g a
By the assumption |P;| > 109g%\/az3, we have

14+10~7 1 1 11
— inP+ §|P2|2 — 2Py, Py) > E\PIP — 10T @2 > 0.

By the assumption |P;| < |P| < 1.15|Py|, we have

<P1,P2> 1+1077|P1| 1 ‘P2| 1.01
L(P1, Py) = < | S I ]
cos 2P ) = TRIB S T 2g 1P T ag 1B S g

Here the last inequality follows from the fact that the function (14 10~7)z~! 4 x for = € [1,1.15] takes the
biggest value at x = 1.15. This finishes the proof. O

3.3 Existence of small section

The goal of this subsection is to find a suitable small section of our version of Vojta’s line bundle. This will
be our first step to prove the quantitative Vojta inequality in Theorem 3.1.

Let C be a curve of genus g > 2 over a number field K. Let Py, P» € C(K) be distinct rational points as
in Theorem 3.1. Denote P = (P, P») € C?(K). As above, consider the adelic Vojta line bundle

L = dipi@a + dapiia + d((29 — 2)O(A)a — pi&a — P5Pa)
on C?. Here dy,ds,d are positive integers to be determined later. The underlying line bundle on C? is
L = dipiw + daprw + d((29 — 2)O(A) — pjw — pow)
with w = we k. The main result of this subsection is as follows.

Proposition 3.7 (small section). If di > gd, d > da, and dids > gd?, then there exists a positive integer n
such that nL has a nonzero section s on C? satisfying

ng(g+1)did®>
- Z €y IOgHSanv sup e 2 Wa-
S 4(g — 1)(drdy — gd?)

Proof. The proof is almost the same as [ , Lemma 3.2], except that we need to apply Yuan’s arithmetic
version of Siu’s inequality. For completeness we include it here. Denote
g(g+1)did®>
c= N
4(g — 1)(drds — gd?)
Take an adelic line bundle O(c) on Spec(K) of degree c. Denote L(c) = L+ 7*O(c). Here 7 : C — Spec(K)
is the structure morphism. Then for any nonzero section s of nL,

SIS

Z €y log ”an(f(c))w,sup = Z € log HSHNZ,%SUD - ne
vEMp vEMK

37



So the lemma is equivalent to that n(L(c)) has a nonzero section s with log ||s|,,z(c)) v sup < 1 for every

place v. It suffices to prove \a(f(c)) > 0.

Write -
L=T,— I,
with B o
Ly = (dy — d)pi@a + d(g — 1)p3@a + d(2g — 2)O(A)a,
and B
Lo = (9d — do)p3ica.
By [ , Theorem 2.10(2)], the adelic line bundle

Pi@a + P3&a + 20(A)a

is the pull-back of a nef adelic line bundle from the Jacobian variety .J, so it is nef. Then L; is nef by the

assumption d; > gd. It follows that L;i(c) and Ly are nef. Apply Theorem 2.3 to L(c) = Li(c) — Lo. We
have

vol(Z(c)) > L1(c)® — 3Ly (c)*Ls
= (L1(0) = To)* = 3Ta(0) T + I
= L(c)® = 6(g — 1)d1(g9d — d2)*@;
=T" +3¢L? — 6(g — 1)d1(gd — do)?w?
=T’ 1+ 24(g — 1)*(dvds — gd®)c — 6(g — 1)dy (gd — do)2@2
=T’ +6(g — 1)d1(gd® + 2gdad — d2)@2.

Here I is a polynomial in dy, ds, d of degree 3. The coefficients are listed below. They can be computed as

in the proof of | , Theorem 3.6] or that of | , Theorem 1.4].
(1) For i = 1,2, the coefficient of d3 is (p}w,)® = 0.
(2) Fori=1,2,let j =3 —i. The coefficient of d}d; is 3(p;@a.)*(Pjwa) = 6(g — 1)@z
(3) For i = 1,2, the coefficient of d2d is 3((2g — 2)O(A), — pi&a — P3@a)(pi@a)? = 0.
(4) The ciefficient if dydad is 6((29 — 2)O(A) s — Pi@e — P3ia)(Pi0a)(Piia) = —12(g — 1)@2.
(5) For i = 1,2, the coefficient of d;d? is 3((2g — 2)O(A), — pj@a — P3@a)?(Piws) = —6(g — 1)(2g — 1)w?.
(6) The coefficient of d? is

((29 — 2)O(A)o — pi@a — Ps@a)®
= (29— 2)(49” + 49 — 2)07 — (29 — 2)°(C)
> (29 — 2)(—4g” + 89 + 2)w]
> —12(g - 1)g(g — 2)a3.

Here the first inequality in (6) comes from Theorem 2.4. Putting these together, we have

vl(L(c)) = 6(g — 1) (dda + (29 — 2)drddz — (g — 1) d® — (29 — 1)dad? — (29 — 4)gd* )52,
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By assumption, we have d3ds > gdid? and diddy > gd® > gd*ds. Tt follows that
vol(L(c)) > 6(g — 1) ((2g — 9)dydds — (29 — 1)dad? — (29 — 4)gd3)®2

> 6(g—1) ((29 —2)gd® — (29 — 1)dad® — (29 — 4)gd3>a)3

This finishes the proof. O

3.4 Lower bound of the height

Let C be a curve of genus g > 2 over a number field K. Let Py, P> € C(K) be distinct rational points.
Recall that on C2, have the adelic line bundle

Z - dlpslﬁwa + d2p§a}a + d((2g - 2)6(A)a - piaa - pzwa)
with underlying line bundle
L= dipiw + dapow + d((29 — 2)O(A) — piw — pow).

Here d, dy, d> are positive integers. Suppose that s is a nonzero section of nL on C? for some positive integer
n. The goal here is to give a lower bound of the height h, 7(P) at the rational point P = (P;, P,) of C? in
terms of supremum norms of s.

Take a local section sq of L on a neighborhood of P in C? with so(P) # 0. Then s/sq is a regular function
on a neighborhood of P. Take a local coordinate z; of C at P;, i.e. a generator of the maximal ideal of the
local ring O¢, p,. The completion of the local ring of C? at P is K[[21, 22]]. So we have a formal expansion

§ A o
iy iz Rl %2 iy yip € K.

S
O i1i2>0

We endow the set of pairs (i1,42) with the product partial order, i.e. (i1,42) < (i},7%) if and only if both
i1 <4} and ip < i5. A pair (e1,eq) is called admissible if ae, e, # 0 and a;, 4, = 0 for all (i1,i2) < (e1,e2).
We claim that the admissibility is independent of the choices of s and (z1,22). Indeed, for another local
section s{, of L non-vanishing at P, assume

S i

— 1,02
i E al1 in?1 %o -
S0

1,12

J1 J2
v E :thJzZl 2y -

There is an expansion

J1,J2
So
/ P . . . . . .
@iy ip = § : all*Jhlz*hbhdz'
(J1,52) <(i1,i2)
Therefore, a; ;, = 0 for (i1,i2) < (e1,e2), and
S0
/ —_ —
Aeyeq = a61,62b0,0 = Qe ey ({9/) (P)
0

On the other hand, for another local coordinate z] at P; and

- - § 11,12 1 Z2 ’

01,02
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we have

Here by # 0. So a; ;, — ai, i,b}" is a linear combination of a;, j, for (ji,j2) < (i1,i2). Hence, a;j ; =0 for
(il,’ig) < (61,62), and
le .
1 _ €1 __
ael,ez - aehezbl - a€1762 (d /) (P)
21

The situation is similar for zs.
Fix an admissible pair (e1,es) for s, we have a nonzero section

@e (dZQ

s° = ey 550 @ (dzl) )®e2

of the line bundle
L° = (nL + e1pjw + eapsw)|p

on P = Spec(K). This section depends on s, but is independent of the choices of sy and (z1,22) by the
previous calculations. It is natural to take the adelic line bundle

"= (nL + e1pi@, + eapsia)|p

on P. We have the following estimate of the norm of s° under the metric of this adelic line bundle at each
place.

Proposition 3.8. Let s be a nonzero section of nL and (e1,es) be an admissible pair for s.

(1) At a non-archimedean place v,

o 15
—log ||s°[ly = —log ||5||nf,1,,sup - Z(el +e2)p(Ck, ).

(2) At an archimedean place v,

—log|[s°[lo > —log [|s][,,Z p sup — 21 10149% (2ndy + 2ndy + 4gnd + e1 + e2)p(Ck.,).
We prove two parts of the proposition separately in the following.

Non-archimedean case

Let us first prove Proposition 3.8(1). We may assume n = 1 by replacing (d1,ds, d) by (ndi, nds, nd), and
assume that C' has semi-stable reduction at v by passing to a finite extension of K.

Let C — Spec(Ok, ) be the minimal regular model of C, over O, . By the valuative criterion, P; € C(K)
(resp. P € C?(K)) extends to P; € C(Ok,) (resp. P € C*(Ok,)). Moreover, the closed points of P; and P

lie in the smooth locus of the special fiber (cf. | , §9.1, Cor. 1.32]). Let V; (resp. V') be the irreducible
component of the special fiber of C (resp. C?) intersecting P; (resp. P). Let n; € C32 (resp. n € (C?)3 ) be

(f))

. e . . . —ordy, - . .
the corresponding divisorial point, i.e. |fl,, = Ny vi (f) (resp. |fln = Ny ordv for any rational function

f on C (resp. C?). It suffices to prove

o 15
—log [[s°(P)llze = ~loglls(n)lz — 7 (e1 + e2)p(Ch).
Here we indicate the source of the metrics in the subscripts, and omit the dependence on v.
As recalled in §2.5, the blowing-up X of C? along all singular points is regular. Denote by p; : X — C the
composition of the blowing-up X — C? and the i-th projection C?> — C. Let A be the closure of the diagonal
Ak, C (C?)g, in X. The strict transform V' of V is a vertical prime divisor on X.
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Define the line bundle

L = dipiwejo, + d2pswe /oy, +d((29 — 2)O(A) — piwe /o, — Paweyo,)

on X. Then (X, L) is an integral model of ((C?)g,, Lk, ), and thus induces a metric || - ||z of L, .
Similarly, define the line bundle

L = (L + e1pjwe/oy, + €2psweso,)|P

on P = Spec(Og,). Then (P, L°) is an integral model of (Pk,,(L°)k, ), and thus induces a metric || - || zo of
(L°)k, -

Let r : CF — T be the retraction map to the reduction graph I' C C}%, and Gr : (02)%& — R the
pull-back of the Green function of I". As recalled in §2.5, we have

—log| - lla. (x) = —log || - llwc/o, () — Gr(z, z) log N,
for z € C3", and
log |- loay, (21, 72) = —1og || - o) (1, 22) + Gr(z1, 22) log N,
for (1, 22) € (C?)3 such that r(x1),7(22) € I’ are vertices of the graph. Since r(P;) = n;, we have
—log || - llz(n) = —log|| - le(n) — ((dr = d)Gr (1, m) + (d2 — d)Gr(n2,72) — (29 — 2)dGr (1, 72)) log No,
—log |- [[z=(P) = —log || - [lce (P)=((d1—d+e1)Gr (1, m ) +(d2—d+e2) Gr(n2, 112) = (29—2)dGr (n1,772)) log N,
and thus
—log [|s°(P)lze = —log|s°(P)llze —log [ls(n)llz +loglls(n)llc — (exGr(n1,m) + €2Gr(n2,72)) log Ny

By [ , Lemma 2.3],

15
Gr(z,y) < ng(F), Va,y € C% .

Thus it suffices to prove
[s°(P)llce < [ls(mllc-

View the section s of L as a rational section of £ on X. Then the corresponding divisor div(s) on X
is a vertical divisor. Denote by m the multiplicity of V' in div.(s). This gives ||s(n)|lz = N, ™. Let w be
a generator of the maximal ideal of Ok, . As the multiplicity of V' in divz(w™™s) is 0, we see that w™™s,
as a rational section of £ on X, is regular at every point # € V’ which does not lie in any other irreducible
component of the special fiber of X. In particular, @w™"s is a regular section of £ on a neighborhood of P.

Recall that the section s° of L° is defined as

s = Geq,e250 ® (d’zl)@el (d22)®e2

where s is local generator of L at P, z; (resp. z3) is a local coordinate of C at Py (resp. P»), and

S .
_ 11 .02
P E Qiy i 21 200, Q4 € K.
O 1ia>0

The definition of s° is independent of the choice of (sg, 21, 22). Now we choose (s, 21, z2) carefully as follows.
First, we choose sy to be a local generator of £ on an open neighborhood of P. Second, for ¢ = 1,2, as
the ideal sheaf Z; of P; on C is a line bundle, we can choose z; to be a local generator of Z; on an open
neighborhood of P;. As P; lies in the smooth locus of C over Ok, , the completion of the local ring of X" at
the closed point of P along the ideal sheaf of P is isomorphic to O, [[21, Z2]]-
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As w™™s is a regular section of £ over a neighborhood of P in X, the expansion

w

—m
S .
— —m 1 .22
= E W Ay, R
S0

i1,i2>0
has integral coefficients w™""a;, ;, € Ok, . It follows that
w8 =W M, e, 50 ® (d21)P¢ (d2g) P
is a regular section of the line bundle £° on P. As a consequence,
[s°(P)lle < N™ = [Is(n)lc-

This proves Proposition 3.8(1).

Archimedean case

To prove Proposition 3.8(2), we start with some analytic terminology. We refer to §7.1 for more details.
Denote the discs
D={zeC:|z|<1}, D.={2eD:|z|<r}

The sheaf Q} of holomorphic 1-forms on D is endowed with the hyperbolic metric || - ||nyp,p normalized by
ldz]lyp.p = 1 = |2*.

The metric is invariant under biholomorphic automorphisms on D. Let C be a (connected) compact Riemann
surface of genus g > 2. Let pg : D — C be a universal covering map. Via the canonical identity pjwc = QF,
the metric || - ||hyp,p descends to a hyperbolic metric || - ||hyp on we-

We need the following theorem from Part IT of this paper, which particularly compares the hyperbolic
metric || - |nyp With the Arakelov metric || - ||ar = || - |la on we.

Theorem 3.9 (Theorem 11.7). Let C be a compact Riemann surface of genus g > 2. Then the Arakelov
metric || - ||ar and the hyperbolic metric || - ||nyp on we satisfy

- llar

I~ loyp

<2-10Mg5 - (C).

’log

Let A be the diagonal of C x C. For any (x1,22) € C x C, let p = (p1,p2) : DxD = C x C be a
universal covering map with p1(0) = x1 and p2(0) = xo. Then there exists a local holomorphic section s of
(p*O(A), p*|| - la) on D1 x D1, such that

| log [[s]la,ar] <2- 10Mg% - (0).

We also need the following neat theorem from Part II, which is also a part of Theorem 1.13. It gives the
explicit constant in [ , Theorem 3.10].

Theorem 3.10 (Theorem 9.19). Let C be a compact Riemann surface of genus g > 2. Then
p(C) > 1077g75.

Now we are ready to prove Proposition 3.8(2). Let C, K, L and P = (P;, P») be as in the proposition.
As in the non-archimedean case, we may assume n = 1 by replacing (dy, dz, d) by (ndy, nds, nd) and assume
K, = C by replacing K by a finite extension.

Let p = (p1,p2) : D? — (C(C))? be a holomorphic universal covering map such that p(0,0) = P. The
pull-back p* L is a metrized line bundle on D? and p*s is a section of p* L. We can also define a section (p*s)°
of

(p*L)° = (p*L + e1p; pi@a + €205 p5@a)| (0,0)
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with the analytic data. More precisely, we can take a holomorphic non-vanishing local section sy of p* L near
(0,0). Then f = p*s/sp is a holomorphic function near (0,0) and has a power series expansion

f(zlaz2) = Z a’il,izzilzg'
01,00

Set
(p*5)° = @y en50(d21) ¥ (d2g) P2

—0

It is compatible with the previous definition in the sense that there is a canonical isometry (p*L)° = p*(L ")
such that (p*s)° = p*(s°). So

—log|[s°(P)lze = —log|lp*s°(0,0)| - z°
= —loglac,,e,| —1log||50(0,0)[| -z — exlog [|(dz1)(0) | o2, — €210g [[(d22)(0)]] 3. -

By the first part of Theorem 3.9,
—log [[(dz:)(0) |l pr o, > —|10g [|(d2:)(0) uyp,n| — 2+ 10Mg ™ o(C(T)) = —2- 10Mg ™5 p(C(CT)).

Then we only need to prove that there is an sg satisfying

14 14

oL > —10g |[8]1 7 gup — (21-10M g5 (2d) 4 2dy +4gd) + 10" g5 (€1 +€2))0(C(C)).

—log |ac, e, | —1og ||50(0,0)

Assume that sq is a holomorphic section of p*L on the polydisc D? for some 7 € (0,1) such that

M (sg,r) = sup ‘log IIso p*f‘
D2

is finite. Then so does not vanish at any point of D,.. Thus f = p*s/sg is a holomorphic function on D2. By
the Cauchy integral formula, for 0 <t < r,

B 1 ae1+62f(070) :/ f(zl,Zg)du
(0D¢)?

ael,ez -
| | el €eo €1 €2
eiles!  027'0z5 27" 25

Here dy is the probability Haar measure on (9D;)?. So

f(z1,22)
|Geyen| < Sup, W
* —
—¢—e1—e2 ¢ llp*s p*L
@py)z lIsoll %
StfelfeaeM(So,T) sup Hp*s p*f
(9D;)?

< t7617626M(30’T) sup ||8Hf
c(C)?

We get

- IOg |a€1,€2| - log HSO(O’ 0)
Set t — r. Then

T = —10g Isl|7 g + (61 + €2) log(t) — 2M (so, 7).

—log|ae, e, | = 10g [|50(0,0)[| .1 = —log[|s]lf sup + (€1 + €2) log(r) — 2M (s0, 7).

If (so,7) satisfies
log(r) > —10"g% (e1 + e2)o(C(C))
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and
M(so,r) < 2.1-10"g% (dy + dy + 29d)(C(C)),

then we can finish the proof. In the following, we prove that such a pair (s

50,
By the second part of Theorem 3.9, there is a section s; of p*O(A) on (

) exists.
i )2 such that

P O(A), | =2 10195 (C(C)).

Sup
. )2

Then
— S?(29*2)d(dzl)®d1—d(dz2)®d2—d

is a section of
p*L = (29 —2)dp"O(A) + (di — d)pipiw + (d2 — d)p3p3w
n (D )2. We will check that (s, 1/20) satisfies the requirement.
Start with the trivial bound

71 < (29 —2)d +(

+ (d2 + d)’ log [|dzal| 3@, |-

*Da

p*O(A)a

By Theorem 3.9 again,

9% o(C(C)) + sup| log |2 lnyp.n| = 2- 10145 o(C(C)) + 1og(400/399).

20 20

This gives

Mso: 1/20) = sup_[log sl -7
D

20

< (29— 2)d- (2 : 10149%@(0(@)) + (dy + dy + 2d) - (2 -10%¢% o(C(C)) + 1og(400/399))
< (29— 2)d- (2.1 . 10149%(0(@) ¥ (dy + dy + 2d) - (2.1 10Mg% @(C(C)))
= (di + da + 2¢d) - (2.1 : 1014g%¢(C(C))) .

Here the last inequality follows from Theorem 3.10. On the other hand, Theorem 3.10 also implies

14

g (55) 2 10 4% p(C(C))
The finishes the proof of Proposition 3.8(2).

3.5 Completion of the proof

Now we can finish the proof of Theorem 3.1. Let Py, P» € C(K) be distinct rational points as in the theorem.
Denote P = (P, P2) € C*(K). Recall the adelic line bundle

Z = dlpia)a + de;(Da + d((29 - 2)6(A)a - piwa - Pzﬁa)

on C?. Here d is a large positive integer, and we further take
L | | Py |
di = ——d dy = ——d].
! {\/g+ 105¢ [P ™ g+ 105g ||
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Here |z is the largest integer which is less than or equal to . For sufficiently large d, the inequalities among
(d,dy,d3) in Proposition 3.7 is satisfied. Then the proposition implies that there exists a positive integer n
such that nL has a section s with

ng(g+did*>
- E €y 1og ||5||v.sup = — w5
g” ” ,sup 4(g—1)(d1d2—gd2)

vEMEK
By Proposition 3.8,
hpo(P) = = Y e log|[s°(P)llze,
vEMK
> — Z (ev log ||8]|v,sup + 2.1 - 10" (2ndy + 2ndy + 4gnd + ey + eg)evgo(C'Ku))
v|oo
15
_ Z (ev log || s]|v,sup + Z(el +e2)(Ck, ) log Nv)
vtoo
> — Z €y 10g ||8]|v,sup — 2.1 - 1014g%(2nd1 + 2nds + 4gnd + e1 + e2)p(C)
vEMK
n + ]. d d2 14
> - <4(g _“q(l‘(;(dldl = Rt 101 (2nd; + 2nds + dgnd + €1 + eg)> &2

Here the last inequality follows from Theorem 2.4.
On the other hand, by definition

= (nf + e1piwa + 62]);@@) |p.
By Theorem 2.7 and Lemma 3.2, we have

hfo (P) = hnf(P) —+ elh@a (Pl) —+ 62h@a(P2)
29 —2

nd; +nde —2gnd+e; +ea2 4

((nd1 +€1)|P1|2+(nd2+62)|P2|2) — (4g—4)nd<P1,P2> + 19(g — 1) w,

Combine it with the above lower bound. We have

29 — 2

((ndy + e1)|P1|* + (nda + €2)| P2|?) — (4g — 4)nd (P, P)

B ( ng(g + 1)d,d>
4(g — 1)(d1d2 — gd?)

B ( ng(g + 1)d,d>
4(g — 1)(drdz — gd?)

It follows that

+6.3- 10149%(27%[1 +2nds + 4gnd + e1 +e2) +

ndy + ndy — 2gnd + ey + 62) 52
49(9 — 1) ¢

+6.31- 10149% (2ndy + 2nds 4+ 4gnd + e1 + 62)> @2

29 — 2 e e
I (s + DIPP + (da + 2)|PoP?) = (49— 1)d(Pr, o)
n n
g(g + 1)dyd? 14 14 €1 2.\ _o
> 6.31-10 92y + 2ds + 4gd + - + 2 2.
- <4(9—1)(dld2—9d2)jL g+ @2+ 2+g+n+”) ¢

Dyson’s lemma

As in Vojta’s original proof, we use the following Dyson’s lemma to bound e; and es.
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Theorem 3.11 (Vojta | D). Let K be a field of characteristic 0 and C' a curve of genus g > 2 over K.
Let s be a nonzero section of a line bundle L on C?. Assume L has degree my > 0 (resp. mg > 0) on the
fiber of the projection map py : C* — C (resp. p1 : C* — C). Denote a function

V(t) = dxdy, t>0.

/OSGESL 0<y<1, z+y<t

Then for any P € C*(K) there is an admissible pair (e1,e2) such that

e e L? m
Vi +2)< + (29— 1).
mi Mo 2mima  2ma

Apply Dyson’s lemma to our section s of nL. In this case, m; = (29 — 2)nd;. Then Dyson’s lemma gives
an admissible pair (e, es) such that

e €2 dldg — gd2 d2
< —(2g — 1).
((2g — 2)nd1 + (29 — 2)nd2> - dids * 2d1( g )
Recall
1 |P 1 [P
dy = —d do = —d]| .
1 { 97 1059 || J ’ { 9 105 ||
We have
didy — gd? d 1 2g — 1)| Py |2 1 2g — 1 1
lim 1d2 — g +72(297): (29 — 1)| 7| g '
dr00 dyds 2d, 105¢% + 1 2 Py|? 10°g2 +1 ' 2-1010g5 ~ 10542

Therefore, for sufficiently large d, we have

el es 1
v ((29 “oynd;, | (29— 2)nd2> S 1052

2
By definition, the function V'(¢) is increasing and V (t) = 5 for 0 <t < 1. It follows that

2
1 €1 €9 1
- + < ’
2 ((Qg —2nd; (29 — 2)nd2> ~ 10%¢?

and thus
e e o 971
ndq nds — (50\/5)9
As
1 |P 1 |P
d; < ———d, do < ——d
1> g+105g|P1| ) 2 g+1059‘P2| B}

we further have 2| 2| B
€1 P1 () Pg g — 1 1 1 P1
— 1t S o= Ay gt T < = (D + 1) 5
n|Py|  n [P T (501/5)g g 10°g ~ 50v/5 (e )|P2‘
Here the second inequality holds for sufficiently large d. Therefore, we finally get

61‘P1|2 —+ €2|P2|2 < (dl + 1)‘P1|2
n - 50v5

and
e1+es < di +1

n = 505

< 0.01(dy +1).
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Return to our height inequality right before Theorem 3.11. By the bounds for (ej, e3), we further have

2g — 2 1 |Py|? 2)
di |1+ ——= ) |P|"+ —= + ds| P — (49 — 4)d{ P, P:
P (1( 50\/5>|1| 505 | P (4g — 4)d(P1, )

g(g + 1)d1d? 14 14 _2
> — 6.31-10 3 (2.01d 2d 4gd + 0.01
> (a2 97 20U+ 2+ Agd 001 @

Divide the inequality by d and set d — oo. We have

222 (24 )\t g PP - (g = a2

> - (o im0 0¥ (2onos e n o gy i) ok
—6.31-10Mgs (2.011,/ +105:]32:+2,/g+w):£j+4g> @2

—6.31-10%g% (20111/94—1015 +2 +1O5I22+4 2:):2:&;3.

By the assumptions in Theorem 3.1,

%

P
:Pli <1053, @2 < (144)71-1078g | P2
2

Then the above inequality implies

29 —2 1
2 P,||Ps| — (4g — 4)(P;. P
9 <+50\/5> g+ 105 |Py||Pa| — (49 — 4)(Py, P2)
1
> —6.31.10149134.<2 0124/g + TG ).(1.44)—1_10—189_1,;1.P1|.|P2|
>

1
—4
—<8.82-10 ’/g—|—105 >|P1|'|P2|.
This further implies
(P1, Py) 1 (29—2 _ \/7>
< 2 + —|— 8.82-10 + —
| Pr[| P2l 49 -4\ ¢ 50{ Vg 97 10

549 T 29— 2<2+ +8.82-10° ) g+105g
< 1.00492 105
Note that
g v
We have
cos Z(Py, Py) = |<£11|’|];z> < 1'0(;492-(1+1075) 9= %

This finishes the proof of Theorem 3.1.
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3.6 Functions fields

As a geometric analogue of Theorem 3.1, we have the following theorem over function fields of characteristic
0. It has better constants than the arithmetic case due to absence of archimedean places. On the other hand,
comparing it with Yu [ , Theorem 3.1], the current theorem gives more accurate results by assuming
stronger conditions.

Theorem 3.12. Let K be a function field of one variable over a field k of characteristic 0. Let C be a curve
of genus g > 2 over K. Let P1, Py € C(K) be distinct rational points. Assume

|Py| > 10*g /w2

and .
|Py| > 10°g2|Py| > 0.

1.01
cos Z(Py, Py) < ] —.
)

Proof. We sketch the proof here. Still consider the adelic line bundle

Then

Z = dlpy{wa + d2p§wa + d((29 - 2)@(A)a - piwa - pzwa)

on C?. Here d is a large positive integer, and we still take

1 |P 1 |
d = 77(1 d = 77d .
1 [v“lmgw W ’ [v“mg P
We still have a small section s of nL as in Proposition 3.7. This still gives a section s° of

I° = (nL + e1pi@q + e2piia)|p.

Since all places are non-archimedean, we have

hpe(P) = — Y log||s(P)ll,
vEMEK
15
> = > 10815l T sup — - (e +e2)e(C)
vEMK
+1)dyd? 75
— ng(g ) ! (I)g — (61 + 62)0_)3.

= 4(g—1)(didy — gd?) 8

It follows that

29 —2 9 9
((ndy +e1)|P1|" + (nda + €2) | P2[7) — (49 — 4)nd(Py, P»)
~ nglg+Ddid® (nd1+nd2+el+e2 75 )2

Wy + —(e1+e Wg-
A(g = 1)(drdy — gd?) 499 —1) st

We have still assumed |P,| > 10%¢% |Py|. Apply Dyson’s lemma. For sufficiently large d, we still have

1P +es| P _ di| Py
n T 50v5

and




It follows that

29 — 2 1
2 P || P — (4g — 4)( P2, P
=2 (24 5z ) ot 105|1|| 2|~ (g - (B, By

<10592(g+1) Pg|+< 1.01 +3) R 1 |i2“+ 1 R 1 |Pl>@2
= A(g— 1) 1059\P1| 1g(g—1) " 32) VI 1059 1P] T aglg— VI T 1059 Ryl )
B <1O5g2(g+1)+< 1.01 +3) +10 104 —5> /g+ 1 @@2
- 4(9-1) 49(g—1) 32/  4g(g—1) 105g |Py|
10°9%(g +1) 1P| o
_ 2 PR S
> = (M 0ot g
105¢2(g + / 1 s
> <4(91)) +023> 105 10759 72|y - | P2
> —6-107% g+ —— - |P1| - |P.

Here the second inequality has used |P| > 105¢5 |P1|, and the fourth inequality has used |P;| > 10%g+/w2.
The remaining part of the proof is the same as that of Theorem 3.1. O

We also have the following geometric analogue of the quantitative Mumford inequality in Theorem 3.6.

Theorem 3.13. Let K be a function field of one variable over a field k of characteristic 0. Let C be a curve
of genus g > 2 over a function field K of characteristic 0. Let Py, Py € C(K) be distinct rational points.

Assume i
|P1| > 10%g5 /@2
and
|P1| < [P] < 1.15[Py.
Then

cos (P, Py) < — 101

Proof. The proof is similar to Theorem 3.6. In fact, Theorem 3.4 and Theorem 2.4 imply
15 45
h@(A)u(P) = Z Gap(P1, P2) > 4 Z ¢(Ck,) = _Zwa-
vEMEK vEMEK

By Theorem 2.7, this gives

1 45
§(|131|2 + | Pol?) = 2(Py, Po) = ——- &g,

By |Pi| > 10*g\/®&2, we have

141077 1
— P *+ §|P2|2 —2(Py, Py) > 0.

The remaining part of the proof is the same as that of Theorem 3.6. O
4 Quantitative Bogomolov conjecture

Recall that the norm |Q| = (Q)K and the angle Z(Py, P3) for algebraic points Q, P, P, on a curve C
over a number field K are defined in terms of the Néron—Tate heights as in §2.1. The goal of this section is
to prove the following quantitative Bogomolov conjecture.
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Theorem 4.1 (Theorem 1.11). Let K be a number field, C a curve of genus g > 2 over K, and J the
Jacobian variety of C'.

(1) For any 0 <r < ,/é and x € J(K)g,

#{P e C(K):|P—z| <ryw?2 }<& 14+10"%lo _
8gr2 & 1-8¢gr2 ) )"

(2) Let k> 1 and 0 € (0,7/2) be real numbers satisfying

(K+1)2+ 1

2
cos” 6 > .
g 4k 3.2-101gs

Then for any nonzero x € J(K)g,
#{P e C(K) : |z < |P| < k||, Z(P,x) <0} <3.2-10" g5 .

As mentioned in the introduction, part (1) of the theorem with inexplicit constants is the uniform Bo-
gomolov conjecture proved by Dimitrov—Gao—Habegger [ ] and Kiihne | ], and by Yuan | ]
using a different method. Part (2) of the theorem was inspired by the extra term in the main theorem of

[ I

A geometric version of part (1) was originally proved by Looper—Silverman-Wilms | ]. Our current
arithmetic version follows the framework of | ] by applying lower bound of the Faltings—Elkies invariant
by the p-invariant from Part II of this paper.

Recall that the Manin—-Mumford conjecture was proved by Raynaud | , ]. Taking r =0 in

Theorem 4.1, we obtain the following quantitative version of the Manin—Mumford conjecture.

Theorem 4.2 (quantitative Manin-Mumford). Let K be a field of characteristic 0, C' a curve of genus
g > 2 over K and J the Jacobian variety of C'. For any line bundle o of degree 1 on C,

#((C(K) —a) N J(K)ior) <3.2-10M g5,

Proof. By a reduction argument as in [ , Lemma 3.1],we can assume that K is a number field. Then
the theorem is just the case r = 0 of Theorem 4.1. O

4.1 The first part

The idea to prove Theorem 4.1 is to obtain a suitable lower bound of Zl<i>j<n | P;—P;|? to bound the number
n. The following quadratic identity is extracted from the proof of Looper—Silverman—Wilms | ].

Lemma 4.3 (quadratic identity). For Py, P, ..., P, € C(K),

2

4dn+g—1)(g—1 4n

n—1 —
1<i<j<n 1<i<j<n

+1(2g —2) ZP — nw

Proof. There is a finite extension K’/K such that Py, Ps,..., P, € C(K’). Taking the base change of C to
K’ multiplies each term in the target equality by [K’ : K|. So we may assume Py, Py, ..., P, € C(K).

By the arithmetic Hodge index theorem (Theorem 2.5) and the arithmetic adjunction formula (Theorem
2.6), we have

2|P; — P;|?

Il
|
gl
!
g
|
g
)
i

= )z +20(Py)q - O(P))a
= W, 6(3)(1 + W, '6(Pj)a + 2h5(A)a (Pz,PJ)



Here we also used the first equality of Theorem 2.7(2). This gives

Y IP-Pf= _liwa'é( + > o, (PP
=1

1<i<j<n 1<i<j<n

Similarly,

2 (29*2)23 — nw
i=1

2

_ <29 )30 )

(29—2)(2n+2g—2)2wa.6(3) 220 -2 Y hp

i=1 1<i<j<n

Canceling the term >, &, - O(P;), gives the equality.

(P, Py) — @,

Now we are ready to prove the first part of Theorem 4.1. In the following, the idea to apply the generalized

parallelogram rule to get better estimates is suggested to the authors by Pascal Autissier.

Proof of Theorem J.1(1). Let Py, Py...,P, € C(K) be distinct points satisfying |P; — z|?> < r2&2. This

easily implies
|P; = Pi|* < (|Pi — 2| + |P; — ])? < 4Py

and thus

> P = P < 2n(n - 1)r’w]

1<i<j<n

In fact, the generalized parallelogram rule

S P =PP=n)_|P—a] -

1<i<j<n i=1

i — nNx

implies the stronger bound
Z |PZ‘—PJ‘|2§7’L2T2(212.
1<i<j<n

By Lemma 4.3, and omitting the non-negative term

2

(29 —2) ZP —nw| >0,
=1
we get a quadratic inequality
An(n+g—1)(g—1) » n®\ 5 _ 4ng(g—1)
( ’rL—l T —7 UJGZ n—l Z h@(A)a(P“PJ)
1<i<j<n

We need to prove

3.2-101g% 1
22 9% (14100 10g [ ———— ).
S T g2 <+ Og(189r2)>

If n < g2, we have nothing to prove. Assume that n > g2 in the following, which gives

(n+tg—-1(g-1)
n—1

<g
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Then the quadratic inequality implies

(8gr? — 1)n?

Y. low), (P P).

1<i<j<n

By the bounds of the global sparsity in Theorem 3.3,

S g, (PP > - (1.2 10%gnlogn + 3.96 - 101°g%n) @2,
1<i<j<n

It follows that

2 1y,2 _
(8gr* — 1)n 52 > _dng(g —1)
2 n—1

(1.2 10%g3nlogn + 3.96 - 1olog%n) &2,
Since @2 > 0, we get

8g(g — 1)
n—1

1 1
1—8gr% < (1.2 -10%g% logn + 3.96 - 10109%) < 10%% 43.17- 1011g¥—1.
n— n—
Denote A = (1 — 8¢gr?)~!. Then we have

1 1
10054227 1 317,101 gFA—— > 1.
n—1 n—1

We need to prove that this implies
n<32-10"g% A(1+10"%log A).

This is elementary, but we give a proof to check the constants. In fact, for n > 4, we have

1 < logn < 1
n—1 "n—-1 " /n
This gives
]. 17 ]. 17 ].
1<10°g5A— +3.17-10"g5 A— < 3.18 - 10" g5 A—.
NG Vn vn
Then .
Vn < 3.18-10g3 A
and

logn < 2log(3.18 - 1011917714).
Putting back to the original inequality, we have

17

1 w1
1075 - 210g(3.18 - 101 g5 A) - A—— +3.17- 10" g5 A—— > 1.
n—1 n—1
It follows that

n—1<10°g3 - 2log(3.18 - 101 g5 A) - A+ 3.17- 10" g% A
< 10%g3 - 24log A + 3.18 - 10* g% A
< 3.18-10" g5 A(1+10"%log A).

This finishes the proof of Theorem 4.1(1).
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4.2 The second part

To prove the second part of Theorem 4.1, we need the following inverse version of the classical Cauchy—
Schwarz inequality.

Lemma 4.4. For k > 1 and ay,as,...,a, € [1,K],

Proof. For i =1,2,....,n,
(a; = 1)(a; — k) < 0.

Their summation gives
Za? - (/-@—i-l)Za,- + rn <0.
i=1 i=1
So
(k+1)2 (Z al-) > (Z a? + Kn) > 4&712(1?.
i=1 i=1 i=1
O

Proof of Theorem 4.1(2). The proof of still based on the quadratic identity. Let Py, Ps..., P, € C(K) be
distinct points satisfying
2 < [Pl < lal,  £(Pya) < 6.

Before applying the quadratic identity, we claim that

2
(29 — 2)cos? 0 9
2 v — cos? 0 Z 1P = B[

(20-2)> Pi—nw

=1

1<i<j<n

(k+1)

Here we denote v = for simplicity.

K
We first prove the claim, which is also written as

2

> (cos? ) Z |P; — P2

1<i<j<n

n

(v — cos?6)

i=1
By the generalized parallelogram law

> IR=PPP=n) |P] -
=1

1<i<j<n

n 2

DB

i=1

)

it suffices to prove
2

> n(cos? 0) Z |P;|2.

i=1

n

> P

i=1

gl

We have

n

>

i=1

> (Z |Pi|cosé(Pi,x)> > (cos?0) <Z|Pz|> -

i=1

53



Here the first inequality holds as the projection of P; to the direction of x is |P;|cos Z(P;, x) times z/|z|.

Then the claim is reduced to )
, (z |a|> .
i=1 i=1

This follows from Lemma 4.4 by |x| < |P;| < &|z|. The claim is proved.
To prove Theorem 4.1(2), we are going to have two cases. If

(29 — 2)? cos? 0 S 4n+g—1)(g—1)
~v—cos?f n—1

then the claim implies

2
dn+g-1)(g—1) 2
> — Z |Pi — P|”.
1<i<j<n

(29 — 2) ZPi — nw
i=1

In this case, Lemma 4.3 implies

> b, (P Py),

1<i<j<n
Then the proof of Theorem 4.1(1) for r = 0 gives exactly
n<32x10Mg%.

On the other hand, if
(29 —2)%cos? 0 - dn+g—-1)(g—1)

v —cos? 6 n—1 ’
then ( ) cos?
g—1)cos® 6 g
< 1,
~ —cos? 6 n—1+
and thus 2y
L9y —cosTO)

gcos2 6 —~
The assumption
geos?0 >y + (3.2-10'g5 )1
further gives
g(gcos® 0 — cos? 0)
(3.2-101g% )1
This proves Theorem 4.1(2). O

+1<glg—1)-32-10"% +1<3.2-10"g¥.

Remark 4.5. We can also prove the following explicit result in the form of | , Theorem 1.1]. For any
line bundle o of degree 1 on C,

A 1 _ g—2 - w 17
PecCK): WP —a) < —a?2 hia——— 6.5-10"g%s .
#{Pec®hr-a s gat+ S5k (a- 525 ) | < .

Since it is not used in the sequel, we omit the details.
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4.3 Function fields

Now we present the following analogue of Theorem 4.1 over function fields. Part (1) of the theorem is
essentially due to Looper—Silverman-Wilms (cf. | , Theorem 1.3]). Note that the canonical height of
the loc. cit. is twice of ours, so our statement is slightly stronger than that of the loc. cit in that sense.
This improvement is due to the application of the generalized parallelogram rule suggested by Autissier as
in the proof of the number field case. Part (2) can be proved in the same way as number fields.

Theorem 4.6. Let K be a function field of one variable over a field k, C be a non-isotrivial curve of genus
g > 2 over K, and J be the Jacobian variety of C.

(1) For0§r<,/é, and z € J(K)g,

1 16g* + 3692 — 269 — 2

1.
— 8gr? (9—1)° i

#{PeCE):|P -zl <rya?} < :

(2) Let k >1 and 6 € (0,7/2). Assume

o (k+1)2 1
29> BT L
geosTt > T T 16

Then for any x € J(K)g,

#{Pc C(K):|z| <|P| < klz|, Z(P,z) < 0} < 16¢% + 32g + 124.

5 Counting points

The goal of this section is to prove the following main theorem of this paper.

Theorem 5.1 (Theorem 1.2). Let K be a field of characteristic 0, C a curve of genus g > 2 over K, and
J the Jacobian variety of C. For any line bundle o of degree 1 on C and any subgroup A C J(K) of finite
rank,

rk(A)
#((C(K) — )N A) < 101398-min{1—|—5 1t 31°g9} .

4,/9’ g
As we mentioned in the introduction, this gives explicit constants in the uniform Mordell conjecture
proved by Vojta [ ], Dimitrov—Gao—Habegger | ], and Kiihne [ ]. It is not surprising that
our quantitative versions of the Vojta inequality, the Mumford inequality, and the uniform Mordell conjecture
imply the current theorem with explicit constants. Nonetheless, we still need to make lots of efforts to
decrease the Vojta constant to the current form.

5.1 Different ranges of heights

Now we sketch our idea to prove Theorem 5.1. By a reduction argument as in | , Lemma 3.1], we may
assume that A is finitely generated and K is a number field. The case rk(A) = 0 is just the quantitative
Manin-Mumford theorem in Theorem 4.2. We assume rk(A) > 1 in the following.

After a finite field extension of K, we may assume that there is a line bundle o of degree 1 on C with
an isomorphism (2g — 2)ag = w. Then we only need to prove the stronger bound

rk(A)—1
#((C’(K)a)ﬂA)§1013g8~min{1+5 1+3logg} :

4\/§’ g
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under the additional assumption that o = ag. Indeed, let A’ be the subgroup of J(K) generated by A and
a — ag. Then rk(A’) <rk(A) 4+ 1 and

(C(K)—a)NA € (C(K)—a)nA = (C(K) - ag) N A

So it suffices to prove

L((C(K) = ag) N AY) < 1015 - min {1+ —— 14 3189 e
0 > g 4\[ g .

Denote n = rk(A). We abbreviate C' — « as C, which viewed as a subvariety of .J. By abuse of notation,
we further abbreviate C(K) N A as C N A. We divide the set C'N A into the following three parts:
w2
(CmA)smaH: PeCnA: |P|< ]_6

2
CNA)medium = { PECNA: Ya <|P|<1.2-10%5% /@2
16g g a(”

(C'N Atarge = {P cCNA:|P|>12 10%F \/aTg} .

Our bounds for them are

#(C N A)Small <6.5- 10119%7’

n—1
#(C'NA)medium < 1.64 - 103347 (1 + ) ,
( ) 2v/2g

5 n—1
Miaree < 3.4-10%¢% (1 4+ — )
#(Cﬂ )1(g_3 Og<+4f>

Their sum gives

n—1 n—1
A)<2-108¢" (1 4+ — <108¢% (14 — )
#enD s210° (1475 ) <10 (14 155)

Moreover, for g > 142 and n > 1, we have a refined bound

#(C N A)jarge < 2.4-10%¢8 (1 +

3logg) B

Replacing this one in the above bound of large points, we have for g > 142,

310gg>"_1
g

#(CNA) <1088 (1 +

Note that for integers g > 2,

31
14289 <

5
<1 = > 142.
Y17 9>

Therefore, these two cases imply that for g > 2,

. 5 3logg nl

#(CNA §101398~mln{1+,1+ }

( ) i/ p

Then the task is to prove the bounds for the subsets of different range of heights. Note that the bound
for #(C' N A)gman is a consequence of Theorem 4.1(1) with r = ﬁ. In the following, we are going to prove

the bound for medium points and the two bounds for large points.
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5.2 Medium points

For any 0 < r < 7/, let
(CNA)yw ={PeCNA:r<|P| <7}

be the set of points in a spherical shell of inner radius r and outer radius r’. We will estimate #(C' N A),. ..
The medium point set is the special case that

r= “q P =1.2-10%% /&2
6" . V2.

We only need to bound #(C' N A), ., for some x > 1 and all r > 0 because of the covering

[10g,,(5)]
€A € | (CNA) w1
i=1
Denote n = rk(A) > 1. The space Ag under the norm |- | is isometric to the Euclidean space R™. Denote

the sphere
St ={z € Ag: |z =1}

Enow S™ ! with the standard Euclidean measure vol.

Take

1.13
0 = arccos /| —, K=2.
g

Then (¢, ) satisfies the assumption of Theorem 4.1(2). For any P € (C' N A); or, let
cap(P,0) ={zx € Ag : |z| =1, Z(z, P) < 0}

P
be the spherical cap centered at m of angular radius # on the sphere S"~1.

For any s € S™1, Theorem 4.1(2) for = rs implies that s belongs to at most 3.2 - 10'1gs spherical
caps cap(P,0) for P € (CNA); .r. In other words, under the natural map

H cap(P,0) — S" 71,
Pe(CNA)y kir

every point has at most 3.2 - 10 g5 preimages. Compare the volumes. We have
#(C N A)yr - vol(cap(P,8)) < 3.2- 10" g5 vol(S71).

The total measure is

2m2
vol(S™ 1) =
(%)
When n > 2,
0 n—1 n=1l g S R ne1l o opq
2 2 2 0 0
vol(cap(Pﬁ)):/ sin™ " 2(t) wn_zl dt > 7rn_21 / sin™ () cos tdt = anl s =T ilill
0 (et - ri) Jo L(#3) n—1 I3

This is also true for n = 1. So

2
#(CNA)pr <3.2-10M g%




Here the last inequality follows from Wendel’s classical inequality (cf. | D,
INx+s) <zT(z), >0, 0<s<]1.

It follows that

n—1
113\ =
#(CNA)ypr <3.2-10" g5 - V210 (1 - ) .
g

To simplify the bound further, we will use the following basic fact several times.

Lemma 5.2. For any n,t >0 and a > 1,

Proof. Tt is an easy consequence of

|3

nloga<6n13ga71 a

Vn,t >0, a > 1.

t = e’
O
Take ¢t = § and
5 1.13
a= 1+) I ——
( 2v/2g g
It satisfies )
ers <a< V2.

Here to prove the first inequality, just note that loga — - is a concave function of %. Then Lemma 5.2

implies

n—1

\/ﬁ<< 1 >2a”<fa”1—\f(1+5 )”1(1_1.13) ’
~ \2¢eloga =vI g 2v2¢ g

n—1

_ 1 n—1
113\ 2 5
Norm (1 _ > < \fang (1 N ) .
g 2v/2g

It follows that

Therefore,

5 \"! . 5 \"!
CNA), e <3.2-100g% - /21 <1+> <8.1-10" e<1+) :
#( Jroer < g g V39 < g V39
So

37 5 n=1 ’I’/
CNA),v<81-101 6<1+> [l w
#( ), — g 2\/59 OgQ(T)

In particular,

n—1 n—1

5 7 5

CNA) medivm < 8.1-101 g% (1 + ) log,(1.2-10%g3/169)] < 1.64 - 10347 (1 + ) .
#( )medium < g WP [logs ( g 9)] < g NP

This gives the bound for medium points.

58



5.3 Large points: first bound

The goal here is prove

5 n—1
#(C'N Aarge < 3.4-10%¢2 (1+> .
( )1 g 4\/5

This is the first bound for large points.

A bound from sphere packing

We first recall a result in spherical packing. For any positive integer n and 6 € (0, 7), denote by A(n, ) the
maximal number of nonzero points Py, ..., Py € R™ such that any two of them form an angle at least 6. At
each point P;, we have the spherical cap of angular radius 6/2 given by

cap(P;,0/2) ={z e R" : |z| =1, 4(z, P;) < 0/2}.

Then the interiors of these N spherical caps are disjoint from each other. It follows that A(n,#) is also the
maximal number of spherical caps of angular radius 6/2 in the standard unit sphere in R™ such that any
two such spherical caps have no common interior points.

The volume comparison from the previous subsection gives a bound

vol(Sm~1) 2mn
A(n,0) < < )
(n,6) < vol(cap(P,60/2)) ~ sin" ' &

In our application, 6 is close to 7/2, and thus the bound grows roughly as (v/2)", which is too large for our
purpose of making the Vojta constant (i.e. the base) close to 1. Therefore, we are going to seek stronger
upper bounds of A(n, 9).

The following estimate of A(n,#) is essentially due to Rankin.

Lemma 5.3. Let n be a positive integer. If 6 € (0,7), then

(1+ VcosO)n2

cosf(1 — cos )"z

A(n,0) <

If 0 € (x/2,7), then A(n,0) <n+ 1.
Proof. The result holds for n = 1 because A(1,0) = 2. Assume n > 2 in the following. We are going to

apply results of Rankin [ ]. Note that our /2 corresponds to « in the loc. cit. If 8 € (7/2,7), we have
N(n,0) =n+1by | , Theorem 1(iii)].
Now we consider general 6 € (0,7/2] in the following. By Rankin | , Theorem 2], we have the

following bound
7zl (%) sin (8 tan 8

A(n,8) < 5 ,
2I' (2) [y (sinz)"=2(cosz — cos B)dx

n > 2.

Here the angle

B = arcsin (\/gsin Z) = arccos(V/cos 0).

Let us first simplify the bound, which also weakens the bound slightly. Let ¢ = sinx € [0, sin 8]. Then

B 9 sin 8 5 tn—2
sin )" “(cos x — cos B)dx = thTe — cos dt.
| Gy mae= [ s cos )

1
By the convexity of ﬁ’ we have
1 1—-cosp

2 4+ 1.
V1I—+#2 = sin®Bcosf3
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One can also check that the inequality by noting that it holds for t* = 0 and t? = sin® 8, and the left-hand
side is convex in t? and the right-hand side is linear in #2.
It follows that

" ) gt = 2(1 — cos ) sin™ B.

sin? 3 n?—1

B sin B
/ (sinz)" %(cosz — cos B)dx > (1 — cos ﬂ)/ <t"2 -
0 0

We remark that this result catches the exponential part in the decay for large n, comparing the opposite

bound
sin" "1 g
n—1"

B B
/ (sin x)""?(cos x — cos B)dx < / (sinx)" 2 cos xdx =
0 0

As a consequence,
(n% —1)r2l (251) tan 8

A(n,d) <
( )_4 (%) 1 —cosfB)sin" 25’
By Wendel’s classical inequality (cf. [ ]) again,
(n% —1)m2l (1) (n+ )72l () (n+1)72nz 3
T = 2 < < n?
ar (3) 2r (3) 2v2
Then we have

A(n,0) < n? tan 3 < (1 + cos B)n2 (14 +cos O)n?

(1 —cosB)sin™~ 25 n"" 1ﬁcosﬁ Coso(lfcose)”%l

Counting points

Now we return to the bound of large points. For any 6, there is a subset S of (C' N A)jarge satisfying the
following properties.

(1) For any P € (C'N A)jarge, there is a @ € S such that Z(P,Q) < 6 and |Q] < |P].
(2) For distinct Q1,Q2 € S, we have Z(Q1,Q2) > 0. As a consequence, #S < A(n,0).

This set can be constructed inductively as follows. By the Northcott property, we can take Q1 € (C'NA)jarge
such that |Q] is minimal. After taking Q1,...,Qn, let Quy1 € (C' N A)jarge be a point satisfying (2) with
minimal |@Qp+1|. This process ends in A(n,§) steps. So for any P € (C N A)jarge, there is a @Q; € S such
that Z(P,Q;) < 6. Let i be the minimal such i. Then the minimality of |Q;| at the i-th step implies that
|P| > |Q;l]; otherwise, this step would choose P. This verifies (1).

For any x > 1, we have the covering

(CNMiarge = [ J{P€CNA:|P|>|Ql, £L(P,Q) <0}
QEeS

U U{PeCnA:w1QI < P < K(Ql, £(P,Q) < 6}.

Qesi=1

Take 6 = arccos (, /%). By the quantitative Vojta inequality in Theorem 3.1, if P € (C' N A)jarge
satisfies Z(P,Q) < 0 for some Q € S, then |P| < 1059%|Q|. So
[log,.(10°9%)]

CnMuge= ) U (PeCE)nA: Q<P <HIQL £(P,Q) < 6}

QeS i=1
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Take k = 1.15. For each @ € S and 4, suppose we have two distinct points

P, P,c{PcCK)NA:x1Q| <|P| <KQ|, £(P,Q) <6}

Then by the quantitative Mumford inequality in Theorem 3.6,

1.01
Z(Py, Py) > arccos () .
g

Take the orthogonal decomposition
P Q
= Qi ~7 + £

|| Q|
Here a; € R and z; € Q+ = {z € Ag : (z,Q) = 0}. So

[P QN o [T
ai—<|H|,|Q>—cosl(Pz,Q)> P

and
P P

1.01
—, —— Y=cos Z(P, P,) < —.
Py P2|> (P, Po) < =

arag + (z1,x2) = <

We get (z1,22) < 0 and hence Z(z1,22) > 7.
Apply Lemma 5.3 to the orthogonal projection of

{PeCnA:x1QI <P < #|Ql, £(P.Q) <0).

to the space Q. We have

#{P eCnA:RTQI< Pl < WIQL £(P.Q) <0} < An—1,3) <

As a consequence, we have obtained the following result.

Proposition 5.4. We have .
#(C'N Mtarge < [log; 15(10°g2)nA(n, ).

By Lemma 5.3 again, the proposition gives

(14 VcosO)n?2

C'N A)jaree < [0 10%¢% -
#( )l g ’— g1.15( g )-| \/(K(I—CO ) >

n.

_n—1

= [log;.15(10%¢%)] n? <\/> > (1 1.51>

Apply Lemma 5.2 to t = 5 and

Note that

The lemma gives




Then we get

_n—-1 5 n—1
To1\ ® 150,/7\ 2
nd (/9 1) (1o /22 <12 vy 9 ) (142 < 510%g% (14 2
10 g e 1.01 4./9 4./9

Therefore,

n—1 n—1
5 3 5
#(C N A)large < [logy 15(10°g2)] -5 - 10*g2 <1 + 4\f> <3.4-10%? (1 + 4\f> .

This proves the first bound of large points.

5.4 Large points: refined bound

The goal of this subsection is to prove that for g > 142 and n > 1,

-
#(C O M)jarge < 2.4 - 10%° <1+ & Ogg)

In fact, this is implied by the following bound.
Proposition 5.5. Assume that g > 142 and n > 2g. Then

31 B
(0N A)jarge < 24 - 10 (1 1 2Bg )
g
It is easy to extend the proposition to g > 142 and all n > 1 with a weaker bound. Note that if n < 2g, we
may take a subgroup A’ of rank 2¢ in J(K) containing A by adding 2g — n linearly independent generators,
which is possible after replacing K with a finite extension. Then

—1
<2.4-10%5.

]
£(C N Ajarge < #(C N A ) arge < 24 - 1012 (1 43 °g9>

Here the last inequality uses

3log g 3log g\ Toer )
<1+0g9> :<<1+Og9) ) < oy _ o,
g g

Combining with the proposition, we have the bound for all g > 142 and n > 1.

Then the goal of this subsection is to prove Proposition 5.5. The proof is obtained by improving the

bound of A(n,#) in Lemma 5.3.

Refined bound from sphere packing

1.01

For g > 2, take 6 = arccos as in the previous subsection. Our goal is to derive a sharp upper bound

for A(n,0).
The best known asymptotic bound for A(n,#) is due to Kabatjanskii and Levenstein in | , ]
(cf. | ]). For any non-negative integer m, the differential equation

f
dx?

has a unique polynomial solution up to scaling. Denote its largest root by x(y ). Then

(1 — 2% —(n—l)m%—l—m(m—l—n—?)fzo

—-1< Tn,m) < T(nm+1) < 1.

The key is the following result from Kabatjanskii-Levenstein [ , §6 (52)].
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Theorem 5.6. If cost < (), then

4 m+n—2
A(n,0) < M
1- T(n,m+1)
By taking L ing
~ — Sin n,
2sin 6

they get x(,,,m) — cosf and

1+ siné 1+sinf 1—sinf 1—sinf
2sin 6 08 2sin 6 2sin 6 08 2sinf

1
lim sup - log A(n,0) <

n—oo

However, this asymptotic bound is not sufficient for our purpose. We need an explicit estimate of x(,, ).

In the following, we take
10.7 1—sing
B =arccosy/]—, m=|———n]|.
g 2sin g

Since x(y m) — cos 3 > cosf, we have x(, ,,) > cosf for n large enough, and thus we can apply the above
bound. We will make this explicit, which gives the following result.

Proposition 5.7. For g > 142 and n > 2g,

1—s

. inf 41 . n—2
m+n—2 1+sing) 27 + 1+sing

A(n,0) <6 <6be| ——= —_— .
(n,6) < < 2 )'— e<1—sm5> < 2sin 3

To apply Theorem 5.6 to prove the proposition, our main tool to estimate the zeroes is the following
classical Sturm comparison theorem.

Theorem 5.8. For i = 1,2, let r;(x) be a nonzero continuous function on an open interval, and let F;(x)
be a nonzero solution of the differential equation

d’F
W + Ti(.’L')F = O

Assume that r1(z) < ro(xz). Then for any two roots a < b of Fi(x), there is a root of Fa(x) lying in [a,b)].

Now we prove Proposition 5.7. The proof consists of a few steps. Let f(, ,)(«) be a polynomial solution
of the previous differential equation with the maximal root (). Then

n—1
F(n,m)(x) = (1 - .732) 4 f(n,m) (l‘)
is a solution of the differential equation

d*F + Pn,m) — q(n,m)‘rQ
dx? 4(1 — z2)?

F=0,

where
Gn,m) = 2m+n—1)(2m +n —3),
Pn,m) = 4(n,m) — (TL - 1)(” - 5)

The largest root of F{;, )y in the interval (—1,1) is still 2y, ).
Let us first collect some trivial bounds. Note that n > 2¢g implies

S 1—sing S cos? 3

osmp S g T
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As n > 6, we have p(, m) < q(n,m)- By

1—smﬁn§m§ 1—sing

_— 1
2sin 8 2sin 8 nth

we have an easy bound

n n
: <2m+n < -
sin 3 sin 3

Our first bound on the root is the following quick result.

Lemma 5.9. Forn > 6, we have Z(, 1) < /%,

Proof. We first note that for z € (/2™ 1), we have

+ 2.

A(n,m)’

Pn,m) — (](n,'m)x2
11— 22)2

< 0.

Then the lemma follows from Theorem 5.8 by comparing F{,, ,,) with solutions of

d*F

dz?
Alternatively, we can prove the lemma as follows. For the sake of contradiction, assume that u = x(, )
lies in (, /ZE"”"; ,1). Note that 1 is a root of Fi;, n,). Then the value of F{;, ;) has a fixed sign on the interval

(u,1). If Fpy ) > 0 on (u,1), then the differential equation gives F(’;L my > 0on (u,1). Then F, ) is convex
on (u,1), and thus

F(n,m) S maX{F(n)m) (u), F(n,m)(l)} =0

on (u,1). This is a contradiction. A similar contradiction can be obtained if F{, ,,) < 0 on (u,1). This
proves the lemma. O

For the other direction, we will prove x(,, ,,) > cosf in the following. To apply Theorem 5.8, we need the
following elementary result.

Lemma 5.10. Assume that n > 2g. For x € [cos 0, £(2cos 3 + cos0)],

P(n,m) — q(n,m)x2 > 972
4(1 — z2)2 4(cos B — cos )2’

Proof. We only need to prove
_ 2> 972
P(n,m) ~ (n,m) (cos 3 — cos )2

on [cos 6, %(2 cos 8 4 cos 0)]. Since p(y m) — q(n,m)gc2 is decreasing on this interval, it is equivalent to

2cos 3+ cos @ 972

2
_ > .
P(n,m) — A(n,m) ( 3 ) (cos 8 — cos0)?
On the one hand,
2
Pinym) _ 1 (n—1)(n—5) >1— n > cos? 8
d(n,m) @2m+n—1)(2m+n—3) ~ 2mtn/ '
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We also have q(,,m) > n2. So

2cos 3 + cos

2cos 3+ cosf 24/10.7 + 1/1.01 2
Pn,m) — q(n,m)(f)2 > n’? <C052ﬁ - ()2) = (10'7 - ()2>

n-
3 3 g’

On the other hand,
972 _ 972

(cos B —cosf)?  (1/10.7 — 1/1'01)29'

As n > 2g, it suffices to prove

2v/10.7 + V101 5\ .o 97
(10.7—(3) > 227 > (Vi07 — VIoDE"

This can be verified numerically. O

Once we have the lemma, consider the differential equation

d?F 972

. L )
a2 " 4(cos 3 — cos 0)2 ’

which has a solution 3 )
m(x — cos
_F”k — qj _—
(z) = sin 2(cos 8 — cos 0)
Then cos 6 and %(2 cos 3+ cos 0) are roots of F'*. By Theorem 5.8 and Lemma 5.10, the function F{, ,,) has
a root in [cos b, %(2 cos 3 4 cos 0)]. As a consequence, () > cosf. Then Theorem 5.6 implies that

1)

n—2

An,0) < —————.
( ) 1_x(n,m+1)

By Lemma 5.9, we have

2 P(nm+1) _ (n—1)(n—5)
x(n m+1) < =1- .
' A(n,m+1) 2m+n+1)2m+n—1)
For g > 142 and n > 2g, we have
Imin< o= 1 9<1.04n+2
sin 8 1_ 107
g
We also have
(n—1)(n—25) > (n—1)(n-2>5) > 0.89.

2m+4+n+1)2m+n—1) = (1.04n+3)(1.04n+1) =

It follows that
Tminy <1—0.89 < é, T(nm+1) < %
Therefore, the bound implies )
m+n—
A(n,0) < 6( "9 )
This proves the first inequality of Proposition 5.7.
The second inequality of Proposition 5.7 follows from the following lemma.
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Lemma 5.11. We have

. isinfa4g . n—2
m+n-—2 < 1+sing 2578 1+sing
el ———— —_— .
n—2 - 1—sing 2sin 8
Proof. Write

-2
log (m;—fQ ) = log(m +n — 2)! —logm! — log(n — 2)!.

By Robbins’ effective version of Stirling’s formula, for all positive integers k,
kik _1 kk 1
27rk(7) e < Kl < v27rk(f) eT2k .
e e

This gives an upper bound of log(m + n — 2)!, and a lower bound for each of logm! and log(n — 2)!. As a
consequence, we obtain

1 1 -2
< f510g(27r)+§log%+(m+n72)log(m+n72)fmlogmf(an)log(nf2)
1 m+n—2 m+n—2
< —=1 log ——— —2)log ———.
< — 5 log(6m) + mlog ———— + (n — 2)log ——
As | sing | sing
— sin — sin
—n < < — 1
2sin 3 n=ms 2sin 3 ntd
we have

log<m+n—2>

n—2 ' .

< _;10g(67r)+<12_siinﬁ”3n+l> logW—k(n—@bg 12581;ngin_—i-2n—1
< —élog(6w)+(12;5:11;871—1-1)1%11_%+("—2)10g1;siinﬁﬁ+( ~2)log ——
< (mnle)logiZEng(nQ)lo %4’1

Counting points

Now it is easy to prove Proposition 5.5, which asserts that for g > 142 and n > 2g,

31 nt
L(C N A)jarge < 2.4 - 10%g (1 n 2}'59)

Assume that g > 142 and n > 2g in the following.
By Proposition 5.4,
5
#(C' N Aarge < [log; 15(10°g2)1nA(n,0).
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By Proposition 5.7, this further gives

1—sin 8 _
1 +sinﬁ)2sw et (1 +sin,3>" 2

- JERY
#(CN A)large S flog1,15(10 9 )—I Gen <1 —sin 8 2sin 3

Here f is defined by

10.7
cosfB=4/—.
g
Note that
1+sinf) (1+sin8\ >  4sin®g _4 4
1—sinf 2sin 8 ~ cos2fB ~ cos?p 107
We have .
#(C N Atarge < (10g1.15(10595ﬂ -6.1gnB",
where

1 —sinf 2sin8

We have the following elementary estimate.

1—sin 3
B <1+sin,8> Zsinf 1+ sin 8

Lemma 5.12. For g > 142,

2.841
lOgB < w)

and

—1
B< (1+310gg> (1+0.0110gg) .
g g

Proof. Denote

14
LBy,
2sin 8
Note that for g > 142,
/10. / 10.
cos B = ﬂ, sin g = lfﬂ>0.961.
g g
Then we have
_1—sinf cos? 3 10.7 2.84

2sin 3 _QSinB(l—l—sinﬂ):2sinﬁ(1+sinﬁ)g< g

1—sin 8
1+sinB\ 257 1 +sinpf 1\°
B=(—F — =14 - 1).

<l—sinﬁ> 2sin 8 ( +s) (s+1)

By definition,

Denote )
b=1logB = slog (1 + S) +log(s+1)=(s+1)log(s+ 1) — slogs.

View b as a function of s > 0. Then we have

db
T log(s+1) —logs > 0.
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It follows that b is increasing in s. Therefore,

2.84 2.84 284 284
b< (1+>log<1+ >— log
g g g )

2.84 2.84 2.84 2.84
(1 + ) log (1 + > — —log2.84 4+ —1logyg
g g g g

2.84 2.84 2.84
< (1 +— - log2.84) log (1 + > + —1logg
) g g

2.84
<——1logg.
g

This gives the bound for B by taking quotients of

et loBy <14 310gg’ elvloBg 5 1 4 0.01 logg.
g g

Therefore, we have

0.011og g\ "
+gg) .

. 31 "
#(C' N Miarge < [log; 15(10°g%)] - 6.1gn (1 " Cé)lgg> (1 9

By the binomial bound

)

(1 N 0.0110gg) > 0.0lloggn
g g
we have

1 105g3) + 1 31 "
#(C 0 Ajarge < 0gy 15(10°g2) + -61092 (1+(;gg>

log g
3logg)n

< 34.8-610g° (1 +
1 n

< 2.13-10%¢? (1 + 30gg>
g

1 n—1
< 94104 (1 + 39%9)

This proves Proposition 5.5, and thus finishes the proof of Theorem 5.1.

5.5 Function fields

In the end, we have the following counterpart of Theorem 5.1 over function fields of characteristic 0. As
expected, it is proved by a similar method, and it has better constants.

Theorem 5.13 (Theorem 1.5). Let K be a field of characteristic 0, C' a curve of genus g > 2 over K, and
J the Jacobian variety of C. Assume that C is not isotrivial over Q in that Cx cannot be descended to Q.
Then for any line bundle o of degree 1 on C' and any subgroup A C J(K) of finite rank,

6 3 5 rk(A)
#((C —a)NA) < 1.8-10% ~(1+4\/§) :

3 IOg g > rk(A)

#((C—a)NA) <25-10%° - <1 +
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Proof. By a standard argument as in | , §4], we may assume K is a function field of one variable over a
field k, and that C' is non-isotrivial over k. As in the proof of Theorem 5.1, we assume o« = «ag and divide
C N A into the following three parts:

—2
(CNA)gman = {PeCﬂA \P\<w/fé }
[ 2
(CﬁA)mCdium: {PGCQA i:;g < |P| S 1049\/(2)3}7

(C'N A)large = {P cCNA:|P|> 1049\/53} .

Here the boundary between medium points and large points is adjusted to align the condition in Theorem
3.12. It suffices to prove that

#(C N A)small S 200927
n—1
#CﬂAmc ium§104gg<]—+> )
5 n—1
Miaree < 3.4-10%¢% (1 4+ —
#(Cﬂ)lg_?) Og<—|—4f> s

and that for g > 142 and n > 1,

31 n—l1
#(CN Marge < 2.4 10%¢® <1 4 ogg)

For small points, we apply Theorem 4.6(1) with r =,/ ﬁ and get

#(C N A)small S 200g2.

/1.1
6 = arccos —3, Kk = 1.67
g

in Theorem 4.6(2). Then the method of §5.2 gives

For medium points, take

2vrl(%h) 1

r (%) sin” ' 6

5 n—1
< (16g% + 32g + 124)\/27 <1+>
< (16g g ) g Vg

n—1
< 158¢% <1 + :
B fg)

#(CNA)rwr < (16g° + 329 + 124)

So
n—1 n—1
5 5
C' N A)medium < [lo (10*g+/169)]158¢g2 1+ —— 31043(1+> .
#( Jmed [logy 67(10°g g ( 2\@9) g 229
Finally, since the angles and ratios in Theorem 3.12 and 3.13 are exactly the same as their counterparts in
Theorem 3.1 and Theorem 3.6, the bounds of large points can be obtained similarly. O
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6 Further bounds for hyperelliptic curves

Recall that a hyperelliptic curve over a field k is a curve C' of genus g > 2 over k with a finite separable
morphism C' — Pi of degree 2. There are exactly 2g + 2 Weierstrass points of C, i.e. points of C(k)
ramified over PL. In this section, we consider some consequences of our quantitative Mordell conjecture for
hyperelliptic curves.

6.1 Bounds in terms of discriminants

The goal here is to prove the following refinement of Theorem 1.6 for hyperelliptic curves.

Theorem 6.1 (Theorem 1.7). Let K be a number field of degree d over Q. Let f(z) € Oklz] be a monic
and square-free polynomial. Let Ay € Ok be the discriminant of f.

(1) Ifdeg f = 2g+ 1 for some integer g > 2, then
#{(I, y) c K2 . y2 _ f(:E)} < 1013.2d99d10g2(2gd+d)+18d+8(2gd+d)%d'u\]K/QAJC|410g2 g+%'|AK/Q|310g2 g+%'
(2) If deg f = 2g + 2 for some integer g > 2, then
#{(.’B, y) c KQ . y2 _ f(:v)} S 1013'26d+199dlog2(2gd+2d)+18d+8(29d+2d)%d.|NK/QAf‘4log2 g+%"AK/Q‘3IOg2 g+%.
To prove the theorem, we need parts (3)-(4) of the following theorem to bound the Mordell-Weil ranks
of hyperelliptic curves.

Theorem 6.2. Let C' be a hyperelliptic curve of genus g > 2 over a number field K. Let J be the Jacobian
variety of C'.

(1) Let Lq,..., Ly, be the residue fields of the Galois orbits of the Weierstrass points of C. Let S be the
subset of My consisting of all archimedean places, all places above 2, and all non-archimedean places
where C' has bad reduction. Then

m
rk J(K) <1+ (294 3)#S + » _ dimg, Clg(L;)[2] + dimg, Clg(K)[2].
i=1
Here Clg(L) denotes the ideal class group of the S-integer ring Op, s for any finite extension L of K.
(2) In part (1), if [L; : K] is odd for some i, then

rk J(K) < 2g#S + ) _ dimg, Cls(L;)[2] — 2dimg, Clg(K)(2].

i=1

(3) Assume that C' contains an affine curve Spec K[z,y]/(y?> — f(z)) as an open subvariety, where f(z) €
Oklx] is a monic and square-free polynomial with discriminant Ay € Ok and with deg f = 2g + 1.
Then

4 1 1 3
rk J(K) < (gg + §)log2 INk/oAyf| + (g + 5) logy Ak gl + (39 + §)d10g2(2gd+ d) + (6g + 1)d.

(4) Assume that C' contains an affine curve Spec K[z,y]/(y?> — f(z)) as an open subvariety, where f(z) €

Oxklz] is a monic and square-free polynomial with discriminant Ay € Ok and with deg f = 2g + 2.
Then

4 5 3 9
rk J(K) < (gg + 5)1og2 INk /Ay + (g + 5) logy [Ak /gl + (39 + E)cllogQ(diJr 2d) + (6g + 6)d + 1.
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If all Weierstrass points are rational, then L; = --- = Lag4» = K and the second bound becomes
rk J(K) < 2g#S + 2¢g dimy, Clg(K)[2],

which is just [ , Theorem 2]. If K = Q and C has a rational Weierstrass point, the second bound can
be derived from | , Lemma 4.10]. All these results are based on 2-descents, and a similar method also
leads to our general case. Since the bound is implicit in the loc. cit., we will present a proof later. Before
that, let us first prove Theorem 1.7.

Proof of Theorem 6.1. We first prove (1). Apply Theorem 6.2(3) to Theorem 5.1. Since

g
(1+ 310gg> <&
g

we have
5 3 logs [Nk oA s |+ 5 logs | Ak jgl+3 dlog, (29d+d)+d

14+ —
4y

31 9(4 1o, [Nk /oA s|+log, | Ak /gl +3d log, (2gd+d)+6d)
142989

#CO(K) < 10"g% (

g
101398 . 2% logy [Nk /oA f|+3 logy [Agl+35dlog, (2gd+d)+d

IN

. g1082 INKe /oA |+3 1082 | Ax jo|+9d logy (2gd-+d)+18d

— 10'3. 2d99dlog2(29d+d)+18d+8(2gd + d)%d . |NK/QAf|4log2 g+s . |AK/Q|310g2 g+%.

This proves (1).
To prove (2), apply Theorem 6.2(4) to Theorem 5.1. We have

#C(K) < 1013g8 X 2% log, |NK/@Af|+% log, |AK/Q\+%dlog2(2gd+2d)+6d+l
. g4 logy [Nk /gy |+3logy |[Ak q|+9dlogy (29d+2d)+18d
o 13 6d+1 9dlog,(2g9d+2d)+18d+8 24 4log g+§ 3log ng§
= 10'3 . 200+ godlogs( ) (29d +2d)2? - [Ny oA p[*1082 95 L | Ay | 31082972,
This proves (2). O

To prove Theorem 6.2, we need the following classical fact, for which we include a proof for lack of a
good reference.

Lemma 6.3. Let k be an algebraically closed field with char(k) # 2. Let C be a hyperelliptic curve of

genus g > 2 over k. Let Py, ..., Pagy1 be Weierstrass points of C. Then as an Fo-vector space, Pic(C)[2] is
generated by {P; — Py :j =1,...,2g9 + 1} with the only relation Z?iﬁl(Pj - Py)=0.

Proof. Denote by Div%, (C) the Z-module of divisors of C supported at Weierstrass points and of degree 0,
i.e. formal Z-linear combinations of P; — Py with j =1,...,2g 4+ 1. Consider the natural map

® : DivY, (C) — Pic’(C).
Denote by P the subgroup of Div}}, (C) generated by 2DivY,(C) and
Do = (P1+- -+ Pygy1) — (29 + 1) Ry.

We claim that P = ker(®).
We first prove P C ker(®). Denote by 7 : C — P! the finite morphism of degree 2. As 2P; is linearly
equivalent to 7O(1), we see that 2 Diviy, (C) lies in ker(®).
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As the extension k(C)/k(P') has degree 2, we can write k(C) = k(P!)(y/f) for some non-constant
f € k(P)*. We can further assume that Py is over co € P! and f is a square-free polynomial. Then
div(v/f) = Do. As div(y/f) and 2DivY, (C) are contained in ker(®), we see that P is contained in ker(®).

Now we prove ker(®) C P. For any D € ker(®), write D = div(a) for some a € k(C)*. Denote by
o : C — C the non-trivial automorphism of C over P!. Then

div(c*a) =0*D = D = div(a), div(c*a/a)=0.

It follows that oc*a/a = c¢ for some ¢ € k*. Apply a further action by o*. We have a/c*a = c¢. Tt
follows that ¢? = 1. This gives 0*(a?) = o2, and thus a? € k(P')*. Comparing with the above expression
k(C) = k(PY)(V/f), we have a = hy/f or a = h for some h € k(P!)*. Then D = div(a) lies in P. This
proves ker(®) C P.

Once ker(®) = P, we have an injection

® : Diviy, (C)r,/(FoDg) — Pic’(C)[2]
of Fa-vector spaces. It is an isomorphism since both sides have dimension 2g. O

Now we prove the bounds of the Mordell-Weil rank in Theorem 6.2.

Proof of Theorem 6.2(1)(2). We first prove (1). Let Kg be the maximal extension of K which is unramified
outside S. Let G = Gal(Kg/K) be the Galois group. The Kummer map

J(K)/2J(K) — H'(G, J[2](Ks))

is injective, and thus
rk J(K) < dim HY(G, J[2](Ks)).

It suffices to prove the bound for dim H'(G, J[2](Kg)).

Let P; € C(Kg) for j = 0,1,...,2g + 1 be the Weierstrass points of C. Denote by Divy (Ckg) the
Z-module of divisors of Cx, supported at Weierstrass points. Denote by Div?/V(C’KS) the subgroup of
Divyy (Ck.) of divisors of degree 0. By tensor products, we also have Divyy (Ck s )r, and Diviy, (Cke)r,-

By Lemma 6.3, the natural map

Diviy (Cks) — Pic’(Cx)

has an image Pic’(C%)[2] = J[2](K), and thus induces a surjection
Diviy (Cieg ), — J[2](Ks).

The kernel of this map is generated by
2g+1

Dl = Z Pia
i=0
Here D; is viewed as an element of
Div?/‘/(OKS)]FQ = ker(deg : DiVW(CKS)]F2 — FQ),
since deg(D;) = 2g + 2 is 0 in F5. Hence, we have a G-equivariant exact sequence
0 — Fy — Diviy (Cxs)r, — J[2](Ks) — 0.

The definition also gives a G-equivariant exact sequence

0 — DivYy (Cxy )r, — Diviy (s )m, -8 Fy — 0.
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Fix an embedding of L; into Kg for each i. Denote by G; = Gal(Kg/L;) the Galois group of Kg over
L;. Then

Diviy (Crs)r, =D | €  FoP; | = @ Indg, Fo.
i=1 \K(P;)=L; i=1

By taking the group cohomology of the two short exact sequences, we get

dim H' (G, Div, (Cks)r,) + dim H?(G, Fy)

dim HY(G, J[2](Ks)) <
< dim HY(G,Fy) + dim H' (G, Divyy (Cr 4 )r,) + dim H*(G, Fy)

14 dim H'(G;,F,) + dim H?(G, Fy).

i=1

Let Og be the integral closure of Ok s in Kg. We identify Fy with {£1} via the unique isomorphism.

Then the short exact sequence

0—>]F2—>O§ﬂ>0§—>0

implies
dim H*(G,F2) = dim H°(G,0%) ® Fy + dim H*(G, 03)[2],
dim H?(G,F2) = dim H'(G, 0%) @ F2 + dim H*(G,0)[2].
By | , Propostion 8.3.11],
H°(G,0%) = Ok 5,
HY(G,0%) = Clg(K),
H*(G,0%)[2] = ker( @D F2 = Fa).
veS
K,#C
So we have
dim H'(G,Fz) = dim Ok 4/(Ox ¢)? + dim Clg(K)|2]
and

dim H%(G,F) < dim Clg(K)/2Cls(K) + #S = dim Clg(K)[2] + #8S.

Here the last equality holds since Clg(K) is finite.
Note that Kg is also the maximal extension of L; which is unramified outside S. Thus,

dim H'(G;,F) = dim OF, ¢/(OF, §)* + dim Cls(L;)[2]
< [Li : K]dim O} ¢/(Of §)? + dim Cls(L;)[2],

Here the inequality follows from the structure of the S-unit groups.
In summary,

dim H'(G, J[2)(Ks)) < 1+ Y ([Li . K]dim O /(0% ¢)* + dim CIS(LZ-)[QD + dim Clg (K)[2] + #9
i=1

=1+ (29 +2)dim O} ¢/(0% §)* + Y _ dim Clg(L;)[2] + dim Clg(K)[2] + #5

=1

<1+ (2g+3)#5 + i dim Clg(L;)[2] + dim Clg (K)[2].

i=1

This finishes the proof of Theorem 6.2(1).
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For Theorem 6.2(2), by assumption, [L; : K] is odd for some i, so we assume that [K(Fp) : K] is odd.
We claim that in this case, both short exact sequences

0 — Fy — Diviy (Cro)r, — J[2](Ks) — 0

and
. . de
0— DIV?,V(OKS)]F2 — DIVW(CKS)IE‘2 j ]FQ — 0

are G-split. Indeed, to split the first short exact sequence, we take the projection

2g+1
DiV?}v(CKS)]FQ — IF27 Z aij — Z aj.
j=0 PjeGal(Ks/K)Po
To split the second short exact sequence, we take the injection
]FQ — DiVW(CKS)FQ, at— Z an.

P;cGal(Ks/K)Py
With the splittings, the estimate on the dimensions can be refined as
dim H(G, J[2](Ks)) = dim H(G, DivY, (Cks)r,) — dim H' (G, Fy)
= dim H(G, Diviy (C4)r,) — 2dim H' (G, Fy)
=Y dim H'(G;,F;) — 2dim H' (G, Fy).
j=1
The above computation further gives

dim HY(G, J[2](Ks))
-y (dim 07, 5/(0}, 5)* +dim Cls(Li)[2]) ~9 (dim 0% 5/(0%.)* + dim Clg (K) [2])
Jj=1

<

IR

([Li : K]dim O /(0% ) + dim Cls(Li)[Q]) —2 (dim 0%.5/(0 ¢)* +dim CIS(K)[Q])

Jj=1

= 29dim O} /(0 5)* + Y _ dim Clg(L;)[2] — 2 dim Clg(K)[2]

j=1

< 2g#8 + i dim Clg(L;)[2] — 2dim Clg(K)[2].

j=1
This proves Theorem 6.2(2). O

To prove Theorem 6.2(3)(4), we need to bound the number of 2-torsions of ideal class groups of a number
field K. The Minkowski bound with a basic counting argument gives

#CUK) < |Agyol”.

Here d = [K : Q], and Ag/q is the discriminant of K over Q. This implies a rough bound of #CI(K)[2]. For
a more delicate bound, | , Theorem 1.1] makes use of the information “2-torsion” and proves

#CUK)[2] = Oue(| Ak /gl ~22%9).

We will apply the following effective version of | , Theorem 1.1].
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Theorem 6.4. Let K be a number field of degree d = [K : Q). Then

#CI(K)[2] < 2%d39| Ak g2

Proof. Our proof follows the proof of | , Theorem 1.1], but we pay extra attention to get explicit
constants.
Define a norm || - || on K by

llz||? = Z elz?, x€ K.

VEME oo

Here €, = 1 for real places v; €, = 2 for complex places v. The norm extends to a norm on V = K ®qg R.
Denote by
Bry={zeV:|z| <r}

the ball of radius r > 0 in V. Let vol(-) be the unique Haar measure on V satisfying vol(B(1)) = 1. The
integer ring O is a lattice in V. It is classical to have

d 1
vol(V/Og) = 7r%r(5 +1)[Ax gl

By [ , Theorem 1.5], every ideal class in C1(K)[2] is represented by an integral ideal I of Ok
with I? = 20k for some z € Ok satisfying that |z, < |AK/Q|% for all archimedean places v of K. Such z
lies in B(rq) with

r = d¥|Ag g7
It follows that
HCUK)[2] < #(Ok N B(r)).

It is reduced to estimate the right-hand side.
Take a basis eg,e1,...,eq_1 € Ok of V achieving the successive minima of O, that is, e; satisfies

|ei]] = min{|[z[| : x € Ok \ Spang{eo,e1,...,ei-1}}.

Note that eg, eq,...,eq_1 do not necessarily form a Z-basis of O. Since for any = € Ok \ {0}.
i
lel>>d| [ i ] =d [Npo@)® >d=]1]?,
VEMK, 0o
we may take eg = 1. By the proof of | , Theorem 3.1], there exists a permutation o of {1,...,d—2}

such that fori=1,...,d — 2,
eieo(iy & Spang{eo,e1,. .., €42}

So
lea—1ll < llesea | < llesll - lleag
and thus -
— 4%0l(V/Ox)?
lea—sl|* < T llesll® < —y
i=1

Here the last inequality follows from Minkowski’s second theorem, which asserts that

d—1
I lle:l < 2%vol(V/Ox).

i=0
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As a consequence,

4vol(V/Og)a

1 d P 1
leoll < feal < -+ < llea-all < =4t 4 i Al

By the above bound, the subset

d—1 1 1
D = i€+ —— i —
{igoae 2<oz <2}

of V' is contained in B(ry) with
d 1
ra = 2n'0(5 + D34 A gl”.
Consider the natural map

H (x + D) — B(ry +r2).
z€O0OrNB(ry)

Note that every point in B(rq + 72) has at most [O : Zj;ol Ze;] preimages. Comparing volumes gives

1 2 N d
vol(B(ry +73)) S G ()t (dE +2r'0(§ + 1)3d1*g> 3
#(Og N B(ry)) < T wol(D) Ok : ;Zez] - vol(V/Og) W_%I‘(% T |Ak/gl?.

The d-th root of the coefficient on the right-hand side is just

di +2r (¢ +1)3d'"7  (dm)3 L2,
2 (4 4 1)a A Tt

with

-

A:F(g+1) .

We need to prove that it is at most 2d3. We may assume d > 2. Then the above inequality is a direct
consequence of

1<A< (g)%.
O

Now we are ready to prove the remaining parts of Theorem 6.2, which can be viewed as effective versions
of [ , Theorem 1.3(b)].

Proof of Theorem 6.2(3)(4). By Theorem 6.4, for any finite extension L/K,
dim Cls ()[2] < dim ONL)[2] < § logy | Aol + 51L: Qllogy[L: Q) + [L: Q).
Here the first inequality follows from the surjection C1(L) — Clg(L). We also need the trivial bound
#S5 < 2d +logs [Nk /Ay < 2d + glog2 |Nk /@Ayl

This follows from the fact that every non-archimedean place v € S divides 2A .
Now we prove part (3) of the theorem. The point at infinity is a rational Weierstrass point. So we may
assume L; = K. Denote d; = [L; : Q). Fori =1,...,2g + 2, L; is isomorphic to K[T]/(f:;(T)) for some
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factor fi(xz) € Oklx] of f(x). As f(x) = fi(z)--- fagr2(x), we have Ay, --- Ay, ., divides Ay. We also have
Ar,./k | Ay, and thus
d; d;
logy |ALi /ol = log, [Nk /@A L/k| + — loga [Ax /ol < logy [Nk /oAs] + — logs [Akql.
We get

1 d; 3
dim Cls(Lz)[Q] < 5 10g2 |NK/QAfi + % 10g2 |AK/Q| + idl 10g2 d; +d;.

Therefore, part (2) of the theorem implies that

2 G d; 3
rk J(K) < 29(2d+310g2|NK/@Af|)+Z< log, |NK/QAf1|+ log2|AK/@|—|— —d; log, d; +d>
i=2

4 1
S4gd+(§9+5)10g2|NK/@Af|+( )logz\AK/@\+(3g+ )dlog2(2gd+d) + (29 +1)d
4 1 1
=(§g+ 5)10g2|NK/@Af|+(9+2)10g2|AK/@|+(39+ )dlogz(2gd+d) (6g + 1)d.

This proves Theorem 6.2(3).
The proof of part (4) is similar to that of (3), except that we apply part (1) instead of part (2). Then
we have

d; 3

2 /1
tk J(K) <1+ (29 +3)(2d + 3 logy [NikjgAsl) + > (2 logy [Nk oA,
i=1

+ %log2 |Ak /gl + gdlog2 d+d

<1+ (4g+6)d+ (% 5)log2 Nk jolQsl+ (9 + 3)10g2 |Ak /gl + (3g + 3)dlogy(2gd + 2d)
+ %dlog2d+(29+3)d

<1+ (6g+6)d+ (% 5)log2 Nk jolQsl+ (9 + 3)log2 |Ak /ol + (39 + )dlog2(2gd+ 2d).

This proves Theorem 6.2(4) and thus the whole theorem. O

6.2 Average bounds

Let C be a hyperelliptic curve of genus g > 2 over Q with a marked rational point P € C(Q). Let Jo the
Jacobian variety of C' over Q. If P is a Weierstrass point, then the affine curve C'\ {P} has an equation

y? = 22T e pega?9 T 4 Cag+1, G €Q.

The point P is infinity under this equation. Moreover, these coefficients are unique if we require the equation
to be minimal over Z, i.e. ¢; € Z and there is no prime p such that each ¢; is divided by p?’. Assume that
the equation is minimal, and define the height of (C, P) as

h(C, P) = logmax{1, |cz|é, e |cgg+1|ﬁ}.
By Bhargava—Gross | |, the average size of the 2-Selmer groups Sely(J¢) is 3 in that
> #Selx(Jo)

. h(C,P)<A
lim

A— o0 Z 1
h(C,P)<A

=3.
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The Kummer map
Jc(Q)/QJc(Q) — Selg(Jc)

is injective. So the result implies

> ork Jc(Q)
lim sup MEPI<A <3.
A— o0 1
h(C,P)<A

Note that 1 + & < 2 for g > 2. By Theorem 5.1, the average number of rational points is at most

>, #C(Q) o 2kJe@

. h(C,P)<A 13 8 1 h(C,P)<A 13 8

lim su <10 - lim su <3-10 .
O D D T e D DR T
h(C,P)<A h(C,P)<A

If P is not a Weierstrass point, denote by P’ the image of P under the hyperelliptic involution. Then
the affine curve C'\ {P, P'} has an equation

2 2g+2 2 2g-1
y? = 22912 4 1?9 + 3?9 + - 4 cogq2, ¢ €Q.

The points P, P’ are at infinity. Assume that the equation is minimal over Z as above. This determines
¢i € Z up to a sign. Define the height of (C, P) as

h(C, P) = log max{1, |02|%, oy eagtal 772 1.
In this case, Shankar-Wang | | proved that the average size of the 2-Selmer group is at most 6. Then
the above argument gives
>, #C(Q) >, 2@
C,P)<A . C,P)<A
lim sup AGHI= < 10%3¢% - lim sup MERI< < 6-10%3¢5.
A—oo 1 A—o0 1

h(C,P)<A h(C,P)<A
In summary, we have the following theorem.

Theorem 6.5 (Theorem 1.8). (1) For hyperelliptic curves of genus g > 2 over Q with a marked rational
Weierstrass point, the average number of rational points is at most 3 - 1013¢8.

(2) For hyperelliptic curves of genus g > 2 over Q with a marked rational non-Weierstrass point, the
average of number of rational points is at most 6 - 1013g8.

We remark that the average relies on the order given by the height h(C, P). This height can be viewed
as some positive combination of a height of C with a height of P. If P is a Weierstrass point, the height of
P should be bounded above by a multiple of the height of C, and thus h(C, P) should be bounded above by
a multiple of the height of C'. In this case, we might be able to convert the result in terms of the average
by the height of C. If P is not a Weierstrass point, the problem is much harder, since it is related to the
effective Mordell conjecture.
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Part 11
Analytic Estimates

This part consists of complex analytic arguments of this paper. In Part I, we have proved our main theorem
(Theorem 1.2 or Theorem 5.1) assuming three analytic results: Theorem 3.5, Theorem 3.9, and Theorem
3.10. The main goal of this part is to prove these three results. In fact, their stronger froms are respectively
proved in Theorem 10.11, Theorem 11.7, and Theorem 9.19.

7 Preliminaries on hyperbolic geometry and Tian’s peak sections

In this section, we collect several preliminaries needed for analyzing the geometric structure of complex
curves of genus g > 2. We begin by recalling some local Riemannian and K&hler geometric properties of
hyperbolic metrics. Then we review the basic setup of Tian’s peak section method following [ , ,

, ]. See also [ , Definition 5.1.1]. Following the approach in | , Section 4], we construct
peak sections via bounded linear functionals on the space of sections equipped with the L? inner product.
For simplicity, we restrict our attention to complex 1-dimensional manifolds and their cotangent bundles,
while allowing general smooth sections, not necessarily holomorphic.

Let C be a curve of genus g > 2 over C, and denote by w¢ its canonical bundle. Let py,, denote the
unique Kéhler metric on C' with constant curvature 47 (1 — g) and volume 1, and let ukg = 47(g — 1) ttnyp
denote the unique Kéhler metric on C with constant curvature —1. Since dim C = 1, we identify a K&hler
metric p with its associated volume form and measure.

7.1 Local structure of hyperbolic metrics

Away from short geodesics, the local structure of a hyperbolic metric is modeled on the Poincaré disk. In a
neighborhood of a short geodesic, it is modeled on a hyperbolic cylinder, called a collar. We describe these
two local models in detail below.

Poincaré models and uniformization

Let C be a compact Riemann surface of genus g > 2, equipped with a Riemannian metric ds? of constant
curvature —1. Then the universal cover of (C,ds?) is isometric to the hyperbolic plane with constant
curvature —1.

Theorem 7.1. Let pg : C = C be the universal covering map, and denote by ds? = p%ds2 the pull-back of

ds?. Then the Riemannian manifold (5, 629/2) is isometric to the real plane R? equipped with the Riemannian
metric ds? = dr? + sinh? rd#?, where (r,0) is the polar coordinate of R2.

Proof. This follows directly from the uniqueness of simply connected space forms of a given constant curva-
ture, up to isometry. See | , Example 1.4.6, Theorem 5.6.7]. O

The metric introduced above comes from a warped product metric and is not naturally associated with a
Kéhler form. We now describe the Kéhler structure on the universal covering space. Let DD denote the unit
disc

D={zeC:|z| <1},

and let ‘H denote the upper half plane
H={reC:Im(r) > 0}.

The Kéhler structure on the universal covering space of C' can be described as follows.
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Theorem 7.2 (Poincaré model). Let uxg be the unique Kdhler metric on C' with constant curvature —1.
Let pg : C — C be the universal covering map, and ke = p*éuKE be the pull-back of uxg. Then the Kdhler

curve (6’,%) is isomorphic to each of the following two biholomorphically and isometrically equivalent
models.

o The Poincaré unit disk: (D, up) = (]D), ﬁ%)

o The Poincaré upper half-plane: (H, py) = (7—[, (h‘;‘?ﬁ)

Here pgue = % is the standard Euclidean Kdhler metric on C.

Proof. See | , Subsection 4.3.3, Theorem 5.6.7]. O
Since these two Poincaré models are explicit, we now present an isomorphism between them. Define

z+1
iz+ 1"

f D—H z+—

One can verify that f is an isomorphism from D onto H.

We next describe the hermitian metric on the canonical bundle of C'. Let wo be the canonical bundle
of C. There exists a unique hermitian metric || - ||hyp,c on we such that for any open subset U C C' in the
classical topology and any holomorphic 1-form « on U,

N ||aH%1yp,C

Let pp : D — C and py : H — C be the universal covering maps from the unit disk and the upper
half-plane models, respectively. Then Qf = pjwc and Q%_[ = pjwc are the line bundles of holomorphic
1-forms on the unit disk and the upper half-plane models, respectively.

Since pp and py are universal covering maps, they induce hermitian metrics || - ||nyp,» and || - [|nyp,2 such
that for any open subset U C C in the classical topology and any holomorphic 1-form « on U,

iy, o (Pp(2)) = lpbellyp p(2): llaliyp,c(pre(r)) = lP3 ey 2(7),

where z € py ' (U), and 7 € p3,' (U). By the definition of || - |[nyp,c, We have

ldz12yp.p 2ldz|yp pbEue  illdzlliyp
d /\d7 — yp, * — yp, — yp, d /\d—
e P T P G e
ld7[yp 2 dr|12,, o tteue  dlldT|E,p %
d /\d7 — yp, * — yp, — yp, d /\di.
var A dar 5 PukEE 2(Im(7))2 A(Tm(r))z T

It follows that
1dzlnypp = 1 = [2%, [|d7|lnyp.3 = 2Im(7),

and
1f*allhypn(2) = lallhypx(f(2)), VzeD,ael(H,Q).

As the hyperbolic hermitian metric is invariant under automorphisms, we shall write || - ||nyp without
specifying the space whenever the context is clear.

Remark 7.3. Let upf be the Kéhler metric on C with constant bisectional curvature —1. Then uf¥ = f ke,

and

7 _
30N = llaliy, cuiy.

See also | , Section 1.2] for further details on bisectional curvature.
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Thick-thin decomposition of hyperbolic surfaces

It is a classical result that any compact hyperbolic surface admits a thick-thin decomposition: collars are
associated with sufficiently short geodesics, and the geometry of the complement is uniformly bounded. We
now state the collar theorem describing this structure.

Theorem 7.4 (Collar Theorem). Let C' be a compact Riemann surface of genus g > 2, equipped with
a Riemannian metric ds® of constant curvature —1, and let v1,--- , 7y be pairwise disjoint simple closed
geodesics on C'. Then the following hold:

(1) m <3g—3.

(2) There exist simple closed geodesics Ym+1,- -+ ,Y3g—3 which, together with y1,--- ,Ym, decompose C' into
pairs of pants, namely, connected surfaces of genus zero with three boundary components.

(8) The collars
() = {p € O distgs2 (p, ;) < w(v;)}

1
w(v;) = arcsinh | ————
! (sinh 7@(;“) )

of widths

are pairwise disjoint for j = 1,--- 39 — 3, where £(~y) is the length of v, and distys2 is the distance on
C induced by the Riemannian metric ds>.

(4) Each €(v;) is isometric to the cylinder [—w(v;),w(v;)] x (R/Z) with the Riemannian metric ds® =
dr? + 0?(vy;) cosh® rdt? .

Moreover, let vy, -+, be the set of all simple closed geodesics of length < 2arcsinh1 on C. Then the
following hold:

(5) m' < 3g—3.

(6) A1, AL, are pairwise disjoint.

(7) The injectivity radius injyge(x) > arcsinh 1 for all x € C'\ (UT:/ICK('}/;D
(8) The injectivity radius inj, .2 (x) satisfies

2~
sinh inj,2 (z) = sinh ( (;J)

/

;) .
) coshd,/ (z) = cosh ( 2] ) cosh dacg(,y;)(x) — sinh da%(%)(m),

for all x € €(v}), where dys () = distgs2 (, 7;), and dow (1) () = distge (z, IC(7;))-

Remark 7.5. The injectivity radius injg.2 () at a point = € C' is, by definition, the supremum of radii » > 0

such that the metric ball B,.(Z) in the universal covering (C, ds?) of (C,ds?) projects isometrically onto its

image in C, where 7 is a lift of z. In our setting, since (C,ds?) = (C, uxg) has negative sectional curvature,

inj, () is equivalently given by half the length of the shortest nontrivial geodesic loop based at x. See also
, Lemma 5.7.12] for more details.

Proof. The proof is based on explicit calculations of the lengths of right-angled hexagons in the hyperbolic
plane, which arise naturally from the pants decomposition of the surface. Using these formulas, one can
construct the collars and verify their properties. For more details, see | , Theorem 4.1.1 and 4.1.6]. O

As a direct consequence of the Collar Theorem, we obtain the following corollary, which concerns the
relation of another closed geodesic to a short one.
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Corollary 7.6. Let C' be a compact Riemann surface of genus g > 2, equipped with a Riemannian metric
ds? of constant curvature —1. Let~y be a simple closed geodesic on C of length £(y) < 2arcsinh 1, and denote
by €(7) its associated collar. Let ¢ : S* = R/Z — C be a simple closed geodesic distinct from ~. Then:

(1) If cN~y # @, then sinh(@) . sinh(%c)) > 1, and the function P_,(),w(y) © € defined by composing c
with the natural projection P[_y,(y)w(y) : € (7) = [—w(y),w(y)] is strictly monotone on any connected
component I C R/Z of c=Y(€ (7)) that contains a point of cN~.

(2) If cNy = @, then for any x € cNE(Y), the injectivity radius satisfies inj,,2(x) > arcsinh g

Remark 7.7. By the Collar Theorem, I # R/Z; hence it can be naturally identified with a closed interval

Iin R. In addition, the same argument shows that if ¢ : [0,1] — %(v) is a geodesic segment such that
c({0,1}) = ¢([0,1]) N O€ (7y), then the estimates in Corollary 7.6 remain valid.

Proof. We begin with (1). By Theorem 7.4, we have
sinh (Z(;)> sinh <£(20)> > sinh (é(;)) sinh(w(y)) =1,

see also | , Corollary 4.1.2]. To prove the monotonicity, we consider the universal covering map py :
H — C and the lifts ¢ : R — C 2 H and 7 : R — C = H chosen so that N & # @, and pr(yNce) € c(d).
Note that 4 and ¢ are geodesics in H; in particular, #(5 N ¢) < 1. Assume that 4(0) = €(0), and that I
is identified with a closed interval I C R containing 0. Let 05z denote the angle between 4 and ¢ at ¥(0).
Since ¢ # 7, sin 65 s # 0. By the hyperbolic triangle formula (see | , Theorem 2.2.2]),

sinh dist,,,, (€(t),7) - | sin 85 &| = sinh(|¢|¢(c)),

where py = pj,uxe. By the Collar Theorem, for t € I, we have sinh dist,,,, (c(t), ) = sinhdist,,, (€(t),7),
and the monotonicity follows. This completes the proof of (1).

We now turn to (2). Without loss of generality, assume that z € € (7)™, the interior of €(y). Let c,
denote the connected component of ¢ N %€ (7y) containing x. Then c, N I% () consists of two points, which
we denote by y and y'. Hence ¢, is a geodesic connecting y and y’. Since ¢ N~y = &, the points y and
y’ lie in the same connected component of 9€ (). By the description of €(y) (Theorem 7.4), the natural
projection [—w(v),w(y)] x (R/Z) — R/Z induces a map P, : €(vy) — 7. Since c is simple, the restriction
P.|c, is injective. By applying the hyperbolic trirectangle formula (see | , Theorem 2.3.1 and (4.1.7)]),
we obtain

sinh(dist 452 (y,7))

\/1 + SinhZ(w) cosh?(distas2(y,7))

1 1

R () - )

sinh?(=;2)

sinh (distgs2 (2, 7))

Y%

1 1

. 0 : :
sinh % \/1+ Coshz(@)

Applying the hyperbolic trirectangle formula once more,

2 (4(v)
cosh (77)

1 + cosh? (@)

“[%

sinh (injge2 (2)) > sinh <€(;)> cosh (dist g2 (z,7)) = >

This completes the proof. O
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Let I' < Aut(#H) = PSL(2,R) be the deck transformation group associated with the uniformization of a
compact Riemann surface C' of genus g > 2. Then H /T = C as a Kéhler manifold. By the Collar Theorem
above, we obtain the following description of the local structure of the orbit I'z for z € H.

Lemma 7.8. Let z € H, and let 0, € T' be an element satisfying

disty(z,0,2) = Ueri\rgdﬂ} disty(z,02),

where disty is the distance on H induced by the Kdhler metric py = 23?&?3)2)2 Forr >0 and y € H, denote
B.(y) = {r € H | disty(y,7) < r}. Then:

(1) Baarcesinn1(2z) NTz C {Ufz ke Z}.

(2) If Baaresinn1(2) N Tz # {z}, then there exists a simple closed geodesic vy of length at most 2arcsinh 1,
such that py(z) € €(v). Moreover, for all k > 0,

disty (z, 0" 2) > disty(z,0%2) + (7).

(8) Let py : H — C be the natural projection. If inj,,, . (pu(2)) = r. < arcsinh 1 and disty/(z,y) < log2,
then
# (B (1)NTy) <2, VT € H.

Remark 7.9. In the unit disk model, the hyperbolic ball Baycsinh 1(0) of radius arcsinh 1 centered at 0 coincides
with the Euclidean disk D 5_,(0).

Proof. We first prove (1). By Theorem 7.4, if Bgaresinn1(2) NT'z # {2}, then py(z) € € () for some collar
% () C C associated with a short simple closed geodesic v € C of length < 2arcsinh 1, and o, is the element
given by . Moreover, if a homotopic nontrivial closed loop ¢ : St = R/Z — C satisfies ¢(0) = py(z) and
¢(c) < 2arcsinh 1, then ¢ C € (7). It follows that By aresinn1(2) NTz C {U’jz ke Z} .

We now prove (2). The existence of 7 follows from the arguments in (1) Let 4 be the lift of v and let
w € 7 be the point on ¥ closest to z. Then for any k € Z, disty(w,o%w) = |k|¢(y). By the hyperbolic
trirectangle formula [ , Theorem 2.3.1 and (4.1.7)],

1 ,
sinh <2distn(270§z)) = sinh (|k|l;(7)> - cosh (disty (z,w)), Vk € Z.

For any k > 0, define uy(t) = 2 arcsinh (t sinh W) Then

d(upy1 — uk) 2 2
dt \/752 smh (k'H)[('Y) \/252 smh kt(y) )) -2

Since disty, (2,05 2) = ug(cosh (disty (2, w))), we can conclude that
disty (2,051 2) — disty (2, 0%2) > wppy (1) — ug (1) = £(v).

Finally, we prove (3). By Theorem 7.4 again, if # (B,_(7) N I'y) > 2 for some 7 € H, then inj,, . (pn(y)) <
r,. Consequently, py (y) € €(v) for some collar €(y) C C associated with a short simple closed geodesic y
of length < 2arcsinh1. Let o, € I' be the deck transformation corresponding to . Let 4 be a lift of v and
let wy,w, € ¥ be the points on ¥ closest to y and z, respectively. By the hyperbolic trirectangle formula
again,

1 1
sinh (?) - cosh (disty(z,w,)) = sinh <2dist7.t (z, 0y2)> > sinhinj,, . (px(2)) = sinhr,
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and for any k € Z,

[k1e(y)
2

1
sinh <2distﬂ(z, U];Z)) = sinh ( ) - cosh (disty (y, wy)) -

Since disty(z,y) < log2, we have
1
cosh (disty (y, wy)) > max{1, cosh (disty(z,w,) —log2)} > 3 cosh (disty (z,w,)) .

Therefore, for any k& > 2,

1 1 k¢ 1
sinh (2distH(y, 05y)> >3 sinh (y) - cosh (disty (z,w,)) > sinh <2disty(z,ayz)> > sinhr,.

This shows that any ball of radius r, in H intersects the orbit 'y in at most two points, i.e.,
# (B, (1)NTy) <2, VT € H.

This completes the proof. O

Metric structure on Kahler collars

For convenience, we restate the metric on collars by using the complex coordinates. It is easy to see that
the Kéhler structures compatible with the Riemannian metric on % (vy) are equivalent.

Lemma 7.10 (Kahler Collar). Let C' be a compact Riemann surface of genus g > 2, equipped with a Kihler
metric ukg of constant curvature —1, and let v be a simple closed geodesic of length £(v) < 2arcsinh1 on
C. Then the collar €(v) is isometric to De—viy (0) \D | 2.2 (0) equipped with the Kihler metric

ey

v(y
e

éQ(W)MEuc
. Y ’
472| 2|2 sin? (% log |z|)

KBl %(y) =

where pgye = 4229 s the standard Euclidean metric on C, and v(y) € (0, 357) satisfies v(y)l(v) =

7l_2
27 arcsin (tanh @) Moreover, the image of the short simple closed geodesic 7y is the circle |z| = e 1™ .

Proof. The argument is the same as in | , Subsection 4.3.3]. Since the hyperbolic metric on €(y) can
be represented as a warped product, we only need to find a diffeomorphism (r,8) — (s(r), 0) and a smooth
function Y (<) such that

T2(¢)(ds? + ¢2dB?) = dr® + (*() cosh? rdt?.

Note that d¢ = ¢'(r)dr and 2wdt = df. This yields the following system of equations:
J(MY() =1, 2mc(r)=¢'(r)l(y)coshr.
One can verify that the following pair of functions is a particular solution to the system above:

—(7)
27¢ sin (% log ()

4. Brctan e —m/2

g(r) —=e ) , T(g) =

Clearly, z = ¢e?? is just the holomorphic coordinate we need. O

Now we present some properties concerning the Riemannian and Kéhler structure on the Kéhler collar
(€(7), xE)-
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Proposition 7.11. Let C be a compact Riemann surface of genus g > 2, equipped with a Kihler metric pxg
of constant curvature —1, and let vy be a simple closed geodesic of length £(y) < 2arcsinh1 on C. Let € ()
and v(vy) be defined as in Lemma 7.10. Then the following properties hold.

(1) ﬁj) —v(v) and v(v) are decreasing functions of £(vy). Moreover <v(y) <.

T
7 4arcsinh1l —

2
(2) For any o € (e” 7 ,e= ")) and 2y € D, (0) \ D <1 (0), the distance
(v

e
10 1
: ( gl OI) log ||
dist e, (20, 0D, (0)) = log ( >log| —— .

2(7) log S0 ) - log <o

(3) For any zp € Dy—v) (0) \ D200+ (0), the injectivity radius

L : v(v)
inj,,,; (20) > arcsinh (_log |Zo> .

27 arcsm(tanh a@] )

Proof. We first prove (1). By definition, v(y) = W is a function of ¢(v). To show that v(y) is
decreasing, set uq(t) = w , ¥t > 0. Then

dui(t) 1 arcsin(tanh?) —Lt— — arcsin(tanh t)
dt tcosht t2 t2 ’
and )
% (co:ht — arcsin(tanh t)) = —Zzl;};i <0

Hence 4~ — arcsin(tanht) is strictly decreasing for ¢ > 0, and moreover it is negative. It follows that
% < 0 when ¢t > 0. Since v(y) = muy( (7)) we conclude that v(v) is strictly decreasing. Then

= tl_i)r(r)1+ mu (t) > ﬂ'ul(@) = v(7) > muq (arcsinh 1) = ﬁjnhl'
Similarly, for any ¢ > 0, we compute

d /7 ™ 1 arcsin(tanht) —7w+7

%(277 1()):7ﬁ7tcoshfr 2 <o U

It follows that 7= ) —v(y) =7 (g - ul(e(;))) is also decreasing in ¢(v). This proves (1).
=R

We now turn to (2). Since the metric ukg is invariant under the transformations z — e=2m T (M -1

and z — €2, V0 € [0,27), it follows that
distyuye (20, 0Dy, (0) = distue (20, ol 20| ™" 20)-
Set ¢ = |z] and z = ce?. Then

() (ds? +6*d6?)
47r2¢2 sin%% log¢)

HKE| % (v) =
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Since tan is convex and increasing on (0, %), we obtain
£(v) log | zo|
_ o g( )dg tan (_747r>
dist,p (20, 0D, (0)) = / =log| ————— 7
pKE s 1| 2 sin( 52 log ) tan (Mll%)

tloglzol 1
o (e —y )~ (2.
a0 &0
This establishes (2).

Finally, we consider (3). For t € (O 15(27) define

tan % . tan %
us(t) = coshtcosh | log - — sinh | log > ,
tan 5 tan 5

lol/g(‘;)“‘ € [1,2). By Theorem 7.4 and the previous properties, we have

Y

where 9 = —

tan

(v)

(ﬁf(l)u(w))
= T cosh —=

sinh (inj,, . (20)) = cosh | log m 2

4

tan (W(“Afl):(v))
— Sinh log W
tan (M)

Since
lim wgy(t) = cosh 0 cosh(log(1)) — sinh(log(¥)) = ¥~ 1,

t—0+
it is sufficient to prove that wus(t) is increasing for ¢ € (O, %;(V)) For ¢ € [1,2) and t € (0, %), one
checks that

\Y

in(Jt ! !
0< smé ) = t/ cos(vts)ds < t/ cos(ts)ds = sint.
0 0

A direct computation shows

dus(t) tan 2 9
i Cos <0g ( % )) <sm s1n(19t) —|— )
tan % 9
+cosh({) sinh ( o8 ( tan 5 )) sin(dt) s )
0 1
cosh <log ( % )) <smh bln(ﬂt) + 51nt>

) > 0 implies M > 0. By the Taylor expansion

‘H b‘)_l
~

=
~

v

Setting uz(t) =t — bm(m) + 1, the inequality us(t

sint =t — % +o(t*) as t — 0T, we have

lim ws(t) = lim t—.smt — lim w =0.
+ t—0+ \ tsint t—0t \ tsin(dt)

t—0
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9?2 cos(9t) cost

A further computation shows dujt(t) =1+ ST ST and
Pug(t) 9 293 L, 2
dt2  sin(dt)  sin®(9t) sint  sin®t’
Setting uy(t) = 3 (535 — oo7), ¢t € (0,7/2). If £22L > 2 a direct calculation yields
duy(t) t3cost [(3tant 6 tant t3 cost
= -5+ —(— -1 > > 0.
dt sin? ¢ t * tan®t t sin?t
Now assume tant [ 2]. In this case, the function ta’;Q _- (122 — 1) is increasing with respect to 22, Since
tant >t + & —|— holds for all V¢ € (0,7/2), it follows that
dug(t)  t*cost (3tant 54 6  t2 tant .
d sin’t t 2 tan’t ¢
Beost [, 2 2 4 42
= in?t t+?_2+ t2 2t42
S (1+%5+35)
_ tPcost t2(525 + 350t + 525¢" 4 230t° 4 60t° + 8t17) =0
© sin’t 5(15 + 5t2 + 2t4)2 ‘
Hence, 2 ;‘tSQ(t) 73 (ua(t) — ug(9t)) < 0, Vt € (0, 75). Therefore, for any ¢ € (0, %),
) 1
us(t) > mind lim ug(t), lim ug(t) p =min{ 0, > — —— 4 —
t—0+ t—(3)” 4 sinTF sing
1
> min{o,”2+ : ,T}o.
4 sin 7
Since v(v)¢(y) = 2 arcsin (tanh @), we can conclude that
14 14
vy = arcsin | tanh ‘o) < arcsin (tanh (arcsinh 1)) = us
2T 2 4
Then d“d#t(t) >0, Vt e (O, %), and (3) is proven. O

7.2 L? inner product and Hodge decomposition

To prepare for the construction of peak sections, we recall the notion of the L? inner product on differential
forms and the corresponding Hodge decomposition.

Let C be a connected compact smooth complex curve equipped with the classical topology, and p be a
Kéhler metric on C'. Denote by "Z{CI'C,R the sheaf of smooth k-forms with coefficients in R, and set ,!Z{C]?’C =
Méf)R ®gr C, where k € {0,1,2}. One can verify that JZ{COJR naturally forms a sheaf of rings and is isomorphic
to the sheaf of smooth R-valued functions on C. Consequently, for any k € {0,1,2} and K € {R,C}, MC@ K
inherits a natural .ch g-module structure. Hence the sheaf of smooth differential forms with coefficients in
K, 9ok = @k o C K, is also an ;zfc g-module. Furthermore, for any classical open subset U C C, the
canonical map

a—a®rl, Ya e dor(U),

defines an JZfCO’R(U )-homomorphism &cr — “oc. In this way, the sheaf @cr naturally regarded as a
M&R—submodule of “c c.
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We now introduce the Hodge *x-operator associated with the Kéhler metric 4 on C. Let z € C, and let
U, be a classical open neighborhood of x with local coordinate z : U, — C. Denote by u € ,QfCOVC(Um) a
smooth C-valued function on U,. Then the Hodge x-operator

* € Hom%gR (o, Yoc)
is an isomorphism, and locally it is determined by the following relations
*(u) = ap, *(up) =1, *(udz)=1iudz, x(udz) = —iudz,
where p is the Kéhler form on C. One can verify that the restrictions
*latc € Homyyo (Aop, dor), * |y, = (—1)*Id s .

where Id 5 - ,;zfclf’c — ,chlfy(c is the identity morphism. See also [ , Section 1.2] for more details about
Hodge x-operators.

In particular, the restriction | P dck,c — ,Q{clﬁck is conjugate-linear, and for £ = 1, the composition
of the Hodge x-operator with complex conjugation defines a C-linear operator

*: @ o(C) = dbe(C), o Fa,
with eigenvalues —i and i. The corresponding eigenspaces yield an L2-orthogonal decomposition:
D5.c(C) = AG2(C) & A (O).
For any « € d&C(C), let o0 and a%! denote the projections of o onto 52758((7) and dg:é(C}, respectively.
The differential operators 0 and 0 are then defined by
ou = (du)*?, ou = (du)®?, da = da®?t, da = da'?,

for any u € 3 (C), and o € ¢ (C).
For any open subset U C C (in the classical topology) and any ay € o c(U), there exists a smooth
nonnegative function 74, : U — [0,00) C R such that

ay Axay = o, p 2> 0.

This allows us to define a Hermitian inner product on @7 c(U) by

1
(v, Bu) L2 = 5/ ay AxPBu, Yau, v € dcc(U).
U
We denote by || - |12, the associated L?norm. Clearly, (ay,Bu)r2v € R if ay, Bu € “or(U), so the
restriction of the Hermitian inner product to /o r(U) X o r(U) is a real inner product.
Next, we recall the Hodge decomposition. As before, we restrict to the case of Riemann surfaces for
simplicity.

Theorem 7.12 (Hodge decomposition). Let C' be a connected compact smooth complex curve equipped with
the classical topology, and p be a Kihler metric on C. Then for k € {0,1,2} and K € {R,C}, the space of
smooth k-forms with coefficients in K, JZ%&K(C), has the following L?-orthogonal decomposition:

A (O) = dedg 1 (C) @ HE  (C) @ *ded i (C),
where %&K =0 for j ¢ {0,1,2}, and %C’{K denotes the sheaf of harmonic k-forms with coefficients in K

defined by
f%p(fj,K(U) = {04 € «!Zféf’K(U) rda=dxa = 0} ,
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for any classical open subset U C C. In particular, dimg %”CI{K(C) < 00. Moreover, in the case K = C and
k =1, the composition of the Hodge x-operator with complex conjugation defines a C-linear operator

*: Hee(C) = Hpe(0), amFa,
with eigenvalues —i and i. The corresponding eigenspaces yield an L?-orthogonal decomposition.:
H o (C) =T (C,we) ®T(C,we),

where
D(C,we) = #5,c(C) N 52(C) = {a € AL c(C) : *(a) = —ia}
is the space of holomorphic 1-forms on C.

Proof. See | , Theorem 6.8] and | , Theorem 3.2.8]. O

Let f'fcl? x denote the sheaf of closed k-forms with coefficients in K, defined by
Q‘”&K(U) ={ae défK(U) tda =0},

for any classical open subset U C C and K € {R,C}. The de Rham cohomology with coefficients in K is

then given by
Hip (U K) = 28 (U)/dl 3 (U).

As a consequence of Theorem 7.12, the space of harmonic k-forms is naturally isomorphic to the k-th de
Rham cohomology group.

Corollary 7.13. Let C be a connected compact smooth complex curve equipped with the classical topology,
and p be a Kihler metric on C. Then the embedding %C’{K(C) — Qf’cliK(C) gives an isomorphism %&K(C) &

Hk (O K).
Proof. For any a € 2% ,(C) and B € @ ;F(C), we have

(0, xB) 1200 = /

c

oz/\*Qdﬂ:(—l)k/ oz/\dﬁz—/ daAB=0.
C C
Hence 2% (C) and *d,;a/é,}(k (C) are L2-orthogonal. By Theorem 7.12, we have

26k (C) = dFE R (C) @ HE k(C).

It follows that % (C) = 28 (C)/derl 3 (C) = HER (C3 K). O

Now we focus on the case k = 1. By the definition of the Hodge x-operator, the restriction *‘WéC(C)
depends only on the complex structure of C', and not on the particular choice of Kéhler metric. As a real
vector space, %&C(C') admits two natural R-linear decompositions. One is given by separating real and
imaginary parts:

Heo(C) = Hep(C) @iy p(C),

and the other is the decomposition into eigenspaces of the complex-linear involution x, with eigenvalues —i
and ¢:
A5 (C)=T(C,we) & T(C,we).

In the following, we compare these two decompositions and clarify their relation.
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Corollary 7.14. Let C' be a connected compact smooth complex curve equipped with the classical topology,
and p be a Kahler metric on C. Then the R-linear map

Her(C) —  Hoc(O),
« — a+ixa,
gives an isomorphism g (C) = T(C,we) between R-vector spaces.

Proof. Let o € %”C{R(C’). Since x preserves harmonic forms and « is real-valued, the form « + 7 x o lies in
5 (C). Moreover, we compute:

*adika)=*a+ixka =*a+ix*a=*a—in=—i(a+ixa),

S0 a + i % o is an eigenvector of * with eigenvalue —i, hence lies in I'(C,w¢). This map is clearly R-linear
and injective. To show surjectivity, we compare dimensions:

dimg 5 (C) = dime #5 ¢(C) = 2dime I'(C,we) = dimg I'(C, we) < oc.
Hence the map gives an isomorphism L%"Cl’R(C) ~T(C,we). O

7.3 Holomorphic 1-forms on Kiahler collars

Motivated by the local L? analysis developed for complex hyperbolic cusps in [ , , 1,
we now carry out a similar study for Kahler collars. In this subsection, we give an explicit computation of
the local L? inner product on a Kéhler collar, which serves as an important example for later use. Such a
local description of L2-integrable holomorphic 1-forms is essential for the geometric localization arguments.

Let € ()™ denote the interior of ¢'(v), and let Q‘lta”(w)i“t denote the line bundle of holomorphic 1-forms

on €(v)™. We next construct an L2?-orthonormal basis of rggl(%(y)int,mm)m), the Hilbert space of

L2-integrable holomorphic 1-forms on €' (7y)™!, equipped with the local L2-inner product

i _
<a7ﬁ>L2;cg(,Y)iut = 5/ S« AB.
(g(—y)lnt
Lemma 7.15. Let C be a compact Riemann surface of genus g > 2, equipped with a Kdhler metric uxg of
constant curvature —1, and let vy be a simple closed geodesic of length () < 2arcsinh 1 on C. Let €(v) and
v(7) be defined as in Lemma 7.10. Then {ay2*}yez forms an L? orthonormal basis of Th' (€ ()™, Q}g(v)im),
where

1
4 2 ) k = 717
‘ ‘2 u (m - V(W))
k| = 2(k+1)v(7)
(k+1)e kA1

- (1 _ e4<k+1><u<w>f%>> ’
Proof. From the Laurent series expansion, it follows that
F}[lgl(cg(’)’)int, chg(,y)inc) = @keZ(Czkdz,

where the closure is taken with respect to the L?-inner product defined above. A straightforward computation
yields

. e~ v(M)
<deZ,deZ>L2;<g(7)im = 1/ |2|?kdz A dz = 27r/ Lo 2Rt
2 Je) -y
473
—— —4mv(y), k=—1;
_ iy ™
I R P O G MOTCORS Jc= DA N A
k+1 (e ¢ » k# -1,
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and the lemma follows. O

We now present some explicit estimates for 1! (4(y)™*, chg(ﬂ/)im).

Proposition 7.16. Let C be a compact Riemann surface of genus g > 2, equipped with a Kihler metric pxg
of constant curvature —1, and let vy be a simple closed geodesic of length £(y) < 2arcsinh1 on C. Let € ()

and v(7) be defined as in Lemma 7.10, and let Th' (€' ()™, Qgg('y)‘“t) be the Hilbert space defined above.

Let a € TH (€ (7)™, Q‘lg(v)““) satisfy ||al| 2,4 (y)me = 1. Then the following properties hold.

(1) Assume that f,y a=0. Then for any z € € (7)™, we have the pointwise estimate

4r?
2€2V(FY) 1 |z|_4eim

+
7(1 —e=3m) (1- |z‘262u(7))2 (1 B |Z_262(u(7)3g‘;))2

waNa <

HEuc-

(2) Assume that fva = 0. Then for any two points zg,z1 € € (7)™ and any piecewise smooth curve

c:[0,1] = €()™ with ¢(0) = z and c(1) = z1, the integral [, a = fol c*a depends only on 2o and z1.
Furthermore, if |zo| < |21|, we have

[a

(3) For any two points zy,z1 € € (y)™, there exists a piecewise smooth curve c : [0,1] = € (7)™ such that
c(0) = zp, c(1) = z1, and

/cRe(a)

2
2 21 = z0f? o — 252"

<
= e 2 2
(1 —em¥) (1= |z1[2e2™) (1 _ |ZO|_2€2(V(“/)3@2>)>

1
—log ((1 _ eQu(w)‘Zl|2) <1 . eQ(V(W)I?(’f))Zdz)) p)

)72
[ylm(a) ARe(a)

where a = Re(a) + ilm(a) is the decomposition of v into its real part and imagine part.

<

(1l —e=37) (1 +

Z0
21

+1
2w

1
2

)

21
‘log —
<0

Proof. Let {a;z7dz};ez be the L?-orthonormal basis of Tho!(€ ()™, QL ) constructed in Lemma 7.15.

€ () 4
By the Laurent series expansion, there exist constants b; € C such that Y |b;|> =1, and a = 3 a;b;27dz.
JEZ JEZ
We now consider estimate (1). Since b_; = 0, the Cauchy—Schwarz inequality yields
2
. _ i 2 i12
aoha = 2 Zajbjzj HEue < 2 Z b, Z |ajzj‘ HEuc
jEL jA-1 j#-1

o0 o0
2 j 21 |—d—2j
2 Dl =+ Y Jaca 127 | jrpe.
=0 =0
Since Proposition 7.11 implies v(y) < 7, we see that

4 ( 7w? s
Sl (LR a(— " 1) m=312 >3,
77 (ﬁ(’y) VW)) ~ (Qarcsinhl ) 31288559+ >3
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By Lemma 7.15, it follows that

(4 1)e2utr()| )%

00
212 _
a; z =
JX::O‘ il Il Z ( 4(G+1) (v () m))

j=0 T
e2v(v) < j
< S G+ (D))
T (1 _ 64(1’(7)—@)) s
e2v(v)
< 3
(1 —e3m) (1 —e2M]z]2)
and similarly,
o , —4,2((v) - 25)
> laany 274 < S
=0 (1 — e=3m) (1 _ 32(”(7)_W)|z|—2)

This completes the proof of (1).

We next turn to estimate (2). The invariance of the integral fca follows from the Poincaré lemma
[ , Proposition 4.7] and Poincaré duality | , (5.4)] for de Rham cohomology. Since our setting is
explicit, however, we provide a constructive proof and estimate its value.

. :
Set u(z) = 5, “ Z;J_fi . Then u is holomorphic on € (y)™, and satisfies
i#=1

du = Z ajbjzjdz = .

JEZ

For any piecewise smooth real curve ¢ : [0,1] — €/(y)™ with ¢(0) = zp and ¢(1) = 21, we have [ a =
u(z1) — u(zp), so the integral depends only on zp and z;. By the Cauchy-Schwarz inequality,

2
2 j+1 j+1 j+1 41
/a _ Z%b i =2 )| o S| (S Ja; Pl — 2" 2
¢ J#-1 J+l j#-1 J#-1 (G +1)2
1 g+l —j-1_ _—j-1
< i [ 4l J+ 2 _'_i |a—2—;[*|1’ _Zoj ?
<L T T 1P

As in the argument for (i), Lemma 7.15 yields:

Jj+1 J+1|2

Z\aﬂ |21 _ z| Zlaj‘ |Ek OZIZO
(j+1)? B +1)?

| 2

< o= 2)? Z Jaj|*z1[*
§=0
|21 — 2zo|2e2()
T (1 _ e—37r) (1 _ e2y('y)|zl|2)27
and similarly,
S M R e
Z ‘ ( |+ ].)2 < 2m2 27
s J m(1 — e—37) (1 _e (V(v)*m)‘zdd)

which gives (2).
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Finally, we address estimate (3). Without loss of generality, assume zg = |zo|, and z; = |2;]e’"* with
0, € [-m, 7. Let ¢:[0,1] = € (7)™ be the piecewise smooth curve given by

1

2|z |+ (1—2)|20],  te[0,=],

_ 2
C(t) - 1

a0, tels 1,

It remains to estimate the integral | [ al. Set o/ = o —a_1b_1z7'dz. Then fﬂ/ o = 0, and fva =
a_1b_q f,y 27 ldz = 2wa_1b_1i. Write a’ y = a_1b_1, the Cauchy—Schwarz inequality gives

C

Moreover, a direct computation yields

Jj+1 _ J+1|2 J+1 J+1|2

1
2
2 |a; |21 ;|21
< Z|bj| Z . ]_|_1) < Z . (j+1)2

i#1 i#1 i#1

Re <a/_1/zldz) =Re (a’_;) log z—l —Im (a’_,) 6;.
c 0
Hence
/Re(a) < /o/ + /Re(a—a')
(& C C
J+1 ]+12 2
< Z a1 |Z 2 | ‘Re( )log +|Im (a 1) 01|

J#F—1

where z = ¢e?? is the polar coordinate.
As in (1), Lemma 7.15 implies the desired estimates for the sums, leading to

j+1 J+1|2

= Jayl?l S
D (S DY

J+1 |aj|2|zl‘2(j+1)

(G+1)?

1-—-

J+1

2
—0) 20+ DY), [26+D)

<
< — - -
(1= e=m) £ J+1
—log (1 — (™) |zl|2) 201\ 2
= 1+ 2,
(1l —e37) 21

and similarly,

v(V)—-Z2)| L -
| Rl _j_1|2 —log <1 — 2rM 2(w>)|zo| 2)
(J+ 1) - m(1—e™37)
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It follows that

[N

/Re(a) < [ 9P = A1) e (ay) log | || + [Im (a”,) 61
c -\ (+1)? - 20 —U
J#-1
<2
—log ((1 _ 62”(7)|21|2) (1 _ eQ(u(v)—,?(w)|ZO|—2))
< ) =
m(1 - e=3m) (14| 2)
1 Z1 1
— |/ I log | — -/ R
g | (@) jos | 2|+ 5 | | mete)].
as claimed. [

7.4 Tian’s peak sections

We are now in a position to introduce Tian’s peak section for Riemann surfaces.

Basic properties of Tian’s peak sections

Let C be a connected compact smooth complex curve equipped with the classical topology, and let p be
a Kéhler metric on C. Denote by /¢ i (C) the space of smooth differential forms on C' with coefficients
in K € {R,C}, endowed with the L?-inner product (-,-)z2.c. Let X C @ x(C) be a nonzero K-linear
subspace, and let Tx : X — K be a bounded K-linear functional.

An element a € X is called the peak section of Tx if and only if it satisfies ||a||z2,c = 1 and attains the
operator norm of the functional: Tx(a) = || Tx]||-

We next present some fundamental properties of peak sections. While these follow from classical func-
tional analysis, we include brief sketches of the proofs.

Proposition 7.17. Let C,u, K, %c k(C),X and Tx be as above. Then the following properties hold.
(1) If Tx =0, then o € X is a peak section of Tx if and only if ||a| 2.0 = 1.

(2) If Tx # 0, then
inf {||oel| 2,0 : v € X, [Tx ()| = || Tx][|} = 1.

(8) If Tx # 0, then Tx admits at most one peak section.

(4) If Tx # 0 and o € X is the peak section of Tx, then X admits the L*-orthogonal decomposition.:

X =Ka®dkerTx.

Proof. The propositions (1) and (2) follow directly from the definition of ||Tx||. We thus begin with property
(3)-

Let a,a’ € X be two peak sections of Tx. It suffices to show that « = o/. By definition, we have
Tx(3(a+a')) = +(Tx(a) + Tx(a!)) = ||Tx||. Hence, the L*-norm satisfies || (a + O/)HLZC > 1. On the
other hand, we compute:

2 2

1 1 2 1 112 1 /
lavey| = cmmc+uvmc—H<a—a>
H2 L2;C 2 ' 2 ' 2 L2;C
1 2
= 1- H(oz—o/)
2 L2;C

94



It follows that H%(a + Oél)HLz;C

We now turn to property (4).
By definition, Tx(a) = ||Tx|| > 0, and hence X admits the decomposition:

=1land ||3(a — a/)HL2-C = 0. Therefore, o = /.

X =Ka®dkerTx.

It remains to show that this is an L2-orthogonal decomposition.
Let § € ker Tx \ {0}. Then,

<aaB>L2;C _ a) =
Tx (0= F558) = Tx (o) = x|

By property (ii), we must then have Ha _SeBre > 1. However, a straightforward calculation shows:
B || p2.c
2 2
N <04,5>L2;06 — (v, BY L25c |
_ _ Y
<ﬂ,ﬁ>L2;C’ L2, L% <ﬂ7ﬁ>L2;C
2
_ o9 |(ov, BY r2,c |
<Bv ﬁ>L2;C
Therefore, we must have (a, 3)2.c = 0. This shows that the decomposition is indeed L?-orthogonal, which
completes the proof. O

In general, it is not easy to determine whether a given linear functional is bounded. Moreover, since
the space - i (C) is not complete, a given bounded functional does not necessarily admit a peak section.
However, if the linear functional can be reduced to a finite-dimensional linear subspace, then its boundedness
and the existence of a peak section follow automatically.

Proposition 7.18. Let C, pu, K, ¢ k(C) and X be as above. Let Tx : X — K be a K-linear functional
(not necessarily bounded). Assume that X admits an L?-orthogonal decomposition X = X1 @ Xy such that
dimg X; < 0o and the restriction Tx, := Tx|x, = 0. Then Tx is a bounded K -linear functional, and there
exists a peak section a € X1 C X of Tx.

Proof. Without loss of generality, we can assume that Tx # 0. Since dimg X; < oo, the restriction
Tx, := Tx|x, is a bounded K-linear functional on X;. By the Riesz representation theorem, there exists a
unique element o € X such that ||| 2 ¢ =1 and Tx, (o) = || Tx, ||. Hence, « is the peak section of Tx, .
By Proposition 7.17, the space X; admits the L2-orthogonal decomposition X; = K« @ ker Tx,. Since the
restriction Tx, = 0, we have ker Tx = ker Tx, @ X3, and thus X admits the L2%-orthogonal decomposition
X = Ka®ker Tx. It follows that || Tx|| = || Tx, || = Tx(«), and hence « is the peak section of Tx. O

As a corollary, we see that in certain special cases relevant to our setting, a peak section always exists.

Corollary 7.19. Let C' be a connected compact smooth complex curve equipped with the classical topology.
Denote by <o ik (C) the space of smooth differential forms on C with coefficients in K € {R,C}, endowed
with the L*-inner product (-,-)12 ¢. Let X C @k (C) be a nonzero K -linear subspace, and let Tx : X — K
be a K-linear functional (not necessarily bounded).

Then, in each of the following two settings, Tx is a bounded K -linear functional, and there exists a peak
section a € X of Tx:

(1) The field K = C, the space X C T(C,we) C @4 o(C), and there exists a point x € C together with a
holomorphic local coordinate z : U, — C defined on an open neighborhood U, C C of x, such that

a(r) = Tx(a)dz, VaeX,

where a(x) is the evaluation of a at x.
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(2) The space X C 24 (C), and there exists a form 3 € 24 (C) such that
Tx(«a) :/ aA B, VaeX.
c

Proof. In the first setting, since C' is compact, we have dim¢ X < dim¢ I'(C,we) < 0o. Thus, Proposition
7.18 applies, yielding the boundedness of Tx and the existence of a peak section.
Now consider the second setting. By Corollary 7.13, we have the L?-orthogonal decomposition

chlK(C) = dngO,K(C) @ ffcl,K(O),

and the assumption on Tx implies that Tx|dmg () = 0. Since dimg jf&K(C) < oo by Theorem 7.12,
Proposition 7.18 applies again, and the result follows. O

Two cases of peak sections: at a point and along a cycle

The next step is to further analyze the two settings described in Corollary 7.19.

We now turn to a more detailed study of the first setting in Corollary 7.19.

Let C be a connected compact smooth complex curve equipped with the classical topology, and let u
be a Kéhler metric on C. Denote by I'(C,w¢) the space of holomorphic 1-forms on C, endowed with the
L2-inner product

(a, B) 2.0 = 1/ aAxB = 1/ aApB, Ya,B eT(C,we).
’ 2 Jc 2 Jc

We say that « is a peak section in X C I'(C,w¢) at a point z € C, if there exists a holomorphic
local coordinate z : U, — C defined on an open neighborhood U, C C of x, such that 8(x) = Tx(8)dz,
VB € X, where 3(z) denotes the evaluation of 8 at the point x. The relation above is equivalent to
Tx(8) = B(x)(a% 2), VB € X. The set of peak sections in X at a given point € C can be described as
follows.

Lemma 7.20. Let C,I'(C,wc) and X be as above. Let ag € X satisfy ||aollr2.c = 1 and ag(x) # 0 for
some x € C. Then ag s a peak section in X at x if and only if ag is L%-orthogonal to the subspace of X
consisting of sections vanishing at x:

X(z) ={a e X: afz) =0}

Moreover, if g and «ay are both peak sections in X at x, then there exists a constant 6 € [0,27) such that
a1 = ei‘gao,
Proof. We begin with the “only if” direction. Suppose that «g is a peak section in X at x. Then there
exists a holomorphic local coordinate z : U, — C defined on an open neighborhood U, C C of = such that
ap is the peak section corresponding to the functional Tx g : X — C defined by Tx o(a) = a(m)(% z),
Va € X. It is clear that ker Tx o = X(x). By Proposition 7.17, the peak section ap must be L?-orthogonal
to ker Tx o = X(x), which proves the “only if” direction.

Now we turn to the “if” direction. Let z : U, — C be a holomorphic local coordinate on a neighborhood
U, C C of z. Since ap(x) # 0, we may write ag(z) = apdz for some ag € C*. Define a new local coordinate
w = apz on Uy, so that dw(z) = apdz(z). Now consider the C-linear functional Tx ; : X — C defined by
requiring a(z) = Tx 1(e)dw, Ya € X. Then Tx 1(ag) = 1, and again ker Tx ¢ = X(z). By assumption,
X = Cap @ X(z) is an L2-orthogonal decomposition. Then, by Proposition 7.18, there exists a peak section
ag € Cag of Tx 1. By definition, we have ||| 2.c =1 = ||ao||r2,c, and Tx 1(a0), Tx,1(ag) € (0,00) C R.
It follows that ap = «f is the peak section of Tx ;. This proves the “if” direction.

Finally, suppose that both «g and «a; are peak sections in X at x. Then, by a similar argument, a; € Cayg
and |lag||r2.c = [laa|z2.c = 1. Hence, aq = €y for some 6 € [0, 27). O
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By the above lemma, if there exists an element a € X that does not vanish at the given point z, then all
peak sections at z € C are equivalent up to a complex rotation e?. However, to compare peak sections at
different points, we need to use the Kéahler metric p.

Let {a; }?i:"fcx be an L2-orthonormal basis of X. Then there exists a non-negative, R-valued function
bx , on C such that

i dim¢e X
5 Z O[j/\dj :bX,/_L'lL
j=1
It is clear that bx , is independent of the choice of the L?-orthonormal basis. This function bx , is called
the Bergman kernel function associated with (X, u). A point x € C is called a peak point of (X, ), if it
satisfies bx , () = ||bx -
We now record some basic properties of the Bergman kernel function.

Lemma 7.21. Let C,;,I'(C,we), X and bx ,, be as above. Then the following properties hold.
(1) Let o € X be a peak section at x € C. Then at x,
i

Sa(e) A a(z) = bx,u(@)u()

(2) The L>®-norm ||bx .||z~ = sup|bx,,| satisfies
c

Proof. Let x € C, and let a € X be a peak section at x. Without loss of generality, we assume a(z) # 0.
Choose an L?-orthonormal basis {«; };h:”ic X of X such that a; = o. Then by Lemma 7.20, we have a;(x) = 0
for all 7 > 2. Therefore, at =z,

. . dime X
2 _ ] _
sal@) Aa(e) =3 > a;Aay =bx u(@)u(@),

Jj=1

which proves (1).
To prove (2), note that by the definition of bx ,, we have

. dime X

Z .
sl [ nz [ bxuen= [ 53 ayna; —dimeX,
c c c2 o

which gives (2). O

Our attention now shifts to the second setting described in Corollary 7.19.

Let C be a connected compact smooth complex curve equipped with the classical topology, and let y be
a Kéhler metric on C. Denote by @} x(C) the space of smooth 1-forms on C, endowed with the L*-inner
product

1
(0 B e = §/Ca AxB, Va,B € b < (C),

where K =R or C.
Let X € Z1(C) C &L (C) be a subspace of closed 1-forms, where K = R or C. Given a singular 1-cycle
o € Z1(C; K), we define a linear functional Tx , : X — K by

N
TX,U(a)zz%'/ a:/a/\ﬁ7
j=1 7 c
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where o = Z;Vd aj'y;. is a K-linear combination of smooth oriented loops representing the homology class
[c] € Hi(C; K), and [8] € HJz(C; K) is its Poincaré dual. The functional Tx , is well-defined on X, since
both expressions depend only on the cohomology class of « and the homology class of o.

We say that a form o € X is a peak section along the cycle o if it is the peak section of the functional
Tx,,. Moreover, if there exists o € X such that fc a A B # 0, then the peak section in X along the cycle o
is unique.

We now consider the explicit form of the peak sections in certain natural subspaces of closed differential
forms.

Lemma 7.22. Let C and p be as above. Let o € Z1(C;K) be a cycle, and [8] € Hiz(C; K) its Poincaré
dual, where K =R or C. Let By be the harmonic 1-form corresponding to [3]. Assume that [5] # 0. Let «
be the peak section in X C ffé}K(C) along the cycle o. Then the following properties hold.

(1) Assume that A7 ;(C) C X. Then o = — * B

1
Hﬁﬁt””LQ;c

(2) Assume that K =R and X =T'(C,we). Then

V2 V2i

= o
2B lic 2B e

Proof. We first prove (1).
By the Cauchy-Schwarz inequality, for any o’ € X, we have

/0//\6 = /Ol/Aﬂjg’=2<Oél,—*,3%>Lz;c
C C

2||0/||L2;c |l *6%“L2;C = 2”0‘/HL2;C : HB%HL%C,

IN

with equality if and only if o' = —a(xBx) for some a € (0,00). Since xB € H5 ,(C) C X, it follows that

a= —W * 8. Note that ||a| 2 = 1. This gives (1).
We now turn to (2).
By the Cauchy-Schwarz inequality again, for any o/’ € X, we have
/ ad"ANB = / Re(a”) A By = 2(Re(a”), — % B ) 12
C C
< 2|Re(a”)llr2ic - [ * BaellLzic = 2Re(@”) |2 - [1BselL2ic
= |lo"llrzc - 1Bs#ll2c,
with equality if and only if Re(a”) = —a(*B8.%) for some a € (0,00). Since ||| 2,0 = 1, we have
V2 V2i
R, N PR L
2(|Bsl 20 2[|Borll2e
This completes the proof of (2). O

8 Hyperbolic eigenvalues and eigenfunctions

Let C be a curve of genus g > 2 over C, and let wg denote its canonical bundle. Let punyp be the unique
Kéhler metric on C' with constant curvature 47(1 — g) and volume 1, and let uxg be the unique Kéhler
metric on C' with constant curvature —1. In particular, pxg = 47(g — 1) pthyp. Since dim C' = 1, we identify
a Kahler metric p with its associated volume form and measure.
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For any Kéahler metric u, the associated Laplacian is given by

dd© 100 1
A, = :i—:—*udmd,
W T W 2T
where d° = 51-(9 — 9), and %, is the Hodge %-operator associated with (C, p).

The spectrum of A, consists of eigenvalues
02)‘#70 <)\Ua1 S)\H72 S T

listed with multiplicities. Correspondingly, there exists an L2-orthonormal basis {pui}2, of the L2
completion of &7Qp(C), L*(C, p; R), such that

Au¢u,l + /\u,ld)u,l = 0.
For (z,y) € C x C and t > 0, we introduce the kernels

oo _t)\u.l

> %%,z(x)fbu,z(y),

=1

K, (z,y;t) = Z e Pt Pul (x)¢u,l(y)-
=1

G,u,(ﬂf, y7 t)

By construction, for any fixed yo € C, the functions (z,t) — G(x,y0;t) and (z,t) — K,(x,yo;t) satisfy the

heat equation w = Aju(x,t). Moreover, we have the weak limits (in the sense of distributions)

lim G, (7,90;t) = Gu(z,y0) and  lim K, (z,y0;t) = 6y, — p(C) 71,
t—0+ t—0+

where G, (z, o) is the y-admissable Green function of the diagonal A C C x C, and d,, is the Dirac measure
at yo. Hence G, (z,y;t) can be regarded as an extension of the Green function G, (x,y) to positive times.
Furthermore,

oG,
ot
Letting t — 0, we obtain in the sense of distributions

Ameu(%yO) = _5,1/0 + M(C)_l

In particular, by the Poincaré-Lelong formula | , Theorem B.2.19], for any holomorphic coordinate z
centered at yo, the Green function G, (z,yo) admits the local expansion

Gu(z,y0) = —log|z(x)| + o(1).

When g = piar, the Green function G,,,, (z,y) coincides with the Green function G, defined in §2.5.
By the maximum principle for the heat equation, we obtain

Kﬂ(xa Y3 t) Z 7:“‘(0)713

(m,y;t) = Au,xGu(x7y§t) = Ampr(xvy;t) = _Ku(mvy;t)'

and consequently,
Gulz,y;t) Stu(C)™ + Gulay),  ifa#y.

See also | , Theorem 10.1] for further details.

When p1 = par, pinyp O pxE, we omit the p in the subscript. For example, we write the corresponding
Laplacians as Ay, Apyp and Agg.

In this section, we establish estimates for the eigenvalues and eigenfunctions associated with Axg and
Apyp. Our approach is to control the larger eigenvalues and eigenfunctions via the heat kernel, while
estimating the smaller ones individually. In particular, a result of | , Théoréme 2| shows that there are
at most 2g — 3 positive eigenvalues < iﬁ Note that our normalization of the Laplacian differs from the

8
classical convention by a factor of 2.
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8.1 An explicit upper bound of hyperbolic heat kernel

Let py : H — C be the universal covering map, where H is the Poincaré upper half-plane equipped with
the metric gy = (Ir‘ﬁ%))% with pgue = W being the standard Euclidean metric on C. See also Theorem
7.2. Then the deck transformation group 7 (C') embeds into Aut(H) = PSL(2,R), and C is isomorphic, as a
Kéhler curve, to the quotient H/T", where I is the image of 71 (C'). Moreover, py corresponds to the natural
projection H — H /T

We now identify C' with the quotient #/T" and compute the heat kernel on C' via the T'-action on H.

Lemma 8.1. Let C, py, H and ' be as above. Then for any z,w € H and t > 0, we have

Kuyp(pr(2), pr(w)it) = 4r(g — 1) Kke(pn(2), pu(w); 4 (g — 1))
= —1+4n(g—1) Z Ky (z,0w;2(g — 1)t),
ocll

where

In
M)

N

t

Ky (z,wit) =

V2e i /°O se~
ds,
d

(4mt)
and disty, denote the hyperbolic distance on H determined by (h‘ﬁﬁ

ol
[N

istw (2,w) (cosh¢ — cosh(disty (2, w)))

Proof. The first equality follows directly from pxg = 47(g — 1)nyp, while the second one requires a more
detailed argument.

Let Kr(pu(2), pu(w);t) = > cp Ku(z,0w;t). By | , Theorem 7.5.11], Kt is the fundamental
solution of the heat equation % = (xxed)?u = 2rAkgu. Hence for any yo € H /T, we have the weak limit

tl_i)%l+ Kr(z,y0;t) = 0y, Define Kicp(pn(2), pr(w); t) = Kr(pw(2), pr(w); o= ) — ﬁ. One can verify that

for any yo, (x;t) = Kip(z,y0;t) satisfies the heat equation % = Akgu together with the initial condition
1im+ Kig(x,y0;t) = 0y, — Wl—l)' By the uniqueness of the heat kernel | , Theorem 10.2], we conclude
t—0 <

that Kxg(x,y;t) = Kig(z,y;t), which completes the proof. O

Before estimating the hyperbolic heat kernel Ky, (z, x;t), we provide the following estimate for K.

2

Lemma 8.2. Set u(a,t) = [~ ﬂdg, a>0,t>0. Then

@ (cosh¢—cosha)2

w(a,t) < 34&@67%‘ n 5\/271'1567 22 3Vt ,% n 5\/27rt67%

3 =~ V2e 3

it holds that

In particular, for a > 2arcsinh 1 and t € (0, 20]

2

i /oo ce 4t dg < 3
t2 Ja (coshg — cosha)? 100000

Proof. The proof follows the argument of | , Lemma 7.4.6].
Since cosh¢ — cosha = [ sinhddd > [ 9d = %(<* — a?), we obtain

2

> " > 5 (512
/ ¢ ! 1d§ < \/5/ % 4tdg<i deg
52 (cosh¢ —cosha)? sa (62 —q2)2 3 Jo
5v2

2 2502 /°° _s2 5V2mt 2502
T 64t e #dg = e
0

Similarly,
2 2

el - —f 3V2 a2
/ € -ds < \f/ - -ds = \fae_Tt.
a (cosh¢ —cosha)2 — a2)5 4
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It follows that

2
> ce~m 3V2 2 B2t ssa?
( ds < ae” 4 + ———e 64t
a

cosh ¢ — cosh a)% 4 3

The second inequality in the statement of the lemma then follows directly from the elementary estimate
7‘2 1
re”z <e 2.

When a > 2arcsinh 1 and ¢ < 20, one checks that the sum Mae —|— 5@ _W is increasing in ¢. In
particular, for a = 2arcsinh 1 and t = 20, the sum is approx1mately 0. 0000299 1003000, which proves the
lemma. [

In the following, we establish an upper bound for the hyperbolic heat kernel Ky, (2, z;t) on the diagonal.
Lemma 8.3. Let

o0

Khyp (1’, Y; t) = Z eit)\hyp'l d)hyp,l (x)¢hyp,l (y)

1=1
be the hyperbolic heat kernel on C = H/T'. Let sys(C) denote the systole of (C, uxg).

Then for any x € C and t € (0, m}, the following inequality holds:

1 6v/g—1 g—1 4 arcsinh 1
1+ K t — 1+ — ).
+ Kpyp(z,2;3t) < T 7T 555(0) + 100 ( + 5(0) )

Proof. Combining Lemma 8.1 and Lemma 8.2, it follows that for every point z € H and every t > 0,
1+ Kigopu(2): pu(2):8) = dn(g = 1) S Kz, 02:2(g — 1))

oel’
—1) 2

B L e T "
(8m(g—1)t)? d i '

el sty (2,02) (coshg — cosh(disty (z,02)))2

By selecting a maximal disjoint family of hyperbolic balls of radius arcsinh 1, centered at points in I'z,
we obtain a sequence Sp = {0 };?O:O C T satisfying the following properties:

o 09 = idy, and the sequence d; = disty(0;z, 2) is non-decreasing with respect to j.
o disty(0jz,0,2) > 2arcsinh 1 for all j # k.
o For every o € T, there exists a 0; € Sp such that disty(0;2,02) < 2arcsinh 1.

We now estimate Knyp (o (2), pr(2);1).
By definition, we have the following decomposition:

Fz:{z}U(FzﬂBo\{z} UU I'zn (B, \By)),

where B; = Bjarcsinn 1(052), and By (w) = {w’ € H : disty (w,w’) < r}.
Arguing as in Lemma 8.2, we have

2

(g—1)t s
4/or g—1l)e "z e Bt
dnle — DEule 520 - 1) = (87(r(g L /0 (coshs — 1)

. _(g=1)t 0o 5
4\&7.((9 1)6 3 : . \@ / e 8(9§71)t dC
(8m(g —1)t)2 0
_(g—1)t
e 2 - i
2t 2t

ds
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and this gives the estimate for the first part.
For the second part, choose o, € I' such that

disty (z,0,2) = inf {disty(z,02),0 € T\ {idy}}.
By Lemma 7.8, if o/ € B, then aj*la’ € (0.). Moreover, for any k > 0, it follows that
disty (2,05 T12) > disty (2, 0% 2) + sys(C).

Hence there exists an integer k, > 0 such that 0¥z € By if and only if [k| < k.. If T2N By \ {2z} # @, then
k., >1, and

(g — 1) Z Ku(z,02;2(9 — 1)t)

oczelzNBo\{z}

1 3 _dist7_<t(z,o>z)2 5 B 25{1;5%(2,;’2)2
< - —_. e 16(g—1)t + — - e 128(g—1)t
t Z 4.\/em 6
ocz€lzNBo\{z}

disty (2,07 2) 3 92 5 __25.92
f. [ .e T—Di 2 e~ 128(g 1)r dv

disty (2,02 4\/em

disty (2, 0k z) — disty (2,057 12)

2
t

e
[\),_.

< /00( 5 -ew@921)f+5-612§?§ﬁ21>f>d19
sys(C) -t Jo 4./em 6

(9+4v2em)/g—1  6g—1

B sys(OWVE VE-sys(C)

Hence we obtain the claimed estimate for the second part.
It remains to consider the last part. By the construction, we have

k
U arcsinh 1 er ) C Bdk+arcsinh1(z)~

§j=0
It follows that for any k > 1,
Q(k + 1)7T (\/5 - 1) - ZVOI’H (Barcsinhl(ajz)) S VOI’H (Bdk+arcsinh1(z))
= 27 (cosh (dg + arcsinh 1) — 1)
3
< w((\/i+1)edk+(\/§—1) —2).

Hence for all k£ > 1, dy, > min {log (2k) — 2arcsinh 1, 2arcsinh 1}. Moreover, for any oz € 'z N (B \ By),
the distance
disty (2, 02) > min{log(2k) — 4 arcsinh 1,2 arcsinh 1}.

By Lemma 7.8, #(T2N (B;\By)) < 1+ 4;:%(131)11 Then Lemma 8.2 implies that for any & > 1, t €
(0, m] and 0z € Tz N (By \ Bo),

2

1 /oo ce 8lg—Dt de < 3
- ¢ < ,
(2(g — 1)t)? Jaisty(z,02) \/cosh — cosh(disty (2, 02)) 100000

and hence
_(g—1)t
2

(9 —1e 3 g—1
4 —1D)Ky(z,02;2(9g — 1)t) < : < :
(g — 1) Ko (2, 02:2(g — 1)t) Nors 100000 ~ 80000
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It follows that

g—1 4arcsinh 1
dn(g — 1 K 20— < Z— - |14+ —— .
A=) X Kulnosdo- o< 4ot (142050
oz€l'zN(B;\Bo)
1<k<400

Now we consider the case k& > 401. By Lemma 8.2 again, for any £ > 401, ¢t € (O, m}, and
oz € TzN (B \ By),

2

1 o e 8(g—1)t
. d<
2(g — 1)t Jdista(z,02) \/cosh — cosh(disty (2, 02))

disﬂ z,0(z 2 A/ dxsi z,0(z 2
S 73 e t16((g71(>t)) 5 27T s ; 1)(t))
V2e 3
is z,0(z 2 is z,0(z 2
< 3 5\/27r 55 (aresinh 1)2 e’d o) < 3 e’d FACIO)
- \/f 3 2
and hence
1 3 disty(z,0(=2)%  (g=1)t
dm(g — 1)Ky (z,02;2(9g — 1)t) < .2 e T 1eoDe 3
T 221 2

5-distyy (2,0(2))2
- 2

< 3
.7.6
2

_ 5-(log(2k)—4 arcsinh 1)
2

< 20(g—1)-e
It follows that

dm(g — 1) > Ky (z,02;2(g — 1))

oz€l'zN(B\Bo)
k>401
oo
4 arcsinh 1 5.(log(2k)—4 arcsinh 1)2
< 1+ —FF—)-20(g—1) -~ p)
Z(+ wc] ) e
k=401
4 h]. o0 5-(lo; ¢)—4 arcsin 2
< arcsin . 20(9 _ 1) . / 675 (log(26)—4 h1) de
sys(C 400
4 inh 14+ -
_ (1 n 4arcsmh1) 20(g—1) - gharcsinh l+55 oo < de
SyS V10 @(log(SOO)—4 arcsinh 1—%0)
< (1 4&I'CSIIlh]_) . 2\/10(.9 _ 1) . e4arcsinh 1+T10 /00 e*g-(log(800)74arcsinh 1711—0)27§2d§
Sys 0

< 14 4 arcsinh 1
200 sys(C) )~
Here we used the formula

- log(2¢)—b)? ehtac [ 2
/ e~ 0log(20)=b)" g 7/ e” ¢ ds, Va,b,go > 0.
< 2va J Ja(log(260)—b— 1)

Now we can conclude that

-1 4 inh 1
(g —1) Z Ky(z,02;2(g — 1)t) < g—-. <1 + arcsm) .

czelzN(B\Bo) 100 SyS(C)
E>1
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Combining the three parts, we conclude that

6 —1 —1 4 arcsinh 1
vo—l g1 (1+

1+ Kuyp(pr(2), pr(2);t) < i + sys(C)

2t \/{f . sys(C’) 100

) , VzeH.
This completes the proof. O

8.2 First eigenvalue and decompositions of hyperbolic surfaces

Let C be a connected compact Riemann surface of genus g > 2, and let pxg = 47(g — 1)pnyp denote the
Kahler metric on C' with constant curvature —1.

Recall that a separating multicurve on C' is a finite collection of disjoint simple closed geodesics whose
union separates C' into at least two connected components. Let 5 (C, p) denote the infimum of the total
length of all geodesics in a separating multicurve. By definition, there exists a separating multicurve {~;}’

j=1
such that £5(C,p) = > ().
j=1

AKE,1
Is(Chp)
lower bound depending only on the genus g; see also Dodziuk—Randol | ] for a different proof. Recently,

Wu—Xue | | proved that the lower bound can be taken to be the reciprocal of a quadratic polynomial
in g. In this subsection, we present an improvement of this estimate, and our method is different from that
of Wu—Xue. More precisely, our approach is based on combining conformal transformations with Cheeger’s
inequality. Similar conformal techniques have been used in related estimates | ].

We start with Cheeger’s inequality for surfaces.

A classical result due to Schoen-Wolpert—Yau | | states that the quotient

admits a positive

Theorem 8.4 (Cheeger’s inequality for surfaces). Let C' be a connected compact Riemann surface equipped
with a Kdhler metric p, and let )\5"}1 > 0 be the first eigenvalue of the Riemannian Laplacian Af}m = Jpdx,d.
Then we have 205
1 ¢ (oU
AP > = - inf x(9U) -
T4 vcCmin {u(U), p(C\U)}

where U ranges over the set of all connected open subsets of C' with connected complement C\U and smooth
boundary OU, £,,(0U) is the length of OU, and u(U) is the measure of U.

Proof. See | , Theorem 8.3.3, Lemma 8.3.6]. O

The following weighted version of Cheeger’s inequality is well known to experts. For completeness, we
derive it from the classical Cheeger’s inequality.

Corollary 8.5. Let C be a connected compact Riemann surface equipped with a Kdhler metric u, let
u:C — [1,00) be a continuous function, let p, = u - p be the weighted measure, and let A\, 1 > 0 denote the
first eigenvalue of the Laplacian A, = %, Then we have

e.(0U)

Ay1 > — - inf )
W= 81 UCO min {u (U), 5 (C\ U)}2

where U ranges over the set of all connected open subsets of C' with connected complement C\U and smooth
boundary OU, {,,,(0U) is the weighted length of OU, and ., (U) is the weighted measure of U.

Remark 8.6. Note that A, = iAE‘m, and hence A\, ;1 = %)\ET

Proof. First, assume that u is smooth. Then ., is also a Kéahler metric, and hence the classical Cheeger’s
inequality implies that
4. (9U)

A, 1> — - inf 2"
8m  UCC min {u,(U), pua(C\U)}

K
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Now we will prove that A, 1 > A, 1. Since v > 0, we have p,, > p. For any smooth function 7, set
Naver = (C) ™ [ondp and Nayerw = pu(C) ™' [ ndpy. By the Rayleigh principle for eigenvalues | ,
Theorem 8.2.1], we have

_ A dd¢ — A dd°
o . Jennddn Jm ndd
n€C™ (C;R)\R fc (77 - 77aLve1r,u) d:U'u neCT(CR\R fC (77 - naver,u) d/L
— A dd°
< inf fc L 1 A

nECT(CR\R [ () — 77aver)2 du st

In general, approximate the continuous function u by a sequence of smooth functions u; converging
uniformly to u on C, with u; > 1, Vj € N. By the argument above, A, 1 > /\uufl for all j € N. Thus, for
every j € N,

2 (9U)

1 . Hu
Ap1 > —— - inf !

8 UCC min {u,, (U), tu, (C'\ U)}Q.

Because u; — u uniformly on C', we obtain

e b, (OU) . 0, (0U)
lim | inf ? 5 | = inf — v 55
i=°0 \UCC min { iy, (U), ptu, (C\ U)} Ul min {pu (U), pu(C\ U)}
which completes the proof. O

The following elementary isoperimetric inequalities are well known to experts.

Lemma 8.7. Let C be a connected smooth complex curve of genus g > 2, equipped with the unique Kdihler
metric pgg of constant curvature —1, and let U C C be a connected open subset with smooth boundary OU .
Assume that the complement C \ U is also connected. If OU has a null-homotopic connected component, or
two connected components that are freely homotopic, then £(OU) > uxr(U), where £(OU) = £, (OU) is the
length of OU in (C, ukg). Combining this with Theorem 8.4, we obtain

[ 1 (£2(C,uxr))?
> —_— ).
AKE,1 2 mm{&r’ 3273(g — 1)2

Proof. See | , (25)] and | , Lemma 8, Lemma 9]. O

Now assume that x(C, uxg) < 1. In this case, we construct a suitable conformal perturbation of uxg
and then apply Corollary 8.5.

Let {7;}72; be the set of all simple closed geodesics on (C, uxg) of length < 1. Set ¢; = max{£(v;), {s(C, pkg)},
where £(7y;) is the length of v; in (C, uxg). Now we use the structure of Kéhler collars €(vy;) to construct
the weight function. By Lemma 7.10, each 7; admits a Kéhler collar € (y;) with holomorphic coordinate

Zj %(’}/j) — Deﬂ,(w) (0) \D (0)

oy 22
RGP

such that ()
* 14 Vi) HEuc
zj (hkE) = : ;
! 47r2|zj|zsin2(%log|zj\)
where pgpu. = idzzﬂ is the standard Euclidean metric on C, and v(y;) € (0, #j)) is determined by
- J
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v(7;)(7y;) = 2m arcsin (tanh @) On each collar € (y;), we write

sin® (75(27;-) log |z; |)

uj(z;) = max< 1,
€j
2 72 — 27 arcsin Vi
1, log|z;| + > ;
() £(75)
= .
sin’ < (;7:) log |2; |) 2 72 — 21 arcsin NG
o [loglz] + < 2,
€ £(74) £(75)
and
u;(z(2)), r € C(v5);
u) L e\ @)
j=1

Thus v > 1 on C, and w is Lipschitz continuous with respect to uxg.

Let pxg.w = upke be the weighted measure. Then pkg;, gives a Lipschitz Riemannian metric on C.
Now we list some basic properties of the weighted measure pkg.y,.

Lemma 8.8. Let C, ukg, {Wj}}n:p Uuj, u, and pxw., be as above. Then the following properties hold:
(1) pxE 2 pKE and pKEu] U, (1) = FKElC\UT, € (1))-

(2) pxea(€ (7)) < pxe(€(y) +m, 5 =1, ,m.

(3) The distance dist,,,, ({u #1},C\ U;":l ‘5(7j)> > log 2.

Proof. (1) is immediate from the definition of u. We now prove (2).
By the construction,

2 7% — 27 arcsin | /€5
{u#1}N%(v;) = { [log 2] + < :
’ T ly) (7;)
so that
pxew (€ (7)) — pxe(€(v))) = / (uj — pke < / UjUKE

€(v5) {u#1}NE (v5)

_ / f(’Vj)QMEuc

- 72 —27 arcsin _ /e-
{‘log|zj|+£(“7j)|g2£#)\/7} 47T2|Zj|2€j
7T — 2aresin , /€5) - £(;

_ VG) ) _

€j

For (3), it suffices to check the distance dist ., ({u # 1} N € (v;), 0% (v;)) > log2. By Proposition 7.11,
we have

dist ({u # 1} NE(v5),0€ (7))

Y

arcsin y/£(7;)
= o <arCSin (tanh (£(v;)/ 2))>

10g< 2 ) > log 2.
(v;)

V
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This proves (3), and hence the lemma. O
Building on the previous analysis, we now consider the isoperimetric inequalities on (C, ukg;y,)-

Lemma 8.9. Let C, uxg, {fyj};”:l, Uj, U, and ukg;, be as in Lemma 8.8. Let U C C be an open subset of C
with smooth boundary OU . Assume that Us(C, ukg) < 1, lkg..(0U) < 2log2, and that U is homeomorphic

to an open disk or a cylinder. Then lkp.,(0U) > 27”KZ;C’”KE),uKE;u(U), where kg, (OU) is the length of
6U m (07 MKE;u)'

Proof. We first assume that OU ¢ €(v;) for any 7;. Since arcsinhl > log2, Theorem 7.4 shows that
each connected component of U is null-homotopic. By Lemma 8.8, this implies U C {u = 1}. Hence
U C {u = 1}. In this case, the inequality follows from Lemma 8.7.

Now assume that OU C %(vy;) for some ;. Then either U C €'(v;) or C\ U C €(v;). Since both € (v;)
and U have first Betti number < 1, whereas C has first Betti number 2g > 4, the latter case is impossible.
Hence U C €(v;). Set

—log < sin (6(2%) log |zj|>> , zj € {u; =1},
T

2\’
: <1Og|2j| + 5(7)) +75, 2z €{u; # 1},
J
9j taan

R i , o - i
where 0; = 7 — arcsin , /€5, and ¥; = —log , /€; 5—. Since

U(z;
=) 0%(v;) tan 0;

87'('29]‘

2

log |2;| + ——
()

{uﬂél}:{ <§(7;i3}7

we have
—(v5) (Zdzj + 2;d%;)
47|z;|? tan (% log |zj|)

zj € {u; =1}

d¥(z;) = )

() <log 2| + e(:ﬁ) tan6;
500,15,

. (Zdej + Zjdfj), zj € {’U,j # 1}
Thus ¥ and d¥ are Lipschitz continuous on ¢(v;). Moreover,

IKE, zj € {u; =1}
dxd¥(z;) = (2(v;) tan 6,
In20, [, 2 1P TS tug # 1
where x denotes the Hodge x-operator. Note that on 1-forms its action depends only on the complex

structure.
Since cos; = /€, for z; € {u; # 1}, we obtain

02(v;) tan 6, €jtand;
d*d\I’(zl) — #MEH ZQMKEW
’ Am20;]z; 2 T 0;

€ sinf; 2. /¢
%IMKEW Z \/jﬂKEnr
J

Applying the argument in Lemma 8.7 then yields

2 €5 2 E 07
ke (OU) > fﬂKE;u(U) > 2v/65(C, pixci)

™

/”'KE;u(U)a

which is our assertion. O
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By combining the arguments above, we obtain the following estimate:

Proposition 8.10. Let C be a connected smooth complexr curve of genus g > 2, and let uxg denote the
unique Kdahler metric on C with constant curvature —1. Then at least one of the following holds:

2
(1) ¢s(C,ukgr) > 1 and Akg,1 > min{g%r, %}

(2) l=(C,pxe) <1 and Axkg,1 > min{éz(gﬂ»m)v 52rr3(1g—1)2 }

3) Ux(C,ukg) < 1 and there exists a minimal separating multicurve {~y; :L/ splitting C in to two parts C1,
> jIk=1
Cy, such that

’

S ) !
3 2
8 min {7(gr — 1) + 5, (g2 — 1) + 5/, 10}

AKE,1 >

where g1, go are the genera of C1 and Csy, respectively.

Remark 8.11. As a direct consequence of Proposition 8.10, we obtain A%El > %. Note that the
classical estimate for Bers’ constant | , Theorem 5.1.4] yields the upper bound ¢x(C, uxg) < 78(g — 1)
[ , Lemma 6]. Moreover, an improved bound of the form ¢x(C, uxg) < 38log g was obtained in | ,

Proposition 5].

Proof. If ¢x(C,uxg) > 1, then property (1) follows directly from Lemma 8.7. Now we assume that

l5(C,pkr) < 1.
Let {v;}7%1, uj, u, and pxg., be as in Lemma 8.8. By Theorem 7.4, we have

e (C) < pxe(C) +mr < 7(g — 1)m.

Let U C C be a connected open subset with smooth boundary 9U, such that C'\ U is also connected.
First, consider the case ¢, ., ., (OU) > 2log 2. In this case,

1 C i (OU) S (2log2)®
87 min {pxpwu(U), pxen(C\U)Y ~ 27 (Tn(g— 1))
(2log2)? 1

98m3(g — 1)2 ~ 52m3(g — 1)2°

Now suppose that £, ,(0U) < 2log2. If OU has a null-homotopic connected component, or two
connected components that are freely homotopic, then Lemma 8.9 implies

1 (e, (OU) o L b, (00)

8 min{NKE;u(U)>NKE;u(C\U)}2 - 81 pxe(U)?
o L 450 k) _ s(C pxe)
~ 8r w2 23

Otherwise, every connected component of QU is not null-homotopic, and no two connected components
of QU are homotopically equivalent.

Let {c; }Tzll denote the set of connected components of OU. Since £, ,(0U) < 2log2 < 2arcsinh 1, it
follows that, after reordering the short closed geodesics {~; jiq,foreachj=1,--- ,m/, we have ¢; C €(v;).
Thus {~; ;”:/1 separates C' into two domains C7 and Cs. Let g1, go» denote the genera of C; and Cj,
respectively. By the Gauss-Bonnet formula, uxg(Ch) = 27(2g1 +m' — 2), and pkge(Cs2) = 27(2g2 + m' — 2).
Moreover, by Theorem 7.4, we have #{v; : 7; C C1,1 <j <m} < 3(g1 — 1) +m/, and #{v, : 7, C Cs,1 <
j<m}<3(ga—1)+m'

108



A straightforward computation shows that
pre(C(v;)NC1) = pke(€(y;)NC2)

w(v;) V4
= / ¢(v;) coshrdr = LZ() < 2,
0 sinh ’Y’

where w(7y;) > 0 satisfies sinh(w(+;)) sinh (@) = 1. It follows that

j=1
HKE;u ( > (U )) ,uKEu(C)}
< min {MKE (C1) + iMKE(Cg(%’) NCa) + (3(g1 — 1) +2m/)m,

Jj=1

’

pxe (C2) + Z pre(€ () NCh) + (3(g2 — 1) + 2m/)m, ;MKE;u(C)}

< min {(7(91 — 1) +5m')m, (7(g2 — 1) + 5m/)m, W} '

We now consider £, (0U). By the construction, we have Z;nz/l U(v;) > ¢s(C, uxg). Moreover, if
£(v;)

max{y/fs(C,uxg), VI(v;)}
Suppose £(v;) < lx(C, puxg) for all j =1,--- ,m’. Then

, 2 , 2
(Z g#KE;u (Cj)) 2 (Z g#KE;u (’Yj))
j=1 j=1
S\ S\ &
s =L SN y).
- ( Ez(@ﬂm)) Z( Z;’ilg(%)) ; ()

If there exists some j with £(v;) > ¢x(C, uxE), then we have €, (v;) > /l(v;)
Without loss of generahty, we may assume that £(vy;) > ¢x(C, uxg) if and only if m” <
index m” with 1 < m” < m’ — 1. Hence

(i: MKEu ) (i: pcee (Vi )

) —\
S ( éZ(OvHKE)+'Z g(%))

Z(V]) < ]-7 we have E;U«KE;u (’Yj) =

2 (9U)

HKE;u

> \/éz C, uke)-
J<

m’ for some

2 (0U)

HKE;u

ji=m
Uym) S N S
S _\m (y;) + (i) > £(7y4).
KE(C7MKE) ; ( J) j%” ( ]) j=1 ( J)



It follows that for any € > 0, the estimates in this proposition hold if Akg, is replaced by Axg1 + €.
Letting € — 0, the estimates also hold for Axg,;. Note that there are only finitely many minimal separating
multicurves on C'. This completes the proof. O

8.3 Eigenfunctions of small eigenvalues

Let C be a connected smooth complex curve of genus g > 2, and let ukg denote the unique Kéahler metric
on C' with constant curvature —1.
We consider the sup-norm of a R-valued eigenfunction ® associated with a small eigenvalue A = € € (0, 1—10)
of the Riemannian Laplacian
A%IEH = xgkg d*kg d = 27T‘AKE.

The following lemma provides a local estimate for an eigenfunction on the universal covering, which in
turn yields an estimate for ® on the thick part.

Lemma 8.12. Let (D, up) denote the Poincaré disk (see Theorem 7.2), and ® be a R-valued function on D

satisfying ARR® = —e® for some € € (0,1). Then for any r € (0,arcsinh 1], we have

1 1

() < - |10 Pdus,
27 (coshr — 1) (1 —elog (Hcigbm))z B,.(0)

where B, (0) = {z € D : dist,, (2,0) <r} ={z €D: |z| < tanh §}.
Proof. Let ®(z) = 5~ 027r ®(ze)df denote the circular average of ® around the origin. Then ®4(0) = ®(0),
d®o(0) = 0, ARR®, = —e®g, and ®g(z) depends only on |z|, that is, ®¢ is radial. Write r(z) = dist,, (2,0) =
2arctanh(|z|). Then on the polar coordinates (r,®), Theorem 7.1 yields pup = sinhrdr A d¥. Set ®4(r) =
®¢(tanh 7). Since ®¢ depends only on r, the Laplacian reduces to the radial operator

0?®; coshr 0d,
Nt N

ARE®y = -
KE =0 Or? sinhr Or

Without loss of generality, assume that ®¢(0) = ®(0) > 0. Then we have 8;;1;1 (0) = —e®((0) < 0, so there

exists an open neighborhood U of 0 such that ®y(z) < ®o(0), Vz € U\ {0}. For any r > 0, a straightforward
calculation shows that

o [ . 0, B :
ar <smhr~ ar(r)> = —esinhr - ®4(r).

Hence, if ®;(r) > 0 for r € (0,r(), then 222

o < 0, and consequently ®;(rg) < ®1(0).

r=

ro
By the Cauchy-Schwarz inequality, for any r > 0, we have

T 2m
/ |®(2)|?dup = / sinhr/ |®(tanh(r)e™) [2dddr
B.(0) 0 0

> /T sinhr/27r |®o(tanhr)|>dddr = / |®o(2)[Pdpp.
0 0 B,(0)
It remains to prove that
@0 (0)]* < - ' 1 / @0 (2)[*dp.
2m(coshr — 1) (1 —elog (1+C§Shr))2 B (0)

Set u(t) = log (2<=1t). Then u(0) = ’(0) = 0, and a direct computation shows

cosht " 1 n cosht
U = =
sinh ¢ 1+ cosht 1+ cosht

u”(t) +
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Write ®,,(2) = (1 — eu(r(2)))®o(0) and &, 1(r) = ®,(tanh §). Then we have ®,(0) = $¢(0), d®,(0) =
d®y(0) =0, and
0?P coshr 00
Rm o u,l . u,l _
AxEPu = or? sihr or «2o(0).
We now show that ®4(0) > ®g(z) > ®,(z), Vz € B,-(0). Since € € (0,1) and r € (0, arcsinh 1], we obtain
for any z € B,.(0),

Dp(0) > Dy (2) = Po(0) - (1 — eu(r(2))) > Po(0) - (1 —log2) > 0.

For any r > 0, a straightforward calculation gives

0 . 8@1 . 8(I)u,1 _ . r
o (smhr~ or sinhr - or ) = esinhr- (<I>0(O) —®y (tanh 5)) .

Thus, if ®(0) > g (tanh%) for r € (0,rp), then 8(%87;@“)(1'0) > 0, which implies @, (tanh %) <
P (tanh %0)
Let rmax be the largest radius in [0, 00) such that ®4(0) > ®g(z) > ,(2), Vz € By, (0). Since there

exists an open neighborhood U of 0 such that ®¢(z) < ®¢(0), Vz € U\ {0}, one can find r; € (0,r) such that
P, (tanh %) < Py (tanh %), Vr € (0,r1). Hence ryax > 11 > 0. Since @9 > 0 on B,.(0), if ryax < r, then

(P — Py 1)
or

0,
>0>W

r:rmax r:rmax

implies that ®4(0) > ®((z) > ®,(z) on an open neighborhood of By, (0), contradicting the definition of
Imax. Hence ryax > 7, and ®(0) > ®p(z) > &,(2), Vz € B,.(0).

Finally, combining the estimates above gives

[ eGP = [ ez [ [0 Pdus
B.(0) Br(0) Br(0)
= / 2msinhc - [@¢(0)|% - (1 — eu(s))?ds
0
v 1 hr\”
> 27|®0(0)? / sinh¢ - (1 — elog (—l—c;sr)) ds
0
1 hr\\”
= 2m(coshr—1)- (1 — elog (+02OST>) 1®(0)?,
which completes the proof. O

Before estimating the sup-norm of local eigenfunctions on collars, we recall the following fundamental
comparison principle for ordinary differential equations.

Lemma 8.13. Let T € (0,00), let a1(t) > az2(t) > 0 be smooth functions on [0,T), and let ui(t), ua(t) be
smooth functions on [0,T) satisfying the following equations:

uji(t) = a;(t)u;(t), Vtel0,T), Vje{1,2};
u1(0) > u2(0) >0, u4(0) > u5(0) > 0.
Then we have ui(t) > us(t), ui(t) > uh(t), Vit € [0,T).

Proof. Although this result is well known to experts, we include a proof here for completeness. The argu-
ment essentially follows the standard proof of existence and uniqueness for solutions of ordinary differential
equations.
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For j € {1,2}, set uj01(t) = u;(0), and w;2(t) = u}(0). We then define two sequences of functions
{ujr1}7e, and {u;r2}72, inductively by:

t
wia(t) = uy(0)+ / w1 2 () e
0

¢
wjp2(t) = u;(O)—i—/O aj(s)uj -1, (50)ds .

By induction on k, one checks that wq 1 > ug g1 and w1 g2 > s k2, Yk € N. Since u;(t) = klim Ujk,1(t),
—00

j € {1,2}, we obtain u;(t) > ua(t), Vt € [0,T). A similar argument yields v} (¢) > u5(t) on [0,T), completing

the proof. ]

As an application of Lemma 8.13, we have the following estimates.

Lemma 8.14. Let £ € (0,00) and € € (0, i) be constants. For any k € Z, j € {1,2}, let ux ;(t) denote the
unique solution to the initial value problem:

1 1 4k>7?
g ;(t) = (4 —e+ + ) g4 (t)

4cosh®t 2 cosh®t

with initial conditions

Then the following properties hold:

(1) The functions ug1(t) are even functions, and ug 2(t) are odd functions.

(2) For any T € (0,00), the function % is increasing on [0,T].
COS. Tcosh T

(3) cosh (7”2_4675) < up,1(t) < Vcosht, V¥t € [0, 00).

(4) \/& sinh (7”2_4%) <wugeo(t) <2 (arctan et — %) Veosht, Vt € [0, 00).

Proof. The property (1) follows immediately from the symmetry of the differential equation together with
the given initial conditions and uniqueness of solutions.
The next step is to prove (2). By definition, we have

1 1 4k2 72 ( 2k

2
- — 7).
écoshT) , V¢ €(0.7]

€+ + >
4 4cosh®t  £2cosh®t
Then Lemma 8.13 implies that uy ;(t) > 0 and uj, () > 0, vt € (0,7]. A straightforward calculation shows

that for any ¢ € (0,7,
d ([, 2kt 2km . 2kmt
— (t h — h i(t
dt (uk’j( ) cos (ZcoshT) CcoshT ™" (EcoshT) e )>

B ) 2kmt ” 2kr 7’
= cosh (écoshT) (uk’j(t) a (EcoshT) uk’J(t)> >0,

and hence
d Uk,j (t) _ u;ﬁj (t) COSh(Z?fsqltT) B ZC%)I:IIT Sinh(fczcl)ﬂsqltT)ukvj (t) > U,, (O) >0
At \ coch(_2kmt Y\ - B k.j =
dt COSh( L CQOkshtT) COSh2 ( 4 (?fshtT) !
This proves (2).
The properties (3) and (4) follow directly from Lemma 8.13. O
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Now we are ready to consider the sup-norm of local eigenfunctions on collars.

’

Lemma 8.15. Lety C (C, uxg) be a short simple closed geodesic such that the length ¢() = ¢ € (0, %ﬂhl
and let
(€ (7),ds?) = ([~w,w] x (R/Z),dr* + (* cosh® rdt?)

be the collar of v, where w = arcsinh{1/sinh(£)}. Let ® be a R-valued function on € (v) satisfying ARR® =
—€® for some € € (0, 15). Then for any r € (0 w —log2), t € R/Z, we have

B(r, 1) < (2071 1 1) / 1B[2djugcs,
E(v)

Proof. Without loss of generality, we can assume that f%(ﬂ{) |®2uxE = 1.
For any k € Z and j € {1,2}, set

1 1
Dy 1(r) = / O(r,t)cos(2knt)dt and Py o(r) = / D(r, t) sin(2kwt)dt.
0 0

Then by the Fourier expansion of ®, we obtain

O(r,t) = )+2 Z . 1(r) cos(2knt) + 2 Z Dy, o(r) sin(2knt).
k=1

Since @ is smooth on C| it follows that the Fourier expansion converges in the C*° sense. By definition,

0%® od 1 0%
ARDG — tanh _— .
KB or? +ranhr or + 02 cosh?r Ot2

Hence for any k € Z and j € {1, 2}, the function ®y ;(r) satisfies the ordinary differential equation:
— e> @y (7).
A straightforward calculation shows that the functions @ (r) - v/coshr satisfy

el (@kd(r)\/coshr) B (1 1 A2 k2 )
Oy, i(r)Veoshr .

For each k € Z and m € {1, 2}, let uy ,,, denote the unique solution of the initial value problem:

1 1 4k?m?
W= (e n ) st

4cosh®t 2 cosh®t

472 k2

02 cosh? r

k(1) + tanhr - &} (1) = <

€+ +
4 4cosh®>r  £2cosh?r

with initial conditions
w1 (0) =1, uj1(0) = 0;
{uk,g(O) =0, u§€72(0) =1.
Then for any k € Z and j,m € {1,2}, there exists a constant a_;,m such that
Oy j(r)Veoshr = ag j1uk,1(r) + ak j2uk2(r).
Hence we obtain the following L?-orthogonal decomposition:

2 oo 2
O(r,t)Vecoshr = Z ao,1,mUo,m (1) + 22 Z k.1 mUk,m (1) cos(2kmt)
m=1

k=1m=1

[e%s) 2
2> k2 mtukm(r) sin(2knt).

k=1m=1
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Since [, |®[*uxe = 1, we have

w 1
1 = / (/ |<I>(r,t)2€coshrdt)dr

2 w
eZmo |/ g |dr+2€22|ak m|2/ i () 2

k=1m=1

+2£ZZ|ak2m| / |ukm | dr.

k=1m=1

By the Cauchy-Schwarz inequality, it follows that

2 00 2
Z ao1,mu0,m(r) + 22 Z Ak, 1, mUk,m (1) cos(2kmt)
m=1

k=1m=1

|®(r,t)|[* cosh(r) =

2

o'} 2
+2 Z Z k.2, mUk,m (1) sin(2kmt)

k=1m=1
2
[20,m ( 2|uk m(1)]? cos? (2kmt)
< +
mzl Zf |u0 m |2d§ ];mzl |uk' m( )‘ng
2\uk m(1)|? sin? (2kmt)
+
B3] mm( s
2
|’LL0 m 2|uk m |2
S e X e e
Now we estimate the terms in the above inequality using Lemma 8.14.
By Lemma 8.14, we have cosh (7”2_467“) < up,1(r) < vcoshr, and hence
o (r)[? < 1
Ecoshrf uoa(9)|Pds T gf cosh? (V 2—45<> de
- 2
N e (cosh(\/1—4e-g)+1)dg
< V1 —4e

E(Slnh( — 4e - w)+\/1—46 w)
Since

m~w2\/§-arcsinh{ }%2.246232-~->2,

blnh arcsmh 1

we conclude that 2¢/1 — 4e - w > e~ VI=4ew_and

2V/1 — de - we~ViTtew 4 om2VI-dew £ (9 486. .. <

DN =

Hence
|u01( )|2 \/1—46

<
Ccoshr [ |ug1(s)2ds — £ (sinh (VI —4e-w)+v1I—4e-w)
< ol VW,
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Similarly, by Lemma 8.14, for any r € (0, w], we have

2 v1—-4
Vi sinh ( 5 Er) < wga(r) <2 (arctan e’ — %) cosh(r).
Hence
[ug,2(r)|? < (arctanel"l — %)2
£ cosh(r) fiuw |“0,2(t)|2dt B Zf“’w rp—p sinh? (7”2_4%) ds
72 (1 — 4e)
<
16¢ [, sinb? (Y5 ) de

B 72(1 — 4e)2
160 (sinh (VI —4e - w) — V1 —4e - w)
< 22 e VITdew,
-

It follows that

2

|ug,m (r)[? < 7r> 1 JiTEe
< (24 = VIi-dew
2 T ugmords = \2FT) 0

|U0m
m=1
1—4e
+7j1) e 1.(tanh (j:))
+
4

) 0—2y/F  p-1+vIde

<

Il
/\/-\
o

<

If £ > 1, Lemma 8.14 implies that Cosg(’“% is increasing on [0, w]. It follows that

£ cosh w

w w
[ lun@Pds = 2 [ fun(o) s
—w w—log 2

V

5 9 /w [tge.m (w — log 2)|? cosh? (3ks) i

log 2 cosh? (3k(w — log 2))

) w eGk(§7w+10g 2)
> 2‘uk,m(w - log 2)| /wlog2 (1 + e—6(w—log2))2 ds
2Jup,m(w —log2)[* 1 6k
> : 27" -1
= (1 + 6_6)2 6k ( )
1— 2—6 3

> g.g“ Nt g (w — log 2) 2.

3k
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Hence for any r € [—w + log 2, w — log 2],

00 2
Z Z 2|t m (1)]? < Z Z 2|, m (w — log 2)|? . L
Ccoshr [¥ |uem(<)?ds  ~ Ccosh(w —log2)  [* |ugm(s)|>ds

k=1m=1
> 3k .26k
< .
- Z Z 1Ecoshw (1 —2-6)3
k=1m= 1
B Z Z 2tanhf Gk 26k
- (1 _9-6)3
k=1m=1 2 )
3 1 1
< ) .27k = =, < =
— Z 8 (1 _ 6;4)2 2

Combining the estimates above, we conclude that

|u0 m(1)]?(coshr) 2| g, m (r)[*(coshr) =1
. Z R MU 7

\uom k=1m=1

< 24*46 +1.
This completes the proof. O
Combining the estimates on the thick part and the collars, we obtain the following global estimate.

Proposition 8.16. Let v C (C, ukg) be a shortest simple closed geodesic, and let ® be a R-valued function

on € () satisfying Axkg® = —e® for some ¢ € (0, ﬁ) Then we have

sup|<I>|2 <max{2€_8”+1 } / |®|?duxe,

where £ = £(~y) denotes the length of .

Proof. Let vo,71, -+ ,¥m be the simple closed geodesics of length £(vy;) < %, and let
(€ (7;),ds?) = ([—wj,wy] x (R/Z),drf + £(7;)? cosh? rjdt?)

be the collar of 7;, where w; = arcsinh{1/sinh(¢(~y,)/2)}.

Set U= {J {x €C(v;) : |rj(z)| < w—log2}. By Lemma 8.15, we have
j=1

sup 07 < 7 1) [ (@
U

Note that Afgfj‘ = 21 AKE.-
Now consider the sup-norm of ® on C'\ U. For any x € C'\ U, take the covering map pp : D — C from
the Poincaré disk such that pp(0) = . By Lemma 7.8, we have

2 arcsinh 1

B'rsin 0)n b (' = ’
#( arc hl() Pp (q"))—max{}larcsinhl

2} =8, Vi'eC,
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where B,.(y) is the metric ball in (D, up) of radius r and center at y. Lemma 8.12 then yields

1 1
sup [9? < 8- - [ 1o
C\U 21(v/2 = 1) (1 — Llog 1+ﬁ))2 c
10 2
4 1 / 9
= — s | |@Pduxe
(V2 —1) (1 — Liog (1+2ﬁ)) c
16
< g/ @2 dpuke.
c
Hence 16
sup|BJ? < max{wﬂm,} J
c 5) Je
which proves this proposition. O

9 Lower bounds of Zhang’s ¢p-invariant

In this section, we derive an explicit estimate for Zhang’s ¢-invariant for curves over C. Let C be a curve of
genus g > 2 over C, and let we denote its canonical bundle. Let pkg be the unique Kéhler metric on C' with
constant curvature —1. Let {a;}_, be an L*-orthonormal basis of T'(C,wc). The Arakelov Kéhler metric
is defined by

. g
(2
= — ap N\ oy,
HAr 293_1 k k

and is independent of the choice of basis. The -invariant is defined as

P(C) =~ [ GualdGu)?,
c2
where Ga, : C?\ A — R denotes the Arakelov Green function and A C C? is the diagonal.

9.1 Equivalent formulations of the invariant

Before starting to estimate Zhang’s g-invariant, we first reformulate it into a form more suitable for analysis.
We begin by recalling the spectral decomposition of the Laplacian Ax, associated with the Arakelov
Kéhler metric pa,. The eigenvalues of Ay, counted with multiplicities, form an increasing sequence

0= >\Ar,0 < AAr,l < )\Ar,2 <l

Corresponding to these eigenvalues, there exists an L?-orthonormal basis {@a,;}72, of L*(C, uar;R), the
L?-completion of &/3 g (C), such that

AAr@ar, + Aar10ar, = 0.
The following formula is due to Zhang | ].

Proposition 9.1 (][ , Proposition 2.5.3]). With notation as above, the p-invariant is given by

> g 9
WO =3 | [ nrayna

=1 j=1k=1

2
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Proof. This follows from the L?-expansion of G a, together with the identity

g
* ? * * = * * =
c1(A,Gar) = dd°Gar + 6a = pipar + P3fiar — 3 > (piaj Apia; + psaj Apiay),
j=1
where p; denotes the projection C' x C — C onto the k-th component. Note that %fc oj N\ ay = d;;. For
more details, see | , Proposition 2.5.3]. O

We now reformulate the above expression in preparation for estimating the -invariant.
By the classical theory of elliptic differential equations, for each pair of indices j, k, there exists a unique
function w; x € 2 c(C) satisfying [, uj xpar = 0 and

ddcujyk = iaj N Qy — (/ ’iOéj A\ Ozk> HAr-
C

Moreover, when j = k, u;; is R-valued, ie., u;; € M&R(C). This also follows from the d9-lemma | ,
Lemma 2.1].
These functions u;; provide an alternative expression for the ¢-invariant.

Proposition 9.2. Let C, puar and u; i be as above. Then the p-invariant of C' satisfies

Z/du]k/\du]kf— Z ;70 s

Jk:l J,k=1

where d° = 51-(0 — 9), and [l 2, is the L?-norm defined on the space ;zfcl,(c(C) of smooth 1-forms on C
with coefficients in C.

Proof. Let {)\Ar’l}‘j’;o, {¢Ar,z}}?io be the eigenvalues and eigenfunctions of A, with respect to pa,. Then
for any j, k, we can expand

oo
Ujp = E aj 1,1 PAr,L
=0

where a;j 1 = [ W rParipiar € C. Since [, ujy par = 0, we have a; 0 = 0. By definition of u; 4, for each
{ > 1 we obtain

/ OAr 105 N Q= / Garddu;p, = / Wk dd°dary = —AAr,1j k1
c c c

Since [, @ar,ipiar = 0 for all [ > 1, we obtain

On the other hand,

Z)\Arl|a]kl| / u;, pdd® u]k —/ duj’k/\dcﬁj’k.
C

Hence
g

Z / dujp AdU e = — Z ldu; k1172,

jkl jk:l

where the last equality follows from |[du; ||5.., = L [, du;x A*dujy and
5 = — (Ouj 1, — Oy g) = ! * (Owjp + Ouj) = L,
Jik = o \TRak Bk) = o5 7,k k)= o0 gk

This completes the proof. O
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9.2 On the thick part

In this subsection, we derive an explicit estimate for Zhang’s ¢-invariant for curves over C on the thick
part of the moduli space. By the above preparation, we proceed to estimate the ¢-invariant by considering
the pull-backs of holomorphic 1-forms on C' to the unit disk ID. For this purpose, we require the following
auxiliary estimate on small disks.

Lemma 9.3. Let f be a holomorphic function on D 5_,(0) with [£(0)| = 1, and let a € [0,2v/2 — 2] be a
non-negative constant. Suppose u is a smooth R-valued function on Dﬂ_l(O) satisfying

¢ a
dd u Z (|f(2)|2 - (1|22)2) HMEuc

where d° = 3-(8 — 9), and ppuc = 2% is the standard Euclidean metric. Then

V2-1 a 2
/ du Axdu > 271'3/ 3 (1 — 2) dt = 27°1; — Anal, + 2n3a’l;,
D 5_,(0) 0 1-1¢
where

V2-1 4
2.1
I, = / 3dt = 2yt ~ 0.0073593 - - -
0

4

V2-1 3

t 1 V2+1

I, = ——dt==(2v2-3+1 ~ 0.0083267 - - -
e [ e e (%)) |

Vv2-1 3

t 1 V2+1

I, = —_dt=-(V2-1-21 ~ 0.0094402 - - - .
3 /0 (L 4<\f og< 5 )) 0.009440

Proof. Let ug(z) = i 0% u(ze1)df; denote the circular average of u around the origin. Then uyg is a

smooth, R-valued, radially symmetric function on D 5_,(0). Since pipyc is invariant under the rotations
2+ 2% V6, € R, we obtain

ddug > 1/27T|f( T N —
Up = 27 J, ze 1 11— |22)2 HEuc-

By the Cauchy-Schwarz inequality and the holomorphicity of f,

2
1 2m

, 1 [2" ,
— f(ze')2do, > [ — / f(zer =f(0) = 1.
5 |f(ze'1)|%dO, > (27r ; (ze*71)dbq (0)

0

Hence

a
ddag > (1 — —— uc-
“—( amw)”
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Now switch to polar coordinates z = se?® with ¢ = |z|. Then ds = ¢df, and *df = —%d(. Therefore,

2 2
1
/ du Axdu = / q@ - a—u ds A\ df
Dz1(0) Dy, \ 105 <[00
V2-1 27 | u 2
> S / se)| ao | ds
/0 ( 0 s ( ) >
V2-1 27 2
S du,
> = —(ce’)dh| | d
1 [ 0w, .. ?
= / Sl=— T (cet+i)ap, | | de A do
Dﬁfl(o) 27'(' 0 3§
aU.o 2
= S|l——| dsNdf = dug A xdug.
Dy .0 | 08 D5-4(0)
Since ug is radial, we have lim 88“0 (¢) = 0. A direct computation gives
c—0t 9¢
; 1 9 8110 ;
dd* 0y = — [ s—=—= ] (ce® Vs € (0,V/2 1), 6 €0,2n).
uO(g6 ) ¢ Oc <§ e ) (§8 ),UEuca S € ( a\[ )7 S [ ’ 7T')

Hence

aﬁg (gaalzo> (gew) > o (g—(l_aiz)2>, Vs € (0,\/5—1)7 6 € [0, 2m).

Integrating in ¢ yields

Jug, .y ° at 9 a 9 a
s ¢ 2 ”/o a-ept " 1—2)="™ 2ve-1) ="

and thus 5
110 i0 a
70 >re|l— ——.
s (ce™) 2 me 1-¢2
Substituting back into the integral, we find
2 V2-1 2
/ dug A xduy = / S % dg/\d0227r3/ 3 (1a2> ds.
D3, (0) Dz, |95 0 1-¢

This proves the lemma.

We now proceed to establish estimates for the p-invariant. In the following lemma, two cases are consid-

ered according to whether the L® norm of the Bergman kernel is large or small.

Lemma 9.4. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric ukg
of constant curvature —1 and total volume 4m(g — 1). Denote by sys(C) the systole of (C, uxg), and by by

the Bergman kernel function associated with (I'(C,wc¢), uxg). Then the following estimates hold:

(1) For any g > 2,

2 arcsinh 1 3272 g||bo||% 2 1
14— c)y > /2= (1 - ZI, 4+ =T
<+ sys(C) )w( )2 Ty e

where I, I and I3 are the constants defined in Lemma 9.3.
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(2) Forany g >3 and k € {1,--- ,g— 1}, if ||bo|lr~ < %, then

( 2arcsinh1> ) > k(k+1)(2k+1)11.

sys(C) 3(g—1)2
Proof. Let Xy = I'(C,wc) = C9. We construct, by induction on j, a sequence of data (x;,a;,X;) for
j=1,...,g, satisfying:
o x; is a peak point of (X;_1, ikE)-
e a; € X;_; is a peak section in X;_; at x;.
o X, is the L?-orthogonal complement of Ca; in X;_;.

For each j, let u; € @70 (C) be the unique solution to
ddcuj = iaj Nay — 20 Ay, / UjftAy = 0.
c

Next, we lift the data to the unit disk ID to obtain explicit estimates. Let pp; : D — C be a universal
covering mapping with pp ;(0) = z;. Set &; = pPp ;¢ and U; = ujopp . Then there are holomorphic
functions f; on D such that the pullback &; = pp, ;o; = f;dz. Let b; denote the Bergman kernel function
associated with (X, pxg). By Lemma 7.21, we have

- 2 8|Ibo]| L
dd°t; = 2|f;|* uguc — ~(b Nob ke > | 2062 — ——— s ) HEBuc,
U | J| HE g( 0 OpD»])p]D),j/JJKE = ( | ]| g(l — ‘Z|2)2 HE
and |£;(0)|? = 4b;_1(z;) = 4||b;j_1||L=. To estimate the L?>-norm of du;, Lemma 7.8 gives

/ duj Axdu; > / duj A *du;
c pp,; (D 5_1(0))

sys(C) / i i
du; A *du;.
2arcsinh 1 +sys(C) Jp ; (o) e

We are now ready to establish the claimed estimates.
We begin by proving (1). For j = 1, we have

_ £ 1 |£1(0)”
dd®ii, > 8||bo|| - pEwe, g
= Slbol <4nbouLm =[PP Abo -

Then Lemma 9.3 yields

) ) V2-1 s 1 2
duqy A*xduy > 1287 ||b0|| oo / t (]_ — ) dt.
/Dﬁ_lan o g(1—12)

Since dd®(3_9_, u;) = 0, we have >-%_, u; = 0, and by Proposition 9.2:

g

1 1 d
— [ 4 - - 2 . E ,
47T/c Uy /\*du1+4w(g_1)/cd jZQuJ A *d u;

j=2
g
M@—nﬂ;“ i

seglboll. svs(C) (2 . 1
(9 —1)(2arcsinh 1 +sys(C)) " g > g2 )"

@(C)

Y

2
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where I, Iy and I5 are the constants defined in Lemma 9.3. This proves (1).
Now we consider the estimate (2).

Since |[bj_1]/z= > d;’;‘;%-g)l = g&;ji), we have
- £ [[bol| o<
ddu; Z 8||b‘,1||Loo J - HEuc
! ! Abjallzee  glbjallo= (1 = [2[*)?
=iV (_IBF 2Dk |
m(g—1) \Albj_illz=  (g—5+ 11— [22)2 ] 7

) 2
and % = 1. The same argument as in (1) gives
J—

sys(C) S
e(C) = : / dit; A xdil;
47 (2arcsinh 1 + sys(C)) ; Dy /
3272 - sys(C) zk:/ﬁltg 9-3 _ _9-k
2arcsinh 1 4 sys(C) =)o dr(g—1) 4n(g—1)
B kE(k +1)(2k 4+ 1)sys(C)
3(g — 1)2(2arcsinh 1 + sys(C))
where I is the constant defined in Lemma 9.3. This is our assertion. O

For any g > 3 and k € {1,--- ,g9 — 1}, let I4(g, k) denote

Li(g.k) = min{k(k:—i— DEE+1) 8(VE - 19 — kg’ <11 ~ 312 . 91213> }

3(g—1) (9-1)°

where Iy, Is and I3 are the constants defined in Lemma 9.3. As a corollary of Lemma 9.4, we obtain the
following estimate.

Corollary 9.5. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric
uxE of constant curvature —1. Let sys(C) denote the systole of (C, ukg). Then, for any k € {1,--- ;g —1},

we have ) 5
2 arcsinh 1 2.-g 2 1
14— > Iy(g, k), ——= | I — - I, + =1 .
( T es(0) )LP(C) max{ 9K (9—1)3 ( gty 3)}

Proof. Since ||bg||p~ > 322()(00) = 4Tr(g9_1), we can apply Lemma 9.3 to deduce that

2 arcsinh 1 2.¢3 2 1
1+ —F+—— > —— (L1 - -LL+=I3).
(1+ 5@ ) 702 i (0= 2 )

Moreover, if ||bg||p~ > %, then Lemma 9.3 further yields

2arcsinh 1 8(v2 —1)%(g — k)%g® 2 1
O ) L e aal CRFLR- S

On the other hand, if ||bg||~ < (\/52;3797(%_’“), then Lemma 9.3 implies

2arcsinh 1 k(k+1)(2k+1)
(1 5mer )0 = M

This completes the proof. O

I.
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Now we are ready to prove the following estimate for the p-invariant.

Proposition 9.6. Let C' be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric
uxE of constant curvature —1. Denote by sys(C) the systole of (C, uxr). Then the -invariant satisfies

2arcsinh 1
<1 + W) ©(C) > I5(g),

where I5(g) is defined as follows:

g 2 3 4 5 6 7 8 9 101112 | >13
11 1 1 3 7 7 17 4 1 1 2 ’
Ys(9) | 255 | 55 | 56 | 775 | 200 | 313 | 895 | To5 | 57 | 24 | 37 | 3%

Proof. By Lemma 9.4, for any g > 2,

2arcsinh 1 2g° 2 1
14— C) > ——|L—-L+=13),
(+ sys(C) )‘p( )2 (91)3(1 PR 3)

where Iy, I and I5 are the constants defined in Lemma 9.3. For g € {2,3,4,5}, the right-hand side is given
by:

g expression numerical value
2| 16(I; —L+ §I3) | 0.02228--- > 4L
3] 2 (I — 2L+ 4I5) | 0.01928--- > =&
4|21 - 1L+ LI;) | 001794 > L
5| 2 (I — 214 5:13) | 0.01721--- > 2=

By Lemma 9.4, for any ¢ > 2 and k € {1,--- ,g — 1},

2 arcsinh 1
- >
<1+ 5(C) )@(0) > L(g.k),

where
C1\2(, 12,3
I4(g, k) = min { k(k;gl)_@lk);;_ 1)117 8(v2 (;)_(19)3 k)9 <I1 - 312 + 91213) } )

For g = 6,---,12, define k(g) as follows:

g |6]7[8]9]1011]12
k(g) |[4]5|6|7|8 |9 ]10]

A direct calculation shows that I4(g, k(g)) > I5(g) for all 6 < g < 12.
We now turn to the case g > 13. Let k(g) be the unique integer in

CWEHDE 1 (V241G 2
g 2v/3 39 243 3/

Define p(z) = 1 — % + 2. Since p'(z) = % — 32 > 0 for z > 4, it follows that p(g) is an
increasing function of g. Similarly, for ¢ > 13, the quantity (g331)3 (Il — %Ig + 9%13) is decreasing in g,
while (/20 _ 2

23 — m 1S Icreasing in g.
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Hence

k(k +1)(2k + 1) 21, 1 1
SETA Ty > p(1 13) — — 13) — —
T > Bp) (p03) - 5 ) (p09) -
0.0026945 > 100’
and
8(v2 —1)%(g — k)%g? 2 1 8(vV2-1)%(g— k)1
(V2 )(g3 )%g (Il—12+213) . (V2-1)%(g — k)L,
9(g—1) g g g
2
_ )4
23 3V13 1
~ 0.0026482--- > —.
0.002648 > 100
Therefore I4(g, k(g)) > I5s(g) for all g > 13, which proves the proposition. O

9.3 Separating case

As above, let C' be a curve of genus g > 2 over C, and let we denote its canonical bundle. Write ukg for
the unique Kéahler metric on C' with constant curvature —1.

In this subsection we estimate the p-invariant in the case where a finite collection of short geodesics
separates C' into two components. A finite collection of disjoint simple closed geodesics is called a separating
multicurve if it divides C' into at least two connected components. Such a multicurve is minimal if no proper
subset of it is separating.

As a corollary of Poincaré duality, a collection {-, 7, of disjoint simple closed geodesics is separating if
and only if the C-span Z;"Zl Cly;] € H1(C;C) has dimension at most m — 1. Note also that for any open
subset U C C with smooth boundary dU, the chain QU is a nontrivial linear combination of its connected
components, yet its homology class in H;(C'; C) vanishes.

We begin with the following topological lemma.

Lemma 9.7. Let C' be a compact Riemann surface of genus g > 2, and let v1,...,vm be pairwise disjoint
simple closed geodesics on C. Suppose {'yj 1 forms a minimal separating multicurve. Then C'\ UJ 15

has exactly two connected components, say C’l and Cy. Their closures C1,Cy are compact surfaces with
common boundary Um_l v, and if gi, denotes the genus of Cy, then g1 + g2 +m —1=g.

Moreover, there exists a collection of smooth loops {c]}Q(glJrgQ) on C such that:
(1) ¢; C Cy for1 <j<2g1, and c; C Cy for2g1 +1 < j <2(g1 + g2);
(2) {c;}i, U{cy }?iljgfj_l consists of pairwise disjoint loops;
(3) {[c ]}2(91+92) are C-linearly independent in Hy(C;C);

(4) Uj~, v lies in a single connected component of both Cy \ U291 cj and Cy '\ U] 921;‘3_21 cj.

Proof. This is a purely topological fact and follows directly from the classification theorem of compact
surfaces with boundary (see | , Chapter I, 41A]). We therefore omit the proof. O

To apply Tian’s peak section method, we need the following lemma, which may be regarded as an analogue
of Hérmander’s L? estimate appearing in Tian’s original paper | ]. Recall that harmonic 1-forms are
precisely the peak sections along cycles defined earlier.
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Lemma 9.8. Let C be a compact Riemann surface of genus g > 2, and let {v; 7Ly be a minimal separating
multicurve on C with total length Z;”:l U(v;) < §. For any piecewise smooth loop ¢ : R/Z — C, denote by
Te the linear functional on 23 (C) given by 5 — [ 8. Let K € {R, C} and set X C A 1 (C) to be the
subspace of harmonic 1-forms 8 satisfying T, B) = T, (*8) =0, j=1,---,m. Let Cy be one of the two
connected components of C '\ (U;nzl 'yj>, and let {c]-}?(:ngrgQ) be the system of smooth loops constructed in

Lemma 9.7.
Then there exists a linear operator

\IJCl,loc X — ffcl«;K(C),
satisfying:
(1) The image of Ve, 10c Satisfies

2(g1+92) m
lllcl Jloc (X) C ﬂ kerch m m kerTn,j
Jj=2g1+1 j=1

(2) The deviation from identity satisfies

201

(Yo, loe —idx) (X) C ﬂ kerT,,
j=1

where idx is the identity map of X.
(8) For any B € X,

72

1¥e10c(B) 1220 < IBlI72ic, +200e =507 18] 2s
where HB”%?;Cl = %fCl BAXp.
Proof. Without loss of generality, we assume K = R. We will use the local structure of the Kéhler collars
% (vy;) to construct the linear operator ¥¢, 1oc. By Lemma 7.10, there exist holomorphic coordinates

zj 1 C (Vi) = Dymviypy (0) \ D 2x2 (0)

A ICTY

such that z; (€(7;) N C1) =D v+ (0) \ D = (0), where v(v;) € (0, ﬁm) satisfies
e i
ey
v(7;)(v;) = 2m arcsin (tanh (;Ij)> .
_ a2
Fix z; € v; for j = 1,--- ,m. Then |z;(z;)| = e ““7). Let § be a harmonic 1-form on C' satisfying

T, (8) = T,,(x8) = 0 for all j. For each j, there exists a unique function wug; on %(v;) such that

dug; = B+ i* [ and ug (x;) = 0. Note that ﬁ > 472 > 6v(y;). Since B+ i x 3 is holomorphic,
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Proposition 7.16 implies that for any z € €(y;) N C; with |2;(x)| < e72(%) | we have

Jug,; (2] OB +ixBllToer,)  lzile) = z(y)P
R r(l =) (1= (@) P
. . _ ax?
e ()| B + i % 5”%%%@) I2;(2) "1 — 2;(z;) "2 70D
_e-3m ' 2
7T(1 e ) (1 —62(1/(7'7)_[(7;%7)>>

. RG] 2
262u(’¥j)”ﬁ”%2;(€(w) (|Zj ()| +e 05 > 46_722(”)

(1l —e37) (1- |Zj(x)|2621/(')’j))2 (1 — e—472)2

Here we used

) 1 ) —_—
18+ % Bl2cey) = 5 /W«s +ixB)AB+ixP) = /w B 0x8 = 208l

Vi

There are two subcases to consider.
If |2;(x)2e?(5) < 737 then 1 — |zj(z)[?**(%) > 1 — e73". By the Cauchy-Schwarz inequality, we

e 018121 22
26 (v5) e
lug,(2)]* < e 67%)3” <|zj(ar:)|2 +3¢ n) .

obtain

If e737 < |z;(z)|?e2¥(03) < e72(%) | then

2 2 . 2 2
(Zj(.’b)|+€_2(’vj)) <1+€32_<[(7_7‘)_V(77‘))>
= (@) 2

(1 — |Zj(;p)|262”(“/j))2 o (1 — 6*21’(%‘))2
(1 +e—2ﬂ2)2
S A e

|2 (2)|* < 2|z ().

) C €(v;) N C1, we obtain the bound

Consequently, for any x € z;l (De2l/('yj)(0) \D .2 (0)

e )
462u(w)||5||2L2 . b2
i€ (15) -
lug,(2)]* < pep 6_37,)3” <|zj(1:)|2 +3¢ J>> .

Next, let ;0 € C%!(R;[0,1]) be a cut-off function defined by

0, r<e "9,

2log2 — log (1 +3r2e ﬁ%) "

1j0(r) = A
4V(’Yj)—g2(:7.)
2log2 —log |1+ 3e j

1 r Z 6721)(7_1')'

)
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It is straightforward to check that 7}, € L*(R;[0,00)). Then wug ;d(n;o(|z;|)) is an 1-form with L*°-
coefficients on ¢'(v;), whose L?-norm can be estimated using Proposition 7.16:

1
[Re(ug,;) (77.770(‘2.7|))||L2;<g(7j) =5 eiWQJ‘)S\z”Se*Q”(Wﬂ |ug,;

*[115.0 (123 ) dpuc

4621/(7]-)”5‘@2 e 2v (1)) 9m2

36 (v5) ichH)

< 1oy d /*a“%» t <t2+3e "%)) s 0(8)dt
€

272

7_‘,2
462”(’”) ||BH%2,3€(7]) 667m < 2406271’722@ﬁ ﬁ 2
= (1—e37)3  2log2 —3e=67 = 13 IBlzecy)-

Note that (1 - 67371—)4 >1- Tloo and 2log2 ~ 1.386--- > 1—3 (14 %) Hence the sum can be bounded by

IRe(up3)d(m50(12 )72 ) + 2018l 2200 1) IR, 5)d (1500125 ) 2o

2 on2

27
240> 1)

240¢°" 700

S 173 + 173 ||BH%2,(€(’\/])
240627r—47r2 240e27™ w2 _ =2
- (13 25— | ¢ Bz, < 199 T 1Bl 7200,)-

r—am2 T
Note that (240"‘2134 + 2 24?52 ) ~ 198.8567 - - - < 199. Therefore,

2 2
1d ((my0(1z))Re(up D2 e(r,y < IRe(ug 1)d(n5,0(125 ) 122,04,
+201Bll 225 () IRe(us )02 D) 2.5,y + 181226400

2

< Bl 2y yne, + 199 1Bl 205, -

To obtain smooth cut-off functions, we mollify n; . For any € > 0, there exists n; . € C*>(R; 0, 1]) such
that

2

N4, = 0 on (—oo,e_“ﬂ“’j}, Nj,e =1 on [672U(‘Yj),00),
and
e~ v(vj)
suplge = miol* + [ () w0t < e
e J

It follows that )

< 100€]|B]72.55(,)-
L2;6(v;)

|a((sat1zs) - iz DRt )
Then for any € > 0, we can define a linear operator

\I/Cl,loc;e X — ‘ffCl,K(C)

by
0, onC\ | Ci Qfg(yj) ;
-
Wertoe(8) = § d(micllsDReus ) ). on (o)
5, on €1 \ Q%(w)
=
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By the construction, one can easily see that for any ¢ > 0, U¢, joc; satisfies (1) and (2). Now we
consider the estimate (3). By the above argument, we can conclude that there exists a small constant

_ 5 m  100x2
0<e<e “7='*0y) guch that for any 8 € X,
1 - 2
I¥oytoce(BllLze = 5 BAKB+ Y |Id (|25 ) Re(ug ) 2 s,
2 > (’Y])
C\(UjL, € () j=1

BA*B
c\(Ur, (1))

m 2
+ (1ol DRelws M) + € DBlzncec) )

IN
| =
\

IN

1 / m 9 _ =% 2
— ﬂ/\*ﬁ+ <B”L2<f NC +200€ ZMJ‘)”ﬂH[Q.f .
2 Cl\(Um cg( )) Z ’ (’YJ)m 1 > ("YJ)

j=1
7‘,2
< UBlZec, +200e T Bl e
This completes the proof. ]

By combining the above lemma with Tian’s peak section method, we obtain the following lemma, which
may be regarded as a version of the geometric localization principle for certain holomorphic 1-forms. For
related results concerning the geometric localization principle, see | , ].

Lemma 9.9. Let C be a compact Riemann surface of genus g > 2, and let {fy] L, be a minimal separating

multicurve on C' such that ijl L(vy;) < . Let Cy, Cs be the two connected components of C'\ (UJ 1 ’yJ)

and let g1 and g2 denote the genera of C1 and Cy, respectively. Set g} = max{g; — (m — 1),0} and
gh = max{gs — (m — 1),0}. Then there exists an L* orthonormal basis of I'(C,w¢), {ay}iy, such that:
2

(1) e3¢, < 200e I 1< <.

72

(2)- Nlejl3s.c, <2000e Z=1700 gl 41 < j < g} + gb.

Proof. Let {c; }2(91+92) be the system of smooth loops constructed in Lemma 9.7. For each j, let §; €
A5 x(C) be the unique harmonic 1-form whose cohomology class is the Poincaré dual of [c;] € H1(C;R),
and let 3, € %&R(C) be the unique harmonic 1-form whose cohomology class is the Poincaré dual of ;.
Define the following R-subspaces of %”Cl,R(C ):

Xy = spang{f;}{L;, Xo = spang{f;};%50%,, Xs = spang{8,,}72"

Next, consider the subspaces

X, = (Xi+X3)[) (ﬂ *kerTW> c A2 (0),
k=1
m
X, = (X2+X3)[) (ﬂ *kerT%> C Hpx(0),
k=1
where * is the Hodge x-operator, and T is the linear functional on 27} -(C) defined by § +— [, 8. Note that
the Poincaré duality implies that X3 ( N *kerT%> =0, and hence X} N X} = 0. Since the subspace of
k=1
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H1(C;R) generated by the homology classes {[;]}7~, is isomorphic to R”™~!, it follows that dimpX} > g1

and dimpX5 > g2. Let ¥e, joc : X7 — Qfé;R(C’) be the linear operator constructed in Lemma 9.8. Since

m 2(g1+92)
X; + X3 C < N kerTvk) N (N kerTe, |, we have
k=1

Jj=2g1+1

2(91+92)

(\IjCl,loc - ldX/l) (Xll) C <ﬂ kerT"/k) ﬂ ﬂ kerch )
k=1 Jj=1

where idx; is the identity map of X/ . It follows that

(Yo, loc —idx, ) (XY)
(\IJCl,loc - idX’l) (XN d%CO,R(O)

m 2(g1+92)
( N kerT%) N ﬂ kerT,
k=1 j=1

m 2(91+92)
(ﬂ kerT%) N N kerT, ﬂd,sz%CO’R(C)
k=1

j=1

~ RM— 1

)

and hence

(Vor o0 — idxy) " (d2R(C)) max{dimg X} — (m — 1),0}

>
> max{91 —(m—=1),0} = g;.
Set X/ = (Ve 1oc — idx, )" (73 x(C)). Then for any 3 € X7, we have

7(2
1Bl = 1¥cyt0c(B)ll72:0 < B2, +200e =520 || B]|72,c,

2

and hence [|]|72,, < 200e =170 ||B)12,.,. Moreover, for any pair of 1-forms 3,3’ € XY, we have
JoBAB =0. Let g1, ,ﬁéimx,l, be an L?-orthonormal basis of X7, and a; = g (ﬁ; +i*ﬂ§-). Then we
have

<ajaak L2;,Cc — <BJ’B1€>L2C /5 Aﬂk <5.;7B;‘7>L2;C’

and hence aq, -+, agimxy; forms an L2-orthonormal subset of I'(C,w¢). Furthermore,

. 2
? — STy
||Oé_]||L2 Co — <ﬁ],/8 >L2 o §/C ﬁ;/\ﬁ; = </8-;7B§>L2;CQ SQOOe Z:J=1/( J).
2
Similarly, by considering the linear operator ¥ ¢, joc : X4 — Q”(};R(C) and the space
X/Q/ = (\11027100 - idx2)71 (d%g,R(C))a

T

2
we can conclude that dimX4 > g4, and for any 8 € XY, ||8]2.. .o, < 200e 2j=1t05) ||ﬁ|\%2;c.

Let X” = X! + X4, and let (X/)* be the L?-orthogonal completion of X/ in X”. Then the projection
X" — (X%)* induces a vector space isomorphism X4 — (X/)+

Now, let 5" € (X/)+ c X”. Then there exists a unique 1-form 3} € X/ such that 8" + 3 € X4. We
then estimate:

18220 = (8" + 51, >L2 o, (8" + B, B 120,
S 20[@ QZm Z(WJ)HB/I_’_ﬂ HLZCHB ||L2;C
< 20V2e FERTOD e 18" z2:c + 18 I 22:0) 187 |20
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,¢
22] 1 1’('YJ

which implies ||8{]|z2.c < 20v/2e 18" z2.c-
1—20v3e PT7% e
Given that Z;nzl {(v;) < 1, we further obtain:
1871200 < NIB” + B lzzien + 187 1220,

7r2 _ 7\'2
< 10\@6*22?":12(“@)HB//||L2;C+ (1+10\/§e 227 eOvy) >||B HLZC

2
30v/2e 2= 100

< -
(1 _20y3e T )

518" |20

2
30\@@’22” 05 S —
(1-20v2 )2||5 lz2c < 20VBe TETo T (|87 2.

— 6_

Let By, --- vﬂgi/mxg be an L2-orthonormal basis of (X7)+. Via complexification of (X/)*, and following a
construction analogous to that of the o5, we obtain an L2-orthonormal system {a, -, OéélimXé’} c I'(C,we),
satisfying

2
™

fe% 172, .o, < 2000e 2 12(”9
which completes the proof of the lemma. O
We are now ready to estimate the p-invariant.

Proposition 9.10. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic
metric ugg of constant curvature —1. Suppose {’Yk}k:1 is a minimal separating multicurve on C satisfying
o bve) < @.jet 01,702 denote the two connected components of C'\ (U, V), and let g1 and go
denote the genera of C1 and C3, respectively. Set gi = max{g; — (m —1),0}, g5 = max{gs — (m —1),0} and
g =g} + gb. Then the p-invariant is bounded below by

/

2 9192 g 2 15—
o(C) > g _ 2 Mrsmwen )
St b)) \g® g

Proof. By Lemma 9.9, one can choose an L*-orthonormal basis {a;}{_, of T'(C,wc)
. f%aj =0forj=1,---,gdandk=1,---,m
N
||04j||%2;c2 < 200e *k=1f0®%) for 1 < j < gj.
7(2

ot 2, < 20006 ST for gf 1< < .

Let u; € @3 (C) be the unique solution to
ddcuj = iaj Nay — 20 Ay, / UjftAy = 0.
c

For each j, let n; be a R-valued smooth function to be specified later. Then Proposition 9.2 implies

2
1< 1< ‘<dujad77j>m;c’

2
o 7:21 ldu;jll7z2.c = o Z

©(C) 2
j=1 ||d77j||[,2;c

Y

g

- S

2

/ n; (i A @j — 2pax)
HdnjHLa c e
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Our next step is to construct the functions 7; and estimate the y-invariant. As in the proof of Lemma
9.8, a standard mollification argument shows that it suffices to construct C%! functions n; o for the present

estimate.
We make use of the local structure of the Kéhler collars €' () to construct the functions 7;. By Lemma

7.10, there exist holomorphic coordinates

2k 1 C (k) = Dy (0) \ D 2 (0)

SO~y
such that zx (€(vk) N C1) =D, vy (0)\D _ R (0), where v(~x) € (0, %) is determined by v(vg)€(vx) =
e £(~,

27 arcsin (tanh @) Let ncus € CO%1(R; [0,1]) be the cut-off function defined by:

0, on C'\ (cq U (IQ%(%)»;

20
Neut = < M[0,1] (2 + gk) 1ngk|) ,on G ();

1, on €1\ (U %«m),
k=1

where 79 11 (t) = max{0, min{z, 1}} denotes the clipping function. Clearly, 7c,; = 0on C\C;. For 1 < j < g1,
set 1; = Neut. For such j, we compute

25(7;& 462 (’Yk) qu

1 m
dn; 22' = = / dn; N\ xdn; = / 1
ldn;l 2.0 2}; S i g Z o) T G
" A () [ w2 w2

1 s (&)

where 2z, = ¢pe? denotes polar coordinate. Moreover, for 1 < j < g, it follows from Proposition 7.16 and
Lemma 9.9 that

l/ nja; N\
C

46271'

m
2 2
2o, = X loslE [, gy
k=1 {-1< <-4}

Y

2
> 2lloyllizc, —4e*e F=T0V [l 0
2

> 2— (400 +4e*™) e TF S > 9 1O S

’

Let py, = 3, Zg/ 10 Adj. Then 0 < iy, < piar, and by orthonormality we have 1y, (C) = <. By
Lemma 9.9,

’

91 g
g1 1 1
:u/Ar(Cl)_ = < 7Z|||aj||%2;01 _1‘ + = Z HO‘jH%%Cl
9= g . =
J= Jj=gi1+1
/ 2
< 2000g R v v ZC7e) 7
h g
and hence
95 g 9 -9
/J’Ar(CQ) g = E - M:’%r(cl) - q

20009’
g

91

2
e ST, 0w

/U‘Ar(cl)
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Suppose that g5 > 1. For any 1 < j < g} we have

2
1 , _
T / nj (i A @ — 2par)
Hdmlle;c (@]
- 2
2 QZk e njozj/\ozj -2 luAr
2
10—
= 22 (2_6 = ””’“)—Q(MAr(C)—qur(C))—%Ar(Cl))
k=1t
2
e (i)
22 k1t
2
(2é 0= sy 40009/622’1_7{1@,9) .
B 2Zk 1 ¢ ) g
' 80— s e 30 —6n?
Since e k=1t < el < T()g’ we obtain
1 . B 2
——| [ 1 (il Ay = 2par)
||d77j||L2;c c
=2 / 2 2
> me o 295 10— sy _%e‘m
22 = e g g
/2 10 / 2 2
B k=1 Tk g g
o7 9/2 i l5_ x>
> 27 (22 _J2 TSI O
T oY lw) \g® g '
Hence
1 91 ) - g4 1 5
%Z”duﬂ"‘m;c z 3 ESER /ﬂj (iaj A o — 2par)
j=1 j=1 | 77]'”[,2;0 c
2, 4/ /2 / 22
2 ?77:791 : <922 _9% 615_22"1“%)) )
Y tlw) \9* g

If instead g5 = 0, the right-hand side vanishes and the inequality is trivial.
Forany g1 +1<j<g¢' letn,=1-

IN

/ M5 A
o

IN

IN

IN

||aj‘|%2;‘€(7k) -4de

(1 — ncut)aj A @j
1)NCy

12
||Oé]|L2;<g('Yk)/{ 1< Z(’Yk)log‘zk‘ }

2
__n*
27, e Ok

/ 2 / 2

9 92 ST T <

™

9

g

8—
(&
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Neut- By 7.16, for any ¢ +1 < j < ¢, we obtain

[f('y,

427r

— HEuc
™

poamnicroll



Arguing as above, for ¢] +1 < j < ¢’ we deduce

’

1 zg: 2 7 - g 9 g 15 m T
> ldu;ll7ec > =m—e— - (—-e 2<>>
o Y lln) \g* g
Therefore,
’ ’ <d d > 2
1 g ) 1 g ’ uj7 )5 L2;C‘
P(C) = = ldujliee > 5= >
2m j=1 7 2m j=1 ||d77j||L2;c
> i 91939’ _ 29195 . 15*%
= moy ) € = .
P tw) \ g g
This completes the proof. O

9.4 Non-separating case

As above, let C' be a curve of genus g > 2 over C, and let we denote its canonical bundle. Let uxg be the
unique Kéhler metric on C' with constant curvature —1.

Our goal in this subsection is to estimate the y-invariant in the case where C' contains a short non-
separating closed geodesic. A loop on C is called non-separating if its homology class is nonzero. Our
approach combines Tian’s peak section method with the fundamental relationship between loops and har-
monic 1-forms developed by Buser—Sarnak | ]

We next consider the relationship between the ¢-invariant and the peak section along a short closed
geodesic.

Lemma 9.11. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric
uke of constant curvature —1. Let vy be a non-separating closed geodesic on (C, ukg) with length ¢() =
¢ < 2arcsinh 1, and let a1,--- , 0y be an L2-orthonormal basis of T'(C,wc) such that oy is the peak section
in T(C,wc) along . Assume that | [ a1| = 2mt,. Let u; € F05(C) satisfy [, ujpar = 0 and ddu; =
ia; A aj — 2uar. Then

g 3272(g — Dt2 [/ 72 2mt2 [ 72 2
Z/ dujA*dujZWMC_y) m(w_y) ).
= %('y) g E 3 f

where € (v) denotes the collar of v as in Theorem 7./.

Proof. By Lemma 7.10, we have

éQuEuc
% (v), ~[D.-.(0)\D 22 (0), ,
O e ( O O a2 (L og o)
where pgyc = % denotes the standard Euclidean metric on C, and v € (0, 3;) satisfies v/ = 27 arcsin (tanh %)
Define u,(z) = & 2"y (2€19)df, Vz € Do (0) \D 5,2 (0). By a similar argument as in the proof of
e I3

Lemma 9.3, we obtain

/ dug A xduq > / du, A xdu.,.
€ (v) €(v)

Write a; = ZkeZ aktj}kzkdz, where aj, € C satisfy

2 ~1
41<7;—V> , k=-1,
T

R R e o o) I )
m

la|? =
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By Lemma 7.15, the set {az2" }rez forms a local L2-orthonormal basis on € (7y). Hence, we have Y okez t.]% <
1,7=1,---,g. Since |f,y ay| = 2mt., it follows that a_;|t1,_1| = t,.

By definition, on €' (y) = D,-»(0) \ D yo2s2 (0), we have

—1)i i &
ddculzial/\c"vl—Q,uAr: (g ) 041/\0_1177201]‘/\0_[]‘.
g =
Hence
c (g—1)i 2 2 2k L . 2 2|12k -
ddw, = | = alPleu sl = =Y 0 lar*[ty k2| dz Adz.
g kczZ gj:2 keZ

We express z in polar coordinates by setting z = e, where ¢ = |z| and 6 € [0,27). Then xds = <d#,
and *df = f%dg. Hence

ddeu, = - (32% 10

dr \ 92 T ¢ O
Observing that t; _; = 0 for j > 2, we obtain

2 —
19 ( 8”7) _ 1 (8 e 18“”) = %t3<_2+wo(€),

) dz NdZ.

dme 0 \" 0c dr \ 92 ¢ s
g
where Uo(¢) = . |ax)? (Tt1,k|2 - |tj,k|2> ¢k, Integrating, we have
kA1 i=2
o s 1 G
S Ouy g—-1o e ouy =2
T R t Uo(s) ) d My (e
In oc /E_,}Q< J I o(<)> s e (e 7)

-1 2 _
= th?Y <logg+ 7;) +U(5) = Uy(e 7 )+

where

\IJ@):Z lax|? g—llt P_}zg:lt 2] 2w
! 2tz | g T g™t '

2

SOy gl L
moe T g t5 | logs + 7 + U4 (s) + Yo,

and consequently,

1672(g — 1)2t2 72\ 2
/ duw A *dun, = / % (log§ + E) HEuc
€(v) €(v) g°<

1672
[ I ) + 00
€(v)

§2
™

3212 (g—1) , ( 2)
+/ ————=t7 | logs + Pi(s) +9 uc-
“o) g2 5 g 1 (T1(s) 0) HE
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By a straightforward calculation, we have

—v

€ 1 2 e T
/euz"fg(IOgg+€>d§:O’ /61172 g(1og§—i—

It follows that

V

32m3 (g — 1%t 7 1 72\°
duy A xdu, > —V/ <1ogg+) de
[gm K K 9° R 4

64m3(g — 1)t2 " 2
n (g —1) 'y/ Uy(s) + o <log ™
e S

§+7

2 _ g9
Since W1(5) = Xz 1 32 (‘qglr‘l,kl2 -1 .22| gl |
J:

e i 2
/ s I(C) <10g§+ﬂ—> d§
P & S t

2 e
22‘21‘2 e _*Z|tak|2 /

\_/

k#A—1 g e’”

, we obtain

—v

S 2kl (logg—i— -
T

S 7o y It : 1 1+ A=)
S Akt 1) LR _ Ak (v—=2)
72 1 gil‘t1k|2*1i|t'k|2
2 > 75
ot 8r(k+1) g 95
Since >,y Itikl> < 1,5 =1,--- g, we have
-1 4 -1 1 2(g —1
S [E el = Y | < S 1S = MO
k#—1 j=2 9 955 9
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It follows that

—v

e ] 2
/ » 1(s) <log§+ 7T> de
R S J4

= |2 47re(k

v g— 1 ) 1 g ) 14+ 64(k+1)(u—"72)
brel? = =D [tk =
+1) g 9= 1 — edk+1)(r—27)

kt—1
-Y s g_1|t1k|2—lzg:|t»k|2
2 > 7>
ht—1 8’/T(l€ + 1) g q =
(9-1) (ﬂ; - V) 14 Ak (v—13) 1
< - sup —
2mg -1 (k + 1) (1 _ e4(k+1)(,,7§)) 2k +1)2 (2 — v)
2
(91 (WT - V) ‘ 1 ‘ 2 1
= .Sup 1 2 o _
27y k>0 \ |k +1 Ak () 1 2(k+1) (% —v)
2
(9= (% -v)
- 2mg

Therefore, we obtain the lower bound

6473 (g — 1)%t2 2\?
/ duy A xdu, > # (—y + W)
€(v) 39 ¢

6473 (g — t2 7w 2
TV [T o )
eV~ T

2 242 2 2
3272 (g — 1)%t3 12_” 2mts ﬁ_y 1)
g2 l 3 14

By definition, Z?Zl u; = 0, and using an argument analogous to that in Lemma 9.4, we conclude that

g
Z/ duj Axdu; > g duy N *duy.
e 9-1Jew

This completes the proof. O

We now consider the shortest non-separating simple closed geodesic g, together with the shortest loop
in the free loop space whose homology class has nonzero intersection number with [yo].

Lemma 9.12. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric
ukE of constant curvature —1. Let g be the shortest non-separating simple closed geodesic on (C, ukg), and

define
Sy, = {c :S'=R/Z = C | c piecewise smooth, and c.(est) N [yo] # O} ,

where es1 denotes the generator of Hy(SY;Z) = Z. Assume that £(vy) < 2arcsinh 1. Then there exists a
closed geodesic cog € Sy, satisfying the following properties:

(1) U(co) < L(c) for all c € Sy,.
(2) For any ty € (0,1) and t € R, we have

diStMKE (Co(t), C()(t + to)) = min{f(co)to, e(Co)(l — to)}.
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(8) For any simple closed geodesic ' on C with £(y") < 2arcsinh 1, we have #(7' Ncy) < 1.

Proof. The argument is standard. Since the injectivity radius of any compact surface is strictly positive,
every sufficiently short loop must be homotopically trivial. Hence the infimum of lengths among loops in S,
is strictly positive. Consider a minimizing sequence of loops in S,, whose lengths converge to this infimum.
By compactness of the space of loops with bounded length, a subsequence converges to a closed geodesic
loop realizing the minimum. This limit loop is the desired cg, and the lemma follows. O

To construct a suitable curve near the given geodesic loop, we invoke the segment inequality of Cheeger—
Colding, specialized to the setting of hyperbolic surfaces.

Theorem 9.13 (Cheeger—Colding’s segment inequality (hyperbolic surface version)). Let C be a Riemann
surface equipped with a complete hyperbolic metric uxg of constant curvature —1. Let A,B,W C C be
Borel measurable subsets, and let u : C' — [0,00) be a nonnegative Borel measurable function. For any pair
(x,y) € A x B, choose a minimal geodesic ¢y, : [0,1] — C joining x and y. Assume that the geodesics lie
entirely within W, i.e., ¢z, C W. Let dw = diam,,, ., (W) denote the diameter of W. Then

1
d
[ et mento) nsts) < cosh () (MKE<A>~ sw [ e
AxB JO zeAte[$,1] Jes, B(L)
+uxe(B) - sup / uum)
yeB,te[0,3] Jca y(t)
<

cosh (d;/) (uxr(A) + pxe(B)) /W UUKE,

where 3 g(t) = {cay(t) : y € B and the minimal geodesic from x to y is unique}, and cay(t) is defined
analogously.

Remark 9.14. For any point z € C, the set of points in C' that are connected to x by more than one minimal
geodesic is contained in the “cut locus” of x, and hence has measure zero [ , ]. Therefore, the
integral appearing in Cheeger—Colding’s segment inequality is unchanged if one restricts to pairs of points
connected by a unique minimal geodesic.

Proof. By the Ricci comparison (see | , Lemma 7.1.2]), for any z € A and ¢ € (0,1),

sinh dy
.yt = z,y(t S—— .
[ peas®mee = [ wleny et < g [ un

Note that the measure uxg(B \ ¢z 5(1)) = 0. It follows that

sinh d
/// u(cy,y(t))dt A pxe(y) A pxe(r) < Vo puke(A) - sup / ULKE-
Cy B(t)

2sinh dW z€A te[3 1]

Note that )

1 1 1 1
/; t sinh(tdw) / t* 2sinh 4 2sinh 4¥
Similarly,
sinh d
/ / / u(cyy (8)dt A pxe(z) A pke(y) < ;ZV pke(B) -  sup / UMKE-

2 sinh yEB,tE[0,3] Jca y(t)

Combining the two estimates yields the stated inequalities. For more details, see | , Theorem 2.11] or

[ , Theorem 7.1.10]. O
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To proceed, we investigate the behavior of peak sections associated with short geodesics intersecting the
loop ¢( constructed in Lemma 9.12. In particular, we apply Cheeger—Colding’s segment inequality to derive
lower bounds on their periods along the corresponding geodesics.

Lemma 9.15. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric ukg
of constant curvature —1. Let gy be the shortest non-separating simple closed geodesic on (C, ukg), and let
co be the closed geodesic defined in Lemma 9.12. Assume that £(7o) < 2arcsinh g L

Let ~0,71,- -+ ,¥m be the simple closed geodesics with ¢(vy;) < 2arcsmhf that intersect co. For each
l=1,...,m, let a,, denote the peak section in I'(C,wc) along ;. Let Jo C {0,...,m} denote the set of
indices j such that v; is non-separating.

Then for any v with £(;) < 2arcsinh 1 3, we have

T

/ oy,
" 240/g — 1+ (ZjGJO ﬁ—y(’yj)‘)

Proof. Let 3., be the harmonic form representing the Poincaré dual of ;. Then the peak section in I'(C, w¢)

>

1-
2

along ~; is given by a., = W( B, —iB-,), and hence

-2 .

[an = [Lannsn= [ G b =8 A By = VI e
" le} C HB’Yz HL2;C

We now proceed to estimate |3y, 12;c-

Let py : H — C be a universal covering map, let ¢; : R — H be a unit-speed parametrization lifting ¢,
and set ¢; = py o ¢;. For convenience, we write v;j4m+1 = ;. After reparameterizing ¢;, we may choose
constants {rj}jEZ satisfying rg = 0, ry; < rgjt+1, r2j—1 < roj, Fomiy245 = E(CO) + ry, and cl([rgj,r2j+1]) are
the connected components of ¢cg N %' (7y;) containing co N+y;, where €'(7;) is the collar of ;. By Lemma 7.10,
there exist holomorphic coordinates

21 €() > D, e O\D |z (0)

eV(’Yj)—W
such that |z;(ci(r))| is strictly increasing on [raj,r2;41], where v(v;) € (0, ﬁ) satisfies v(v;)0(7;) =
27 arcsin (tanh ) ) See also Corollary 7.6.

Ny 2n2
2v(v;) ) and |Zj(r/2j+1)‘ =

e=2¥(%) | Let r € R. By the above construction and Corollary 7.6, we conclude that, if r ¢ (ry;,15;,q) for
all j € Z, then inj, __(ci(r)) > arcsinh 3.
For any j € Z, choose Nj;+1 points r2j =Ty <t << r;-’N_ = ry; so that the interval [r}; ,15,]

We now choose points 15,15, € (ra;,r2j+1) such that |z;(ry;)| = e

is divided into N; segments of equal length, satisfying ¢ (r},) = c1(r},,,,, ) and % € [1,3]. This

is possible since Proposition 7.11 implies that |rh; —rh; || > 2log2 > 2arcsinh 3.

" "
mo Ttk r”’
Let r} = -2+—252 be the midpoint of [r7,,r7, ,]. Set

53 1
B = {7‘ € H : dist,,,, (1, €1(r})) < arcsinh 2},

and

l! _ I‘/./
Wj,k = {T eH: dlStHH (7’ Cq ( )) < aI‘CSIHh + W} ,

where py = pjpxe is the pullback of puxg. Write B = pH(B k) and Wj, = pH(Wj k). Since
inj,. . (cl(rj x)) = arcsinh %, pH|§j’k : B — B, is a diffeomorphism. By a straightforward calculation,

- arcsinh 5
MKE(Bj,k) = ,uH(Bj)k) = 27T/ sinh tdt = F(f — 2),
0
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and
o 1 7 1
diam,,, , (W, ) = diam,,,, (W, 1) = 2arcsinh 5t r ey — T < 3 arcsinh 3

For each 0 < k < N; and any pair (%, 5, &jx+1) € Ej,k X §j7k+1, there exists a unique geodesic segment
:[0,1] — H joining Z; ; and Z; k41, which lies entirely within W} ;. Moreover, by the hyperbolic

Czj e, ki1

triangle formula (see [ , Theorem 2.2.2]), for any ¢ € (0,1),

disti,, (€3, 425000 (1) Cay (v ), F5 41 (t)) < arcsinh %,
dist,i,, (€, 425000 (1) é‘%j’k,él(r;f,k+1)(t)) < arcsinh 3
disty,, (€1 (tr] pyq + (1 =017 ), Cey(v/,), 35041 (1) < arcsinh %,
disty,, (€1 (tr] pyq + (1 =1 ), €3, 181 ,,) (1) < arcsinh %

We now apply Cheeger—Colding’s segment inequality to the balls Ej’k,
Write ;1 = pp(Zjx) and Cu, ;2,41 = PH © Ci, 4.3, 44, - By definition, we have

V2

1
B’Yl 7€<Cﬂﬂj,k@j,k+1) / ||/8'Ylthp(cwj,kyfrj,k+1(t)>dt

€2k k41

V2 - arcsmh
< DS L (e, ()

2
where the norm || - ||nyp is defined by 8 A x5 = %MKE By the above argument, for any ¢ € [0, 1],
i, (cl(tr;”,wr1 +(1- t)r;”k)) > arcsinh%. Hence, by combining Corollary 7.6 with Theorem 9.13, we
obtain

1
/ / 18 g (€ s a (O0)dE A e () A e (@jesn)
B xXBj ki1

I, O A ) A i)
BJ kXB] k41
7 o1 ~
< coh (Faresinn 3 ) (pu(By) s (B llnyp © P21
Z;,E€B; K tE[L,1] cij,kxéj,k+1(t)
+un(Bjkt1) - sup / (1B lInyp © pre) pne
% k4+1€Bj kt1,t€[0,3] CEj’k,ij,k+lt
7 1
< 2n(v/5 — 2) cosh farcsmh 5 sup 18+ Ihyp ke
Tj, kEB k> te[; 1] P?—t(c,, e B el t))
o 18 Iy
&5, k41€B; k+1,t€[0,3] p”(CBJ koFj k1)
7 1
< 4x(v5 —2)cosh Larcsinh ) [ 8l pxce
W]"k

where ¢z . (t)and ¢ (t) are defined as in Theorem 9.13.
3,k T, k+1

IJRB]k
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It follows that

N;—1 N;
][Nj Z / By /\ NKE($j7k>
H Bjk | k=0 7€) k) k41 k=0

V2 - arcsmh

< f Z / 1. s (€m0 dM/\uKE (254)

Bk k=0

i 7v/2 - arcsinh 1 5
22 um2(\J5 - 22

gl / 1820y, (D)t A s 30) A pce (i)
Bj kX Bj k41

N,;—1
7+/2 - arcsinh 1 cosh( arcsmh J /
< : 185 [Inyp HKE,
(\f—2) kzzo W v llhyp

where f denotes the integral average. Hence, for any € > 0, there exists a choice of points ;1 € Bj such
that

N;—1 N;—1

V2 - arcsmh cosh ( arcsmh /
< e+ By llnyp dix
> S Z 18l dirc

T T k41

Since |z;(rh;, )| = 209 it follows from Proposition 7.11 that

] ] 1
og|,>;7(q:)|+\/5’:1}> > arcsinhi.

dist e (cl(rg’ﬂ)o), {ac € C(vy):

v(75)
Therefore,
log |z;(x
Bj+1,0 C {{E S Cg(’yj) : W + \/5’ < 1} .
j
Similarly,
log |2 ()| + 2
Bthj CcCqxe cg(,yj) : jy(f}/}) ) \/5 <1
j

By Theorem 7.4, «v; N~y = &, and thus f%_ B+, = 0. It follows that

1 dz;
o = Boy i % oy / «6,, | Z
Y " " 27T ”; Yt ]

defines a holomorphic 1-form on %'(v;) satisfying f,y, o, = 0. Applying Proposition 7.16, we see that for
J

any pair (z; n;,;+1,0) € Bj N, X Bjy1,0, there exists a piecewise smooth curve Caj v, 5410 joining z; n, and

Z;+1,0, such that

/cl Pul = / Re(By, +i % By,)

7N ®ji+1,0 3N ®i+1,0

—4log (1 — 6—2(\/5—2)%7;))

_ 2x2 Ui -2
m(l —e37) (1 +e 755 t2VE+D) (ﬂ’]))

/,. *B,

Hﬁ“ﬂ +1 *ﬁ“/z HLQ;%(’YJ’)

2

£(7;)

-y — 25— Duly)]

2
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where v(v;) € (0, %) satisfies v(v;)¢(v;) = 2marcsin (tanh @) Moreover, Proposition 7.11 implies

s f 5
that v(y;) > > Taein o 9.83. > 5. Consequently,

arcsinh 1

-2 1og (1 — 6_2(\/5_2)1’(7_7'))
w1 —emsn) (14 B0

—2log (1 — 6_5(\/5_2))
< — ~0.789--- <1

= 2(VBH )T
. mGMmm> )

Thus

2

m —v(v;)

/ Bl < B+ B lzzieta

Cyp . T
TN 41,0

1
+ = / *ﬂ’Yz
e v
1
; / *571
Vi

Set c,, to be the piecewise smooth loop on C' given by

7.‘,2

m - V(“Yj) .

S 2”5’71”1/2;%”('7)-) +

m N;j—1 m
U U Caj sty ki U U ij,Nj »Tj+1,0
j=0 k=0 =0

Our next step is to show that |[c,,] N [y]| > 1. By construction, the difference of the homology classes
satisfies

[cy] = [eo] € Y ZIv;] € Hi(C;2Z),
7=0

where [v;] € Hi(C;Z) denotes the homology class represented by ;. By Theorem 7.4, the short closed
geodesics vy, are pairwise disjoint, and hence

[cy,] N [y] = [eo] N [n] # 0.

Since [c,,] N [vi] € Z, it follows that |[c,,] N [y]] > 1. Consequently, = |[cy,] N[yl > 1. See also

[ , (6.31)]. Hence, for any € > 0,

m |N;j—1 m
;gl M+§/ B,

Tk k41 Coj N; Tj+1,0

fcw B’n

—_
IN

/ 18y, ypiirce
Wik

Js

< st 7+/2 - arcsinh 1 cosh( arcsmh Z
(\[ - 2) =0 k=

+2Z 18l 26 vy + = Z

Letting € — 0, the first term vanishes. We next estimate the remaining three terms.

2
*ﬁ’n ) V(’YJ) .
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Let y € C. We now estimate #{Wj 1 :y € Wji}. If y € Wj,, N Wy i, then

dlStlLKE( (r;'/,/k)v C1 (r;'//l,k’)) g diStHKE (yv Cl( ;'/lk)) + diStHKE (ya C1 (r;'/’/,k’))
|r]0_r |—|—|r/0—r,1|
2

1
+ 2 arcsinh 5

: vl -1} ‘+|"/ *1‘/ ‘ .
By construction, we have —20 -1 L0188 < 2 aresinh § and

21 1
£(cp) > 2arcsinh 8 ~ 5.55294 - - - > 01 arcsinh 3 ~ 5.05272--- .

Then Lemma 9.12 implies that there exists an integer n such that

5 =i —nl(co)l = distyue (Ca(rf), ea (v 1))
Iio =i+ [r) o — 1)) 4]

1
2 inh —
5 + 2 arcsin 5

< 7 inh !
—arcsinh —.
-2 2

Without loss of generality, assume that there exists Wj, r, containing y, such that for any W ; containing

1y, we have
//
— |+ ] | 1
ne .0 Jl Jo,0 — Jol .
e — T k|l < 5 +2arcs1nh2.

For any pair Wj, k., Wjo x, € {Wjk:y € Wji}, we have

‘I‘W e ‘ _ ‘k'l k2||r

jokr — Tjo,ko J 0| < 2arcs1nh + v

1
Jo,1 Jo,0 rjo,1|’

and hence |k — ko| < 2. It follows that #{W;, x :y € W, 1} < 3.
Suppose that there exist W g, , Wi, ko € {Wjk 1y € W i} with m+11 j1 —jo. Without loss of generality
we may assume jo +m > j; > jo + 1. By Proposition 7.11 we obtain

Ir/// " | ‘ " " ‘r;{O‘*‘lvO B r;'/()+1»1| + |r9/0,Njo B JO,N *1‘
Gosk1 T Tiikal 2 rj07Nj0 - rjo+170| 2
tan(““fjo)l’(’xm)) tan(z(’YJo-%—l)V('on-%—l)) 1
> 2arcsinh 2 — log ﬁ — log T ?:( —5 |t arcsinh —
tan( PYJ()47T Yig ) tan( g ’YJ0+147T Yig+1 ) 2
tan(arcsin 2 1
> 2log(V/5 +2) — 2log tan(arcsin 5°) + arcsinh —
tan(3 arcsin %) 2

A .
2log 2 + arcsinh 5 > 5 arcsinh ok

a contradiction. Hence #{W; :y € W;} <3, Vy € C. Then

m N;—1
Y% / 8o hspiic <3 [ 18, i
J=0 k=0 ¢
%
1
< 3(/0 mnﬁypdum) (uce(0))

= 12y/7(g— 1)“5”/1”3;0'
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Since the collars € (y;) are pairwise disjoint, we have

2

Dbl < | DY 1Buliewe,)
=0 =0
1
< ((m+ D18y lT2e)* < V3(g = DBy llzec

where the last inequality uses Theorem 7.4, which implies m + 1 < 3(g — 1).
We now consider the Kihler collar '(v;). Denote by z; = ;e the polar coordinates on %€'(v;). On
% (v;), we observe that the decomposition

*ﬁw = <2l7r/ *ﬁw) daj + (*571, - (2171_/ *ﬁw) dgj)
Vi Vi

is L?-orthogonal. It follows that

) 2
7/ *B’Yz
T Jy;

2 2 2ie = >
Bullicecy = [, Bunesaz g
’/T2
/o).
(5(%‘) !

2
/ *5’71
Vi

Applying the Cauchy—Schwarz inequality, we obtain

/ d97 N *d(gj
€ (vj)

1

™

2

= 2 2
o |7 v | < 2mlBalite | 0 |5 — vlw)
jz:(:) /w () : ];0 £(75)
Note that 7; is non-separating if and only if j < Jy € {0,--- ,m}.
Combining the above estimates, a direct computation yields
| < 7+/2 - arcsinh % cosh (% arcsinh %) i Nj_l/ 16
= : hypHHKE
71—(\/5 - 2) _]:0 k=0 Wj,k ’W P
- 1 — 2
+2Z (124 ||L2;<®”(’Yj) + p Z *Bry m —v(v)
i=0 =01/ &
84+/27 - arcsinh % cosh (% arcsinh %) Vvg—1
< : ||/8'YL ||L2;C'
(V5 2)
3
V2T 2
239 ~ DliBullzzc + == | 2 |75 ~v00)| | IBulleze
jedo MY
2 w2
S o |20V -1t Z ) —v(75) 1Byl r2;c
j

J€Jo

Note that
84 - arcsinh % cosh (Z arcsinh %)

/52 + V67 ~ 239.960239024 - - - .
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Hence

v
/ an| = ValBylne 2 VT ,
" 240051+ (jes,

and the proof is complete. O

[N

™

7= - v))

Before estimate the p-invariant, we need the following elementary lemma from calculus.

Lemma 9.16. Set u(k,t) = (%i’]g; , k€N, tel0,1]. Then the following hold:

(1) For any given t € [0,1], u(k,t) > u(k + 1,t), Vk € N.
(2) We have u(3k — 2,t) > Is(k), where Ig(k) is defined as follows:

k23] 4] >5
_4 I
Yo(k) | 5| 5|6 | 55 k°

Proof. We begin with proving (1). ‘
Extend u(k,t) to a function of a real variable > 1 by setting u(z,t) = A = [1,00), t € [0, 1].

= +at)®
A direct computation gives

Ou(z,t)  t(t? —2 — xt3)
= < O’
Ox (1+azt)3  —

and hence u(k + 1,t) < u(k,t), Yk € N. This proves (1).
We now turn to the estimate (2).
For any k € N, let t;, be the unique number in (0,1) that satisfies kti + 3t% = 2. Clearly, tx41 < tg,

Vk € N. Then augi’t) = EECH3-2) hows that u(k,t) > u(k,ty). Moreover, kt3 + 3t2 = 2 implies that

EESDE
4
u(k, ty) = 3t

4(1—t2) "
Now we consider the case k € {2,3,4}.
Since 2+ (S5)3 + 3+ ($55)% — 2 = — 238% < 0, we have t, > & and hence
4
35 3 (1) 1
2,t) = > . 100 > .
w2t =gy 21 527

Similarly, one finds ¢5 > 23 and ts > 12, which yield u(5,t5) > & and u(8,ts) > 2.
Since kt3 + 3t2 = 2, we have

(k4 1)3uk, te) = > - (1 — )3 (14 t) " (2 + 2ts — £2)5.

=~ w

Let uy(t) = (1 —t)(1 +t)73(2 + 2t — t?)*, V¢ € (0,1). Then (k + 1)5u(k,t) > 3us(t))5. Since

dug(t)  6t(t2 —2) - u(2)
dt - (1 —12)(2+2t — 12) <0,

the function u4 (¢) is decreasing on t. Moreover, since %1 —1—% = % > 2, we have t17 < % Hence for all £ > 11,

3 (1>§ (11)8 733
>1’U/1 = = > .

=
Wl

4 3
1)3 > -
b+ Dl t) = St} 2 Jun (5] =0 > o

This completes the lemma. O
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Combining Lemma 9.11, Lemma 9.15 and Lemma 9.16, we obtain the following estimate for Zhang’s
p-invariant.

Lemma 9.17. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric ukg
of constant curvature —1. Let vy be the shortest non-separating simple closed geodesic on (C, ukg), and let
co be the geodesic loop defined in Lemma 9.12.

Letyo, 71, ,vm be the simple closed geodesics intersecting co and satisfying £(vy;) < 2arcsinh % Assume
that £(o) < 2arcsinh%. Let Jo € {0,...,m} denote the set of indices j such that ; is non-separating.

Define s; = % —v(7y)) and s =} 5 5. Then for any e € (0, ), if

%Ozmax{240(1+e)- (g — 1), W},

Is(g) - €
we have
. > (g — 1Is(g) -
SD(C)>mm{3.(240)2(1+e)29’ 21(1 + €)*g O}»

where Ig is the constant defined in Lemma 9.10.

Proof. let a; denote the peak section in I'(C,w¢) along «;, and let t; = ‘fﬂ{ Ozj’. By Lemma 9.15, if

((v;) < 2arcsinh %, then t; > W. Set J§ = {j € Jo : £(v;) < 2arcsinh 3}.

Combining Proposition 9.2 with Lemma 9.11, we deduce

Ui 2(g — Dt2s; [t252
> J % .
p(C) > jE:U max {0, 6 1

g

Let € € (0, 3).
If \/3e5; < 240ey/g — 1, then ty > W, which implies

2%0 %2
PO 2GR o (6 @O+ P -D) 1>

) 7 )
2 (240)2(1 + €)2g (6 - 1) T 3.(240)2(1 + €)2g°

If instead /7z5 > 240ey/g — 1, then for any j € Jj, t; > % Using this bound and enlarging the

summation from J| to Jy, we obtain

H(C) > 2¢2(g — 1) <52 ZjeJé %? Ejng) %j> > 2¢%(g — 1) (62 2jed %? _ 1) ’

T (14629 \6(1+622  x (14€)2g \ 6(1+ €)252

where we used that £(y;) > 2arcsinh 3 implies 2 < 6(1 + +)?s. By Lemma 9.16 and our assumption on
Ko, we can conclude that

) > 2¢2(g — 1) (6216(9) g €Ig(g) - %0> _ e'(g = DIs(g) - 70

T (A+e29 \ 6(1+62  T(1+e)2 21(1 + €)ig

This completes the proof. O

We are now in a position to estimate the p-invariant of hyperbolic Riemann surfaces that admit a short
non-separating geodesic.
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Proposition 9.18. Let C' be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric
uxE of constant curvature —1. Let vy be the shortest non-separating simple closed geodesic on (C,uxg).
Assume that (o) < 2arcsinh 5.

If L() < I7(g), then o(C) > Z‘%’g, where the constants I7(g), Is(g) are given in the following table:

g 2 3 4 > 5
1 _17 4 1., .—%
I7(9) 80 2000 625 229 °
1 1 1 1 —4
Ls(9) | Too006 | To0006 | Taoooe | 30006 "9 °

Proof. Let ¢y be the geodesic loop defined in Lemma 9.12. Let 9,71, - ,7m be the short simple closed
geodesics with £(v;) < 2arcsinh (3) and y;Nco # @. For j =0,--- ,m, let a,, be a peak section in I'(C, wc')

along v;, and let €(v;) be the collar of ;. Denote e(Lj) —v(v;) and ’fv aj‘ by s; and t;, respectively. Let
J J
Jo € {0,...,m} be the set of indices j for which 7, is non-separating, and set s5, = >

jedo i
For any g > 2, define € (g) by

g | 21|34 /|>5

47 113 42 11
€1(9) | 500 | 305 | 155 | 5

Applying Lemma 9.17 with the choice € = €1(g), we conclude that if s > 91(g), then ¢(C) > ex(g),
where ¥1(g) and €e2(g) are constants defined by

g 2 3 4 >
9

5
Oi(g) | 785 | 1155 | 1476 | 2.3

€ ( ) 1 1 1 1,3
2\g 600000 1000000 1250000 250000 9

Since sy = ﬁ — v(v) and v(v) < m, we can conclude that if £(y) < ﬁ, then ¢(C) >
271/

(o)(m 4(75;0)6(%)). It follows that if ¢(vy) < I7(g), then p(C) > ;?’(yg;’ where the constants I7(g), Is(g)

are as given in the table above. This completes the proof. O

Combining Proposition 9.6, Proposition 9.10 and Proposition 9.18, we obtain the following global estimate
for Zhang’s p-invariant.

Theorem 9.19. Let C be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric
uxe of constant curvature —1. Denote by sys(C) the systole of (C, ukg), and by p(C) the p-invariant of C.

Then
£2(9) }
Tsys(C) J 7

where the constants £1(g), £2(g) are given in the following table:

o(C) > max {a (9)

g 2 3 4 >5

1
3

1 1 1
3! (9) 6400 10900 15500 15625 9

wlo

5 ( ) 1 17 1 1 o
2\9) | 512000 | 21800000 | 2421875 | 343750 9

Proof. Let 7o be the shortest closed geodesic on (C, uxg). Then (o) = sys(C). Let I7(g) be the constant
defined in Proposition 9.18.
If sys(C') > I7(g), then Proposition 9.6 yields

I:(9) - Iz(9)
I;(g) + 2arcsinh 1’

e(C) >
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where I5(g) is the constant defined in Proposition 9.6. By a direct computation, when g = 2, 3,4, we obtain

hé;g@% > £1(g9). Now assume g > 5. By definition, one checks that I5(g) > 85, and hence for any
gz,
Is(9) - Ir(9) g g7 1 g3
> > . . > =
#(C) 2 1) + Sarcsinb 1 = 100 22 =7 Z 156~ 01

2arcsinh 1 + %
Moreover, by definition we have &(g) = I7(g) - £&1(g). Therefore,

&2(9)
" sys(C)

o(C) > max {sl (9) } it sys(C) > Tr(g).

Next, consider the case sys(C) < Iz(g). In this case, max {51 (g), S249) } = L2(g)

' sys(C) [ 7 sys(C)”

Assume first that v is separated. Let C7, Co denote the two connected components of C'\ (U;n:l 'yj),

i — 5 w2
and let g7 and go denote the genera of C'y and C'y, respectively. Since RO < %, Proposition 9.10 gives

2 912 <1 2 15"2> 72 g1(g — g1) ( 1) w2 &2(9)
) > IR (__Z e ) > T I () > > :
2O = o) g g ¥s(0) g 2) = Tys(©) ~ ays(C)

If 7y is non-separated, then combining Is(g) > &2(g) with Proposition 9.18 yields ¢(C) > Sff;((gc)). This

proves the theorem.

10 Lower bounds of the Faltings—Elkies invariant

Let C be a curve of genus g > 2 over C, and let wc denote its canonical bundle. Let puy, be the unique Kéhler
metric on C' with constant curvature 47(1 — g), normalized to have volume 1. Then puxg = 47(g — 1) pnyp is
the unique Kéhler metric on C' with constant curvature —1. Since dim C' = 1, we identify the Kéhler metric
[hyp with the measure it induces. Let {a;}7_; be an L2-orthonormal basis of I'(C,w¢). The Arakelov Kéhler
metric is defined by

. g
1 _
HAr = %;ak/\ak.

This definition is independent of the choice of basis.
Let G, and Gyyp denote the Green functions associated with pa, and pnyp, respectively. Our goal in
this section is to derive explicit lower bounds for the Faltings—Elkies invariant

FE,(n,C) = inf Z Gar(zj, z1),

T1,...,Tn €
1y Tn 1<j<k<n

most notably an explicit bound in terms of Zhang’s p-invariant.

The key idea is to transform the estimate for the Arakelov Green function into one involving hyperbolic
geometric data. The first step is to observe that the difference between the two Green functions can be
expressed through a single-variable function.

Theorem 10.1. There exists a unique R-valued smooth function ¥a, on C, such that

Gar(,y) — Guyp(,y) = Yac(z) + Yar(y)-

In partz’cular, ddchr = UAr — Hhyp and fc ¢Ar;U/Ar + fc 1pAr/f'hyp =0.

Proof. Tt suffices to check that the sum Guyp(x,y) + Yar(z) + ¥ar(y) satisfies the defining properties of
Gar(x,y), and then apply the uniqueness of the Green function. See | , Theorem 3.8] for more details. [
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As a preliminary step toward the explicit lower bound estimates, we establish the following lemma. Its

proof is based on an argument similar to that of | , Proposition 3.2.5], which generalizes the original

estimate of Faltings and Elkies [

Lemma 10.2. Let xq,---

>

1<j<k<n

Yi(z) =

¥ ()

By the maximum principle of the heat equations, we have Ghyp(z,y;t) < t+ Ghyp(x,y), Yo # y. See also
[ , Lemma 5.2]. Then we have

Z GAr(Ij,xk) =

1<j<k<n

For any [ > 1, set ®;(t)

n

ng (z;)

and

Z Ghyp (25, Thit) =

1<j<k<n

1 — n(n — 1)t
Gar(zj,z1) > 752 hyp (T, Z5t) — — <1+Sup

— Yar(2)]

= Z?:l e

, Theorem 5.1].

, T be pairwise distinct points on C. Then for any t > 0,

HAr
Hhyp

c

t t
d
= *gz/%(f)dg = ‘/ Ahyp-,z'd]c(x)dg
0
< tsup|Anypatiar(z)| tsup‘/“‘dluhﬂ’ _
C C Hhyp

> (Guyp(@j, k) + Yar(z)) + Yar(wr))

1<j<k<n
n—1)t
> Z Ghyp Lj, T ) ( 2 )
1<j<k<n
+(n—1) Xn:z/u (xj) — nin—1) sup Par 4
J=1 2 2 C | Mhyp

Ahyp !

Ghyp.1(z). Hence we have

n

e tAhyp,l >
Ze* e A Pnyp.1(z;) = nag + Z a;®,(t)

j=11=0 =1

o—tAnyp.t
¢hyp7l () Pnyp,1(Tk)

> ¥

=1 1<]<k:<n

N Z 2)‘hvp,

=1

—tAnyp,!

ZZ Ty Goma @)’
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Proof. Let 1, be the function defined in Theorem 10.1, and ;(x) is the solution of the hyperbolic heat
equation ¢ = Ay, u with initial data u(z;0) = ¥a.(z).

S e et (). Since 2elr)
the maximum principle to show that

Set a; = fc(wArﬁbhyp,l)Mhypv Vi > 0. Then
= Apyp,o¥:(z) also satisfies the heat equation, we can apply



It follows that

> Garlaj,ar) > 22)\1}() +(n—1)zalq’1(t)—§ZGhyp;t($jv$j)
1yp, j=1

1<j<k<n =1

D8 (1 g - 11,

s nfl a‘
ZM* ZGhypt%z]

HAr ‘)
up -1} .
C | Hhyp

Y

+n(n —1)ag — w (1 +s

By definition, we have ag = [ ¥ardpinyp and

Za?Ahyp,z = */ Yardd“pa, = / Yar(Hnyp — par) = 2/ Yarfihyp = 2.
— c c c

Hence ap > 0, and
 (n — 1)2a? )
n(n — 1)ag — Zw = n(n—1ag— (n—1)%
1=1
= (n—1)ap >0.
This completes the proof.

Applying Lemma 10.2 with ¢t = m, we obtain the following estimate.

Lemma 10.3. Let x1, -+ ,x, be pairwise distinct points on C'. Then
-1 b
Z GAr(Ij,l’k-) Z 7807171 (l+sup 01’)
1<j<k<n (g—1) c

__ 5 ’K (mw 1)‘
2(g — 1) ep | Hhvp 40(g— 1)

n 40(_q—1)
— sup Khnyp(z, z;6)ds
1
Ton(g—1D) zeC
n
2 KB
0<AkE, <5 ’

where bo(z) is the Bergman kernel function associated with (I'(C,wc), fhyp)-

Proof. From Lemma 10.2 with ¢t = m7 we deduce that

n(n—l)t( HAr D n—1 ( 1
——— (1 +sup —1|)==——— (14 —sup |bo(z) —g| ] .
Hhyp 80(g — 1) 9xeC| @) |

2 c
We are thus reduced to proving that, for each j =1,...,

n,
2
1 sup | ¢ 0017
P\ Yon(g — 1) )\KE; AKE, 1 mxec' e

— 207r

+

sup
-1 zeC

o o355

149



By definition, we have

1 >, e nlg-1
Gy (w007 o ) = 3 )
hyp <x] L 40n(g—1)) Z Noyp.! |Pnyp,i (@)
Ahyp, 1

e Tonig-1
> lbwpala)

)\h
—1 yD,l
)\h‘w'p,l>7g5

n Z |Pyp,i(@5) |2 _

Ahyp,l
0<)‘hypyl§gT71 e

IN

It is enough to prove that

Ahyp.!

e_ 40n(g—1) 2 40(91*1>
Z ——Pnypa(z;)|” < sup Knyp (@, z;<)ds

/\llyp,lZyTil )\hypl m zeC
+ K ( 1 )’
Sup |fip T, x; ——— | |-
g—Tlaecc| ™7 40(g — 1)

Indeed, by definition of the heat kernel,

1 1
40(g—1) 40(g—1)

Khyp(z, 2;¢)ds

o0
e Anvp |Phyp,1 () ‘ng
1

Ton(g=D) Ton(g—D) =1
_ Xhyp.l _ hyp.l_
e 20n(g—1) 2 e 40(g-1) 2
> Y @l = Y (@)
Ahyp,i> 251 P Ahyp,1> 25t P
_ )‘hyp,l 5 N
e 40n(g—1) 2 _ “hyp,l 2
= > Moo |fhyp.t(2)] P D e [y ()]
Ahyp,lzg5;l P, >\hyp,1295;1
_ )‘hyp,l 1
e Ton(g—1) 9
> Y S i@ - 2 sup g (03 g5 )
1 Ahyp,1 w g—Lzec A 740(9_1) ’
Ahyp,1> L5=
and the lemma follows. O

We now estimate the three contributions in the right-hand side of Lemma 10.3. The first term involves
the Bergman kernel, for which we have the following bound.

Lemma 10.4. Let o(C) denote Zhang’s p-invariant of C, and let by be the Bergman kernel function
associated with (I'(C,wc), tnyp). The following chain of inequalities holds:
n—1

80(91)(1+Sgp ?—1’) <8n'<1+sys2(0)> S;g'(;+522)"p(c)’

where sys(C') denotes the systole of (C, uxr), and £1(g), £2(g) are the positive constants defined in Theorem
9.19.

Remark 10.5. The first inequality in Lemma 10.4 improves upon an estimate of Jorgensen-Kramer |
Proposition 4.4]. More precisely, they proved that for any unramified covering C' — Cy,

e 1.2 - 103e%ys(C0)/2
sup < .
¢ thyp (1 — e5vs(Co)/1)5/2
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Although our lemma is stated only in the case Cy = C, the general case considered in |

our estimate improves the exponent in the denominator from % to 1.

Proof. Let bg ., be the Bergman kernel function associated with (I'(C,w¢), pkr). Since uxe = 4n(g —
1) ptnyp, it follows that by = 4n(g — 1)bg ,xs- Because C is compact, there exists a point z € C with
bo, s () = supg |bo e |- To estimate this quantity, we pass to the covering map pp : D — C from the
Poincaré disk such that pp(0) = 2. Let a € T'(C,wc) be the peak section at z. Then § [, A a = 1. Write

pia = £(z)dz. Since phuke(0) = 2idz A dz, we obtain by, (z) = 1/£(0)[2.
By Lemma 7.8, we have

2arcsinh 1
—1 D 1+—————, V
# (p]D (y) N \/5—1(0)) <l+ SyS(C) ’ Yy € Cv

where sys(C') denotes the systole of (C, ukg), i.e., the length of the shortest closed geodesic on (C, puxg).

Hence
2
A(VE-) 0P < [ R
D\/E—l(o)
= E/ pha A pha
2 D\/’E—l(o)
2arcsinh 1
< i —
o sys(C)
Consequently,
sug |bo(x)] =4m(9—1)bg pye(x) =m(g — 1)[£(0)2
z€
2 arcsinh
< (V2+1) (g - 1) (1+ 2uge).,
and hence )
2+1 —1 .
1+ sup bo(x)—l‘g (V2+1)"(9-1) (1+2arcs1nh1).
zeC g g SYS(C)

By Theorem 9.19, we have

2 arcsinh 1

IN

n—1 <
1+ sup

bo(x) (V2+1)° (n—1)
S0 -1\ IR 1D 80g (”

YA
80g sys(C)
2

This completes the proof.
Our next step is to estimate the sup norm of the hyperbolic heat kernel.

Lemma 10.6. Let x € C, and n > 2. Then we have

——sup |Kpyp | 2,2, —F———=
2(g—1) gec| F 40(g — 1)

A

< 51 n 100
§i(g)  &(9)

where £1(g), &2(g) are the positive constants defined in Theorem 9.19.
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sys(C)

n 1
& (&(g) * @(g)) l0):

(514 e )

) ne(C),

] can be deduced
immediately. Indeed, one applies the lemma together with the inequality sys(C') > sys(Cp). In particular,

)



Proof. By Lemma 8.3, we have

1 40(g —1)  64/g—1 g—1 4 arcsinh 1
K - . 4 —1 am—— -
<“ 100y - 1))‘ < T T VRS U o UM o)

sup

zeC sys
2001(g — 1) arcsinh 1 g—1
= — 6v40 .
100 +(6v40+ 25 sys(C)
2001(g 1) , 40(g — 1)
100 sys(C)
Hence
on 1 100n
sup | Ky (x,x; > ‘ < bln+ ———
209 —1) zec| ° 40(g — 1) sys(C)

51 100
(mg) * @(g)) ()

Next we consider the integral involving the hyperbolic heat kernel.

Lemma 10.7. Let x € C, and n > 2. Then we have

1
n [T0-1 nlogn L !
n K ;t)dt
hyp(mvx? ) < 4 + (8000 + SyS(C)> "

nlogn 1 1
() "t (800051@ - 52(9)) ne(C),

where £1(g), &€2(g) are the positive constants defined in Theorem 9.19.

which completes the proof.

T0n(g—1)

Proof. Applying Lemma 8.3, we obtain

1 1
0(5—1D) (-1 1 69— 1 g—1 4 arcsinh 1
Kpyp(x, z:t)dt < / =+ + 14 dt
/4071(191) . 40%(19—1) 2t ﬁ . SyS(C) 100 SyS(C)

B 1ogn+ 12y/g —1 1 1
2 sys(C) 40(g — 1) 40n(g — 1)
Jrg—l 1Jr4arcsinh1 1 7 1
100 sys(C) 40(g—1) 40n(g—1)
logn n 1 n 3v10 n arcsinh 1 1 .
2 4000 5 1000 sys(C)

It follows that

1
n [T06=D n [logn 1 3v/10  arcsinh1 1
— K, tdt < —
2 hyp(, 231) 2( 2 +4000+< 5 1000 )sys(C’))

1
I0n(g—1)

< nlogn n 1 n 1
n
4 8000  sys(C)

By Theorem 9.19, we conclude that

n 6T ) nlogn 1 1
2/4%89_1) Kuyp(z, 25t)dt < 4§1<g)<ﬁ( ) (800051(9)+£2(9)>n¢(0),

where &1(g), £2(g) are the positive constants defined in Theorem 9.19. This completes the proof.
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The remaining term arises from small eigenvalues. To deal with this part, we first establish a quantitative
lower bound for the first nonzero eigenvalue in terms of Zhang’s p-invariant. This is provided by the following
lemma.

Lemma 10.8. Let C' be a connected smooth complex curve of genus g > 2, let uxg be the unique Kdhler
metric on C with constant curvature —1, and let o(C) be the @-invariant of C. Then the following estimate

holds: < 3( 1)2 3( 1) - 0(C)
1 . [9873 (g — 385m3 (g —1) - ¢ }
< y )
AKE,1 i { sys(C) §2(9)

where sys(C) denotes the systole of (C,uxg), and the constant &x(g) is the positive constant defined in
Theorem 9.19.

Proof. The first inequality )\KIE - < 987;;?0—)1)2 follows directly from Proposition 8.10. See also the remark

following that proposition. We now turn to the second inequality.
According to Proposition 8.10, one of the alternatives (1)—(3) in its statement must hold. We first consider
the case where (1) or (2) applies. In this situation, we obtain

) { 1 1 l5(C, pxg) 1 }
min

Y

Py J—
KB 87 32m3(g — 1)2° 278 B273(g —1)2

. [ {=(C, pxr) 1 . [sys(C) 1
>
mm{ 273 7 52m3(g — 1)2 A T 52m3(g —1)2 |’

Y

where /5 (C, 1) denotes the infimum of the total length of all geodesics in a separating multicurve, and sys(C')
denotes the systole of (C, uxg). By Theorem 9.19, we conclude that

RS
2713 52m3(g — 1)? - 38513 (g — 1) - p(C)
m{ e e+ &)

Here £1(g), &2(g) are the positive constants defined in Theorem 9.19, and we used the fact that & (g) >

209 &2(9).
Now we assume that (iii) in Proposition 8.10 holds. Then there exists a minimal separating multicurve
{v; 7=, splitting C' into two parts C, Ca, such that

S ) 1
3 2
8m min {7(g1 —1)+5m,7(g2 — 1) + 5m, @}

IN

AKE,1 >

where g1, go are the genera of C; and Cs, respectively.

We now consider three subcases. If Z;”:l l(vy;) > @, then
1 83 . { 7(g—1) }2
< = mind7(gr— 1)+ 5m, 7(gs — 1) + 5m, I~/
AKE,1 > =1 (7)) (0 = 1) (6 = 1) 2
49(g — 1)?
< 8n°-(6logyg) - % = 58873 (g — 1)*log g
58813 (g — 1)?log g 9073 (g — 1)

< cp(C) < ————= - ().

&) < ag ¥

On the other hand, if 377", £(vy;) <

= 61;gg and m < % -min{g1, g2}, then g1 + go + m — 1 = g implies
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m < 29—;2. In this situation, Proposition 9.10 yields

HC) > Wg'(gl—mm-i-l)(gQ—m—}-l)'(g—B(m—l) 2 15W)
Zj:lg(’}/j) g9°

N 72 g1 .<g—|—15_2

T2 ly) \ Tg* g

™ (gi+g—-1) 1 _w-(g-m) 1

2557 ;) Tg 2530 U(y) Ty

2 5g—2 1 2 1

> ™ : o 2 s M
25 Zj:l £(v5) 7 7g 400 Zj:l £(v5)

5 e15759 log g)

V

It follows that
1 873
< ==
AKE,1 > =1 (7))

9873 (g — 1)% -

9-1\°
- min {7(g1 1)+ 5m, 7(go — 1) + 5m, 92}

400
’/T2

IN

<987 (g —1)* - —(C)

-
Z;nﬂ £(v5)

= 392007 - (g — 1)2 - (C) < % (0.

and m > 2min{g;, g2}, we may assume

m
Finally, in the remaining situation where ) ¢(v;) z

1
= < 6logg

without loss of generality that g; < go. Then 7g; +5m < 32m, and hence

1 < 873
ke e Uy)

9-1"
- min {7(91 —1) +5m,7(gs — 1) + 5m, 92}

2
_ 87r3-min{54—5m,@} _ {73 'min{%m 7(9_1)}2
- m - sys(C) sys(C) 4 T2y/m
< 873 95 7(g—1) _ 38573 - (g — 1) < 385m3(g — 1) - p(C)
T osys(C) 4 2 sys(C) §2(9)
This completes the proof. O

We are now in a position to estimate the contribution of the small eigenvalues.

Lemma 10.9. Let C' be a connected smooth complex curve of genus g > 2, let uxg be the unique Kdihler
metric on C with constant curvature —1, and let o(C) be the p-invariant of C. Then the estimate below
holds:

sup |¢ke,i|?
<c

n
2

< 6167%(g — 1)(2g — 3)n - min { o(C) 14(g—1) -max{l,sys(C)}} |

AKE,l &(9)’ 55 - sys(C)

0<AkE, 1< 55~

where sys(C') denotes the systole of (C,uxw), and the constant &(g) is the positive constant defined in
Theorem 9.19.

Proof. Since Akg = i*KE dxkgd, it follows that Akg,; < ﬁ if and only if )\E%‘J < 1—10. Recall from | ,
Théoréme 2] that if )\E‘ﬁl < i, then | < 2¢g — 3. Thus it remains to show that for 0 < Akg; < 20%,

sup |pke,i|?

<c

<123273(g — 1) - min { p(C) 14(g — 1) - max{1, sys(C)}} .

AKE,l §2(9)’ 55 - sys(C)
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By Proposition 8.16, we obtain in this case

16
sup |¢>KE,1|2 < max {2 -sys(C) 78RR 41 5} )
c

If sup |pke,|* < 18, then by Lemma 10.8, we have
c

sup |pke,i|?
<c

16 (g 1)-min {10 MY mx{L )} )
pyy < 5 Mwoa < 12327°(g — 1) mln{£2(g), 55 5ys(C) .

Otherwise, suppose sup |pxg ;|? < 2-sys(C) 8™ ket 1. By Theorem 9.19, we have sysl(C) < g—%. Hence
c

2
Sgp |¢KEJ| - 2. Sys(c)—&r)\xm,z +1 _ 2 . (¢(0)>87T)‘KE,Z 1

AKE, AKE,l ke \&2(9) AKE,l

Set Apin = W% and Apax = ﬁ. By convexity,

G e R C

Evaluating at Apmax and g, gives

1 (¢(0)>8”‘“”‘ o0 <<P(C))§ < 2" ),

)\max 52(9) 52(9) - 52(9)
and
L (gp(o))wmm _ 38— 1)-(C) (@(C))ﬁ
Amin -\ &2(9) &2(9) §2(9)
385m3(g — 1) - p(C) B e Ty
= £(9) e
385m(g —1) - p(C) s,
= §2(9) e
It follows that
sup |pke,i|? 3 3
P 3857%(g — 1) 9(C) [, s 123273 (g — 1)
AKE,l < 2(9) (26 o 1) = §2(9) #(O).

sys(C)

Set Alnin = ggav(g—1yz- Similarly to above, we have

sys(C) 8 Ake.

C —87 Amax C —87TALin
- {sys( ) 5y5(0)

)\KE,I < )\max ’ >\;nin
3 1 2 _42),1(26)
< max {207r -sys(C) 78, it S)y:(yg()C) -
1,sys(C)}
< g8nlessiz (g _ 12 . max{lsys(O)}
< 98mPerven? (g — 1) s(C)
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Hence

sup |px, | —87A
c < 2 - sys(C) KE,l | ] < 9871’3(2649:«1#2 1) (g—1) max{1,sys(C)}
AKE,l AKE,l sys(C)
156873 (g — 1) - max{1,sys(C)}
5 - sys(C) ’
which completes the proof. O

By combining Lemma 10.3, Lemma 10.4, Lemma 10.6, Lemma 10.7 and Lemma 10.9, we first obtain the
following Faltings—Elkies type estimate in terms of the systole.

Proposition 10.10. Let xq,--- ,x, be pairwise distinct points on C. Then we have

40073 (g — 1)® max {1,sys(C)}
n,
sys(C)

1
Z Gar(zj,z8) > —anogn—
1<j<k<n

where sys(C) is the systole of (C, uxg).

Proof. By combining Lemma 10.3, Lemma 10.4, Lemma 10.6, Lemma 10.7 and Lemma 10.9, we obtain

> Gaclwja) > _gz'<1+syjcq>’_<51+s;igq)”

1<j<k<n
_nlogn 1 L 1 "
4 8000  sys(C)

78473 (g — 1)%(29 — 3)n 1
— 5 -max <41, 5s(0)
1

— 40073 (g — 1)%n - max {1,

nlogn

sys(C) }’
where sys(C') is the systole of (C, uxg). This completes the proof. O

The above result gives a systole-based lower bound. In contrast, the next theorem provides a similar
estimate in terms of Zhang’s (p-invariant, which is of primary importance for our later arguments.

Theorem 10.11 (Theorem 3.5). Let z1,--- , 2, be pairwise distinct points on C. Then we have

Z Gar(zj,z1) > — (&3(g)nlogn + &a(g)n) - o(C) > — (4 -10%g3nlogn + 1.32 - 10109%71) ~p(0),
1<j<k<n

where the constants £3(g), £4(g) are given in the following table:

g §3(9) €4(9)

2 1600 19558263230

3 2725 195942159193
4 3875 832634802404
> 5| 4000 g3 | 13131158175 - g5
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Proof. Again, combining the five lemmas yields

n 1 2 51 100
Z Gar(zj,zr) > *@' <£1+€2> ~p(C) —n- <51 £2> »(0)

1<j<k<n
nlogn 1 1
i) #(C) - (800051< )*@(g))"@(c)
_nlogn 123273 (g — 1)%n
Z Tl O me A9

where the constants &1(g), £2(g) are the positive constants defined in Theorem 9.19.
Finally, one checks that

1 . 123273(g — 1)2
T S®@ &(9)

which establishes the theorem. O

S 54(9)5

11 Arakelov metric versus hyperbolic metric

Let C be a curve of genus g > 2 over C, and let we denote its canonical bundle. Let uyy, denote the unique
Kéhler metric on C' with constant curvature 4w(1 — g) and volume 1, and puxg = 47(g — 1)pnyp denote the
unique Kéahler metric on C' with constant curvature —1. Since dim C = 1, we identify a K&hler metric u
with its associated volume form and measure. Let {a;}J_, be an L*-orthonormal basis of I'(C,wc). The
Arakelov Kéahler metric can be defined by

. g
? _
HAY = % ,;_1 ap N Q.

Let Go; be the Green function associated with pa,. Recall that the Arakelov hermitian metric || - ||or on
the canonical bundle w¢ is defined as follows.

For any point € C and any « € w¢|,, choose a local coordinate z : U, — C centered at x (i.e. z(x) = 0)
such that « coincides with dz at x. Then the norm ||a||ar(z) can be determined by

log[|o][ar() = lim (Gar(z,y) +log |2(y)]) -

Equivalently, one can describe this construction via the diagonal embedding C' < C2. Indeed, the
canonical bundle we is the restriction of O(—A) to the diagonal A C C?. On C?, let 1o € I'(C?, O(A)) be
the canonical section of O(A). By declaring its hermitian norm to satisfy —log [|1a||a(z,y) = Gar(z,y), we

obtain a hermitian metric || - ||a on O(A). The Arakelov metric on we is then recovered as the dual metric
of (O(A), || - |la) via the canonical residue isomorphism we = O(—A)|a.

Another important hermitian metric on we is the hyperbolic hermitian metric ||a||hyp, defined by the
relation i« AN & = %NKE

In this section, we compare the Arakelov hermitian metric || - [|a, and the hyperbolic hermitian metric
| - llnyp- It is worth noting that our arguments also apply to the off-diagonal setting (O(A), || - ||a)

In order to compare the Arakelov hermitian metric || - ||ar with the hyperbolic hermitian metric || - ||nyp,

certain auxiliary constructions are required to connect local data with global geometry. By the thick-thin
decomposition (Theorem 7.4), the analysis is naturally divided into two cases: points contained in a collar
around a short geodesic and points contained in the thick part. The discussion starts with the thick part.
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Lemma 11.1. Let x € C be a point such that the injectivity radius inj,,, (x) > € for some € € (0, arcsinh%].
Let zy. : Be(x) — D be the local coordinate given by the inverse of the universal covering map pp : D — C
with pp(0) = z, where B,(z) = {y € C : dist,,; (y,z) < r}. Then the following hold:

(1) The map zy . restricts to a biholomorphism

B(z) — Dgann £ (0) = {z €D: |z] < tanh %} .

(2) zg.e(x) =0, and the norm |log (||dzz,e|nyp)| < 1.

Moreover, there exists a smooth function Fye: C\ {z} = R on C\ {z}, such that
(8) Fue(y) =0 forally € C\ Be(z).
(4) The function F . ¢(y) + log |z4.e(y)| extends to a smooth function on B.(z), and

3
< .
‘Fz,e(y) + log |Z$7€(y)” < log (tanh§>

(5) The integral satisfies UC Fz,e(y)MKE(y)| <4.

(6) In the sense of currents,

135

3 135 3
2 og (2 ) i <A g+ 8 < 0 log [ —2— ) - s,
32n|tanh$ |2 ©8 (tanh§> MKE S d0°F g+ 327 [tanh |2 o8 <tanh§) HKE

where 0, is the Dirac measure at x.

Proof. On the Poincaré disk (D, up) (see Theorem 7.2), we have dist,, (z,0) = 2arctanh(|z|), Vz € D, which
immediately yields (1).
For (2), note that € < arcsinh% implies tanh§ < V5 — 2. Hence

4
|10g ||dzz,6||hyp| = ’103 (1 - ‘zw,e|2)‘ < log 3 <1,
proving (2).
We now turn to the construction of the function F, . required in (3)—(6).
Let n: R = R> be a smooth cutoff function such that

tanh £
n(s) =1 for¢ < ar; Z, n(s) =0 forqztanh;
and 0 o
W< sm—e < 7—es
2tanh § 4(tanh $)?

Set Fue(y) = —n(|20,e(W)]) - log |2z, (y)| on Be(z), and set F . =0o0n C\ Be(z). Then F,.: C\ {z} - R

is a smooth function on C'\ {z}, and (3) follows.
tanh §
3

73)
§ i

Moreover, F 5 (y) + log |24, (y)| extends smoothly to Be(z), Since n(s) =1 for ¢ <

, we obtain

x,€ 1 T,€ =1- T,€ -1 T,€ Sl
F20) 108 a0, )] = 1= 1205 - g )] < o (o

establishing (4).
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For (5), observe that |F ;.(y)| < |log|zz.¢(y)||. By Theorem 7.2,

4 [log |2|| pEu
/ m,e@mKE(y)\ </ foglellpnz) < [ ALoRElime
C Deann(g) (0 D z_,(0) (1—12?)

8 V5-2
(1 - (\/5 _ 2)2)2 /0 |C10g g|d§
87 (v5—2) (1 —log(v/5 — 2))

A~ 3.838--- <4,
(1-(V5-2)?)?
which proves (5).
Finally, we establish (6). A direct computation on B(z) gives
dd°F g e+ 0, = —loglzg.el - ddn(|zz,e]) — dn(|ze,e]) A d°log|ze.| — dlog |2z ] A dn(|2z,el)
1 2 +log |z, | (1 — |24,e[?)?
= — . (=1 ze.” e _ 2 TolmmeEl ) - cA el 7o
g (108 el 0" zel) = R ) BBl
1 2 + log |7y, |
< —-| -1 T,el " " zel) — ———— ' T,€ : .
< g (Ftomlend ) = 2 e ) ) e

From the bounds on 7’ and 7",

81 3
1 Tl " ! T,€ < -1
|log |2 , |- n" (|2 , DI < 4(tanh5)2 0g (tanhé)’

2
and
2+ log |zz.e 9
28l s | < s Relopds
|22, tanh § tanh 5§ 2tanh g
’ 222 <l <tanh §
27 3
< -1 .
~  2(tanh §)? ©8 <tanh 5 )
Thus
2 +log |2y,

)+

o] < (B+E) g [ —
o = AT T2 ) (tanh 5)? % \anh

(o
4 (tanh§)? & tanh § )’

IOg |Zw,e| : 77/,(|Za:,6

which establishes (6) and completes the proof.

We now turn to the thin part. In this case we work in a collar ’(-y) around a short geodesic 7, endowed
with the coordinate from Lemma 7.10. The following lemma provides the analogue of Lemma 11.1 in this

setting.

Lemma 11.2. Let vy be a simple closed geodesic on C of length £ < 2arcsinh 3. Let 4'(v) and v(7) be as in

Lemma 7.10, and let
2yt Cg(’}/) — ]D)e*”(“/) (0) \Dey(—y)f# (0)

be the holomorphic coordinate given there. Then ”; + log (||dzy |lnyp)| < ﬂTE'

Moreover, for any x € €(v) satisfying |log|zy(z)| + ﬂTﬂ < WT;“ — 2u(7y), there exists a smooth function

Fzr:C\{z} =R on C\{z}, such that
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(1) Fur(y) =0 forally e C\€(v).
(2) The function F 5 (y) +1og|z(y) — zy(x)| extends smoothly to €(~y), and

32
IFaa ) +10g124(y) — 5 @) < -

2

(8) The integral satisfies UC Fm,y(y)uKE(y)‘ < &

(4) In the sense of currents,
—600 - HKE S ddCFm,»y + 535 S 600 - HKE,

where §, is the Dirac measure at x.

Proof. We first estimate the norm || - ||hyp using the explicit expression of the metric uxg in the collar €(v).
By Lemma 7.10, we have
. £2Z: (MEuc)
- -2 YA i
Am?[zy|? sin” (5 log |2

HKE

W is the standard Euclidean metric on C.

where pgyc =
Set ¢ = ”72 +log|zy|. Then [¢| < ”Tf — (), and the relation between dz, and pxg yields

7.‘.2

14

™

4 ¢
+10g([[d2, lluyp) = log =~ +< +log <cos ;) .

A direct calculation shows

d 4 L L 4 v(y) L
— 1 —])=1-=— —>1—-— =1-—F .
de (C + log (cos 27r)> o tan 9r = o cot o . sinh% >0

and hence the function is strictly increasing in the admissible range of <.
2 tanh é

Since ¢ < 2arcsinh 1 < 1, =72 > 2tanh § ~ 0.924--- > 2. It follows from Proposition 7.11 and the
calculations above that

72 dr w2 . lu(y
T logldz ) < dog + 7~ vlo) +log (s 00
2w
log 2 — .
< log2m —v(v) + 7 <
and
w2 dr w2 . 0%
T t10g(ldz ) > log T~ T 4 u(y) + g (n ! >)
> o I +u(y) 2 72
—tvy)—— > ——.
& T T T
Hence WT? + log (||dzy ||lnyp) | < ”Tf, which establishes the desired bound on || - ||nyp.

We now turn to the construction of the function F . For any x € €(y) satisfying |log |z ()| + ’T;| <
2 og |z~ (z
= —20(y), set Fa100(y) = log |2, (y) — 2, ()| + 225 log |2, ()] on (1) \ {w}. To extend F 4 1oc globally,
we choose a cut-off function 7 supported on € (y) as follows. Let 7, : R — R be a smooth function with

3v(y)

m)=1 for¢<e 2

m(s) =0 for ¢ > 67”(7),

v(v)

2
and derivatives bounded by |n}| < 3e¥(), |n/]| < 15e2¥(%). Note that e 2~ > esaresmnt ~ 4.05--- > 4.
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Set n(y) = (12, (w)]) - m1 (e~ |2,(y)| ") and define

r ( ) _ _77@) - F z,loc(y), Yy e (g(’y) \ {LU},
SR 0, yeC\%().

Clearly, the support of dn is contained in

{y €C(y): %ﬁ - 31/;7) < ’W; +logzw(y)|‘ < 7; —1/(7)}-

The property (1) follows immediately from the support of n. For (2), note that by construction the
function F ;- (y) +log |z, (y) — 2y(x)| extends smoothly to €' (7). Moreover, a direct estimate yields

Faq(y) +1oglzy(y) — 2y (@)] < |Faoc(y) +1loglzy(y) — 24 (@) + [0(y) = 1 IF 210 (y)]
272

S

+ [n(y) = 1 1F 210c(y)] -

When y € €(y) and *w <log|zy(y)| < —v(7), we have

2y (2) tlog |z, (z)|
el < Dol o)+ og 1= 5| | SR og o )
3v(y) v 3v(y) 4
< — — —r iy
< 5 log(l e 2 )—i— 5 <371'—|—10g3

2
Using the involution (z,y) — (2/,y") with 2, (2")zy(x) = 2, (y) 24 (y) = e~ "7, we further obtain f o joe (/) =
Faoc(y), and thus [n(y) — 1] |F s 0c(y)| < 37 + log 5. Hence

272 4 372

IF () +108124(3) = 24(@)l| < - + 37 +log 5 < Z7,

which establishes property (2).
We now proceed to estimate the integral in (3). Since |Fz~(¥)| < |Fa10c(y)], it suffices to perform the
same type of estimate for F ; 1oc(y). By definition, we can decompose the integral as

llog |z (x
/ FeoWdixsly)) < / % log |2+ (y)|dpxe(y)
¢ (v) ¢ (v) g
* / EME) log |2+(y) = 2 (2)|dpke(y)
{'z'Y(y)_Z"r(m)lg’ylio}
" / |2+ ()] 10g|27(y) _Zv(x)\dMKE(y) .
{|Z»y(y)—z,y(z)|27170}

By symmetry we may assume log |z (z)| > 7”72. For the first term, a straightforward calculation gives

—v(v)
Clog |zy ()| /e 76 - £2 log ¢ds
——log|z d <
/| e el @ldns) < | [ e
= - 272
B sinhg 14
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2

If |2, (y) — 2 (2)] < 22 then |2, (y)] > e, and it follows that | sin(5= log |2 (y)])| > | & log |z, («)]-

A direct estimate then yields

0g |2y(y) — 24(@)|dpxe(y)

‘/{zm) zw<w>|<‘z”“"}

100

16 — log |2y (y) — 2y(2)[2] (HEuc) (y)

/{W) <=y Tz @) log [z, ()]
\zw(w)\
2m¢ 1 d 1.
RPNESIE uog\zm)n? 0 Telogad =

For the last term, since uxe(€(y)) =

2L < 4, we have
sinh 5

|2y(2)]
log |z (y) — zy(x)|d
‘f{lzww)zw(wpﬁé’”} Bl2y(y) = 2(@)ldpxce(y)

10

2
< 4<7;+10g10).

< |log —/———

’ - pxe(?(7))

Combining these estimates, we obtain

14

2 2 2 8 2
/ Fan(y)dpxe(y)| < —— +1+4 (” +log 10) <=,
“() ¢ ¢

which proves (3).
Finally, we establish property (4) for F ;.. Recall that

€2Z;(NEuc) > Z:(UEuc)
47T2\Z—y|281n2(%10g|z7|) = 12y log |22

HKE =

A straightforward calculation shows that on supp (d (71 (]24]))),

de,loc(y) A chx,loc(y)

. 2
- toor Hog @™, () n dz, (w)

T |2(2(y) — 24(x)) 4m224 (y) K ’

2

2 1
< = e +5 25 (WEue)

T2 (- ) 2AA0)

49 49 9% (v) 497

< o (ume) < —2. HKE < & k.
S T e W) S gr g HKE S g HkE

Next, we estimate dn and dd°n. By symmetry, it suffices to consider 7;(]z4]).
Slnce In;] < 3e¥) and |n}] < 15e2*(V) | we have

(D Az 0) = (e AL

2 2
N |z log |z 9
962u('y]) . ‘ ’Y‘ | g| ’Y|| . B < m - KB,

<
o K 2
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and

ddenia(|2(y)) = n 1<Zj<y>l>> idzi(y) A dz;(y)

< ’ |2 (y)] 4m
< <1562V(%) + SGV(W)) ) 2 (HEuc)
B 2 (y)] 2

1 9 9rr? 87m

Combining these estimates for df ; 10c, d1, and dd°n;, we obtain

ddCFa:,’Y + 61 = _Fa:,loc . ddc?h - d771 A chz,loc - sz,loc A dc?h
4\ 87w 491 97

By the same reasoning, the lower bound also holds: dd°F , +0, > —600-ukg. This completes the proof. [J
Combining Lemma 11.1 and Lemma 11.2 yields a global construction on C' x C.

Lemma 11.3. Let C be a curve of genus g > 2 over C, and let uxg denote the unique Kahler metric on C
with constant curvature —1. Let sys(C) denote the systole of (C, pxg). Then there exists a Borel measurable
R-valued function F on C x C, such that for every x € C we can choose a local coordinate

1 1
2g Uy — C, U, = B, arcsinh%(ac) = {y € C :dist . (z,y) < 3 arcsinh 2} ,

with the following properties:

(1) For any z € C, | [o F +(y)pxp(y)| < 22O where | o(y) = 1 (2,y).

(2) For any x € C, in the sense of currents,
—600 - pxg < dd°F ¢ + 95 < 600 - ke,
where 8, is the Dirac measure at x.

(8) For any x € C, the function F »(y) + log |z (y) — z:(2)| extends smoothly to U,.
7T2‘m X Sy'S
(4) If disty,, (2, y) > 155, then |F (z,y)| < W
(5) For any x € C and (y1,y2) € Ux X Uy, |F (y1,v2) + log |22 (y1) — 22 (y2)|] < W“fﬁ%(c)}

Proof. Let {~; }’J”:1 be the set of all simple closed geodesics on (C, uxg) of length < 2 arcsinh % By Lemma
7.10, there exist holomorphic coordinates

2 €(7;) = Dyrvr (0) \ D (0)

Gy 22
S ODTIGH

such that )
LK — l (Vj)Z;(NEuC)
KE — ) )
47r2|zj|2sin2(%log|zj|)
where figy. = 2292 is the standard Euclidean metric on C, and v(vy;) € (0, #jm)) is chosen such that

v(;)0(v;) = 2m arcsin (tanh @)
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For any » € C with inj,,  (z) < arcsinh%, Proposition 7.11 shows that @ € €(y;) for some «;, and

ﬁj) +log|z;(z)|| < E(’TTZ;) — 2v(7y;). Note that the collars €(y;) are disjoint, so the index j is unique when

x € Jj~, €(v;). We then define

2 2

. ™
Fon;(y), ifz€%(y;) and |— +loglz;(z)]| < — —2v(7y;),
aen

Flz,y) = ()
Fz,arcsinh % (y)7 otherwise,

where ;. and [, are as in Lemma 11.1 and Lemma 11.2, respectively. The local coordinate z, is defined
in the same way, by taking 2, in the first case and 2, . csinn 1 in the second, where z, . and z, are the
coordinates in Lemma 11.1 and Lemma 11.2, respectively.

By construction, (1)-(3) follow from Lemma 11.1 and Lemma 11.2.

We now turn to (4). The argument for (4) splits into two cases. First, suppose F 4(y) = F 4 arcsinn 2 (¥)-
By Lemma 11.1, for any y € By cginp 1 (#), we have

3
‘F$(y) + log |Zx,arcsinh%(y)|‘ < 10g ( h arcsinh 3 ) ’
tanh 20 2
and F ,(y) = 0 otherwise. Hence, if dist, ,(z,y) > 155, then

3
|Fr(y)| S ’10g |Zx,arcsinh % (y)|’ + log m
tanh ——=

1 3
< log| ——— ) +log| —— | < 10.
- (tanh 505 ) © <tanh arcsinh 3 )

2

Next, suppose f ;(y) = F ¢, (y) for some j. By Lemma 11.2, for any y € €(v;),

’Fm(y) +10g|Z’Yj (y) - Z’Yj ($>|’ < g(,-yj)’

and F ;(y) = 0 otherwise. Recall that on €(v;),

C(75)25, (fBuc) - C(v5)23, (fBuc)

42|z, 2 sin (2 log |20, [) ~ 4m2z, |2 banh® (432)

4r2
_ A
HKE = < e’ 2 (1Euc)-

_2x2
Thus dist,,,, (z,y) > 155 implies |2y, (y) — 2+, (2)] > 155¢ 9, and hence

372 2?2 372 672
[Fa(y)] < [log |2y, (y) — 24, (@)]| + 5 — < log 100 + + < '
’ y Y ’ 0(v;) L) Llv) ()

Combining the two cases, we conclude that whenever dist, , (z,y) > 155, we have |F (z,y)| < =510)

Thus, property (4) follows.
It remains to establish (5). Similar to the argument in (4), for any « € C and (y1,y2) € U, x U,, we have

3m? - max{1,sys(C)}
IF (y1,y2) +1og |2y, (Y1) — 2y, (12)]] < sys(C) ’

as follows directly from Lemma 11.1 and Lemma 11.2. What is left is to show that

log 2 (1) = 22 02)] — 108 2 (1) = 2, ()] < SO,
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First consider the case 2; = 2, arcsinh 1 In this setting the geodesic segment joining 1,y lies in U,. By
Theorem 7.2, on z,(U,), we have 4dugy. < pup < 8uguc. Hence

dist,. . (Y1, y2)
2 b

diStMKE(ylva) _ diStMD(ZI(yl)vzl(yQ)) < |Z (yl) _ (y2)‘ <

2v/2 2v/2

which gives
. 3
llog |22 (y1) — 2z (y2)| — log dist,, . (y1,y2)] < B log 2.

On the other hand, if z, = z,, for some j, then the geodesic segment joining y1,y» lies in €'(v;). A direct
computation yields

an? (y;) 2k (ug ()2 (b —
D1 () 2 e = (vj)23, (/{ uc) . ()25, (Hewe) D 2 (),
J G log |2, ) ’
T J

472|z,, |2 sin?( dr2e—2v(v)  ~

so that

2 2

__nZ 27

e "0 - distyuep (Y15 42) < [z2(y1) = 22 (y2)| < 007 - distyep (41, 2)-

It follows that
272

0(vs)

llog |2 (y1) — 2z (y2)| — log disty, (y1,92)] <

We now return to (5).
If both coordinate charts are thin-part charts, i.e. 2, = 2, and z, = z,, for some ji, ja, then the

assumption inj,,, (z) < arcsinh% together with y; € U, implies that j; = j2, and hence

[log [2z2(y1) — 22(y2)| —log |2y, (y1) = 24, ()| = 0.

Otherwise, at least one of the coordinate charts z, or z,, comes from the thick part, that is, z, =

Zzarcsinh L OF Zy; = Zy, arcsinn 3 (and possibly both). Combining the two estimates above, we obtain
log |22 (y1) — 2 (y2)| —log |2y, (y1) — 2y, (2)|| < [log|za(y1) — 22 (y2)| — logdist,, ,, (41, y2)|
+ |10g ‘zyl (yl) — Zy (y2)| - log diStMKE (yla y2)|
272 3
< —log2,3log2
572 - max{1,sys(C)}
<
sys(C)
Thus property (5) is verified, and hence the lemma is proved. O
Before comparing the Arakelov hermitian metric || - || ar with the hyperbolic hermitian metric || - [|nyp, we

need the following estimate.

Lemma 11.4. Let u : C — R be a smooth function such that Apypu > —vi and [Angpul < va, for some
constants vi,ve > 0. Then the following inequalities hold:

/du/\dcu < 5v1~U2—|—Uf-12327r3(g—1)(2g—3)~min{
c

o (1232«3(9 —1)(2g9 — 3)
! §2(9)

©(C) 14(g — 1) - max{1,sys(C)} }
£2(9) 55 - sys(C')

~01p(C) +5- U2) ;
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and

IN

i 1 n 1 2000
7202 sys(C) ) g—1

+oy - 12327%(g — 1)(29 — 3) - min {

sup
c

u—/ Ullhyp
c

¢(C) 14(g — 1) - max{1,sys(C)} }
£2(9)’ 55 - sys(C)

1000 2000 vivep(C) 123273 (g — 1)(2g9 — 3)
\/<§1(9) " 52(9)) -1 &(9)

: Ul@(c)a

where &1(g), &2(g) are the positive constants defined in Theorem 9.19.
Proof. We expand u into its L?-orthonormal eigenfunction decomposition:
oo
u=ao+ Y ajbnyp.;,
j=1

where a; are constants, and ¢nyp, ; are eigenfunctions of the hyperbolic Laplacian with eigenvalues Anyp ;.
By definition,

Do lailPARy,, = /C|Ahw“|2d/~bhyp: /C Anypu (dd°u + v1pinyp)
j=1

IN

sgp |Ahypu|/ (ddu + v1 pinyp) < V1 - V.
c

Similarly, for each j we have

|| Anyp,j = ‘ / Puyp,jddu| < vy Sup |Phyp,i -
C

Following Lemma 10.9, we obtain

sup |k, 2
Z Supc |¢’hyp,j2 _ c 19rce.
Ay, i A
0<Anyp, <Lt hyp.J 0<Ake, <33 KB
. . [o(C) 14(g — 1) - max{1,sys(C)}
< 123273%(g —1)(29 — 3) ~m1n{ ,
&2(9) 55 - sys(C)
Therefore,
5
[anen < 20 8 Pt T ol
© A]lyp,lz% 0</\hyp,l§%
2 SUPe | hyp.j|”
< bup-ve+ 7 Z = TP
g—1 Ahyp.j
O<Ahyp,l§T
C) 14(g—1)- 1 C
< 5vl.v2+vf-12327r3(g1)(293).min{‘p( ) 14lg = 1) - max{l, sys( )}}

&2(9)” 55 - sys(C)
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For the sup-norm of u, we have

u—/ Ullhyp
c

< Z @ Phyp,j| + Z |a;dnyp,j

sup
¢ Anyp,i> 5+ 0<Anyp, <454
12)2 -2 9
= Do ARy, Do Mini e
)‘hyPJZgT_l )‘hyp,lz%
Supc |¢hyp7j|2
boe Y e Ol
1 hyp,j
0<Anyp,1 <<=
—2
< vz Z )‘hypd(z)ﬁyp,j
)‘hprZ%
. [¢(C) 14(g — 1) - max{1,sys(C)}
+uy - 123273 (g — 1 2g3-m1n{ .
g =1 ) &2(9)” 55 - sys(C)
It remains to estimate the sum > Agy2p7 jqbﬁyp7 ;- By a straightforward calculation,

g—1
Anyp,12> 45—

e~ tAnyp.1

1
| Bhyp.t (2)[° 50— 2
Y e = > o [ (a) e

_ hyp, ! _ _ T 02
Ahyp,i> L5t P Ahyp, 1> 25t /\hyp,l(l e S0=D

1
1 80(g—1) e tAnyp,l 9
< 7/ E ——— | Puyp.i(x)|” dt.
0

1—e 5 hyp,l
400
)\hyp,lzgggl ’

As in the proofs of Lemma 10.3, Lemma 10.6 and Lemma 10.7, for any ¢ € (O, m}, we have

e PAnyp. 2 log (40(g — 1)t) 200
— |[Puypi(T < ————— 22 4101+ .
N ggl >\hyp,l | yp ( )| 2 SyS(C)
hyp,lZ 5
Hence
Z |buyp.t ()] < 1 (log? +1 + 101 + 0 )
2 — _ 1
N )‘hyp,l (g — 1) (1 —e 400) 160 80 2. SyS(C)
yp,t=— 5
1 1 2000
< -+ —
2 sys(C)) g-1
This completes the proof. O

Consequently, we can estimate the difference between the Arakelov Green function and F .

Corollary 11.5. Let Ga, be the Arakelov Green function on C. Let f, be the function constructed in
Lemma 11.3. Then we have

4 3 _ 2 _ §
U [Giar(,) — Fo(y)] < 22550827+ 3696m) (g = 1?29 = 3)

sup &09) #(O).

where £3(g) is the constant from Theorem 9.19.
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Proof. By Lemma 11.3,
—24007 - (g — 1) - pinyp < dd°F & + 6(y) < 24007 - (g — 1) - pnyp-

Note that uxe = 47(9 — 1) tthyp-
Set F(y) = Guyp(z,y) — F (y). By construction, F,(y) is smooth and satisfies

—24017 - (g — 1) - pnyp < dd°Fy(y) < 24017 - (g — 1) - fhyp-

Applying 11.4 and Theorem 9.19, we obtain

Fac _/ de,uhyp ’/ CTYhyp(x Yy d,uhyp ’ ‘/ Facd,udhyp
C

1000 2000\ g¢-—1
24017 - p(C) - \/<5l(g) + @(g)) &(9)

29580327 (g — 1)*(2g — 3) YR 1y
&) w0457 (e + ) O

295803274 (g — 1)2(2g — 3) + 30000
(9 —1)*(29 — 3) L
§2(9)

where £1(g) and &2(g) are the constants from Theorem 9.19, and we have used the inequalities Z’(( ; >1and

§1 2> 20g - &o.
Next, let 1A, be the function defined in Theorem 10.1, so that Gar(z,y) — Ghyp(z,y) = Yar(x) +Yar(y).

By Lemma 10.4,
r 2 inh 1 1
Bar (/5 41y (Hamm) <11 <1+>,
Hhyp sys(C) sys(C)

where sys(C) is the systole of (C, uxg). Since —finyp < dd“¥ar < par and 2 [ hacpngy = [o dar A dPar,
it follows that

sup |[F;| < sup
c c

IA

wAr*/ wArd,Ufhyp
C

1000 2000\ 11+ 11sys(C)
\/ (65 " aw) & ¥

123273 (g — 1)2(2g — 3)

1
+3 ‘/ dq/}Ar AdC¢Ar
2\/c

sup [¥ha,| < sup
C C

6167 (g — 1)%(29 — 3)

)+ C
0 A &0 A
184873 (g — 1)%(2g — 3) + 200
< g -1 ) ~(0),
&2(9)
where we used 1 < é‘pl((cgg, sysl(c) < ?((C) and & > 20g - &.
Finally, combining the bounds for F, and ¥a,, we deduce
Gar(z,y) = Fa(@)] < [Yar(@)] + [Yar ()] + [Fz(y)]
369673 2g — 3) + 400
< (9=1D*Qg=3)+40
&2(9)
295803274 (g — 1)2(2g — 3) + 300007
n (9 —1)%(29 —3) - (C)
&2(9)
(29580327* + 36967°) (g — 1)%(29 — 2)
< 22 9(0).
&(9)
This completes the proof. O
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In addition to the previous corollary, Lemma 11.4 also yields an upper bound of Zhang’s y-invariant,
which provides an inequality in the opposite direction to Theorem 9.19. Although this result will not be
used later, it provides a complementary perspective on the inequality established earlier.

Corollary 11.6. Let C' be a compact Riemann surface of genus g > 2, equipped with the hyperbolic metric

uxe of constant curvature —1. Denote by sys(C) the systole of (C, ukg), and by o(C) the p-invariant of C.
Then

1
< 6,5 . -
»(C) < 10°%¢ max{l, () },

Proof. For any a € T'(C,w¢), let u, € &/CO’R(C) be the unique function satisfying [ tapnyp, = 0 and

dduy =t N — (/ z'a/\a) Hhyp-
c

By the argument used in the proof of Lemma 10.4, we have

7 _ 2arcsinh 1
gana s (Va1 - 1) (14 2200 ) ol s,

where [a||2, o = £ [, @ Aa. Hence

. 2 arcsinh 1
_2”&”%2;0 < dd‘ua < 2(\/54- 1)2(9 — 1) (1 + sys(C)) HOZ”%z;C.

Lemma 11.4 then gives

2 inh 1
Lo ndu, < 2002412 1) (14 22500 i
C

sys(C)

627273 9 max{1,sys(C)} 4
S (g-1) (29_3)'W'HQHL2;C
1254473 max{1,sys(C)}

(g —1)3 . =BT g )14,
S 5 (9 ) sys(C) Ha”L C

Next, let {a;}9_, C I'(C,wc) be an L? orthonormal basis. For each pair j, k, let u;x € %3 (C) be the
unique function satisfying | o Wi ktar =0 and

dduj = o A oy, — (/C o A o‘zk) LAr-
By Proposition 9.2, the ¢-invariant of C satisfies
1 < B 1 < 9
(C) =5 ‘Z /O duj e N ATy = o Z ldu; k72,
J,k=1 k=1
We split the sum into two parts according to whether j =k or j # k.

We first consider the case j = k. Since

~1 1
ddu; ;= ia; Ay — 2par = S—ddug, — ~ 3 dd‘ug,,,
g g .
m#£j
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the function u; ; — %uai + é > mj Yo, 18 a constant. It follows that

2

c 1 2 1 g — 1 1
/ dujj Ndgy = — duylle e = —|d PRI D o,
= m#£j L2;,C
2
1{g-1 1
< - Hduo‘j HLz‘C + - Z Hduo‘m L?;C
T g ’ 9 m#j
< 4(g—1)% 1254473 5 max{l,sys(C)}

92 5 (9=1) sys(C)
Next, assume that j # k. A straightforward computation gives

%
() +an) A (@ +aw) — 5 (e — ax) A(@; — ax)
1
2

ddcuj,k =

‘ L 1 . L
(o —iag) A (@ + iay) — 5(%— +iag) A (a5 — ioy,)

N = 4 N

ddc(uaj+oék —Ug;—ay T iuaj+iak - Z'uaj*iak)'

Applying the previous L?-estimate to each term and using the triangle inequality, we obtain

_ 1 2
/Cduj,k ANdUj g < e (Hduo‘j""akHL?;C + ||du0¢j—ak||L2;c + Hduaﬁiakum;c + Hduaj—iakHL?;C)
1254473 5 max{l,sys(C)}
ST T e

Combining the two cases,

13 1 _
(p(C) 5 Z /C duj,j N dcuj_,j + 5 Z/C duj,k A dcujyk
j=1

JFk

IA

< 9 4(g—1)% 1254473 (g—1)? max{1,sys(C)}
-2 g2 5 g sys(C)
-1 1254473 max{1,sys(C
I NPy g—1)*- {1,sys(C)}
2 5 sys(C)
< 106 . g5 . max{l?sys(c)}
- sys(C) ’
as claimed. O
We now establish an estimate for the hermitian line bundle (O(A),|| - ||a), and derive a quantitative
comparison between the Arakelov hermitian metric || - ||ar and hyperbolic hermitian metric || - ||nyp on we.

Theorem 11.7 (Theorem 3.9). Let | - ||a denote the Arakelov hermitian metric on O(A) — C x C, and
let o(C) be the p-invariant of C. For any (z1,22) € C x C, let p = (p1,p2) D xD — C xC be a
universal covering map with p1(0) = 21 and p2(0) = x9. Then there exists a local holomorphic section s of
(p*O(A), p*[| - [la) on D (0) x D1 (0), such that

59160647 + 73927%) (g — 1)?
&(9)

where £3(g) is the constant from Theorem 9.19.

- p(C) < 2-101g% - (0),

1o ]| < ¢
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In particular, the Arakelov hermitian metric || - ||ar and the hyperbolic hermitian metric || - ||nyp on
we 2 O(=A)|a satisfy

(59160647 + 739273) (g — 1)3
£2(9)

Proof. The proof of the first statement divides naturally into two cases, depending on the distance between
1 and xo with respect to the unique Kéhler metric uxg with constant curvature —1.
. 1 . 1 st .
If disty, e, (21, 22) < 7arcsinh g, there exists a point @' € B1 esinn 1 (1) N B1 aresinn & (#2). Let Uy,
zp and F be as in Lemma 11.3. Then U, contains both B%
(yh yQ) € Bl arcsmh ( ) X Bl arcmnh (.132), we have

- llar

- p(C) <2-101g% - (0).
|| : ||hyp

log <

arcsinh (xl) and B% arcsinh 3 (xQ)v so for any

|G ar(y1,y2) —1og |zer (Y1) — 22 (y2)]| < |G ar(W1,Y2) — F oy (Y2)| + |Fy (y2) —10g |2er (11) — 220 (y2)]]-

Applying Theorem 9.19, Lemma 11.3 and Corollary 11.5, we deduce

(29580327 + 369673) (g — 1)%(2g — 3)

|Gar(y1,y2) —log |22 (Y1) — 20 (y2)|| < &) ¢(0)
872 - max{1,sys(C)}
sys(C)
_ (2038032m + 36&2(23?;))(9 ~1’(29- ) o(C)

) 11
. — L.
8T max{&(g)’sz@} #(C)
2. (20580327* + 36967%) (g — 1)?

§2(9)

where &1 (g) is the constant from Theorem 9.19, and we used that 1 < ?((gg’ sysl(C) < ‘g((c) and & > 209 - &s.

1A on B% arc51nh§(x1) X

e(C),

Let 1o denote the canonical section of O(A) and set s'(y1,y2) = m
B1 aresinn 3 (#2). Its Arakelov norm satisfies ‘

(59160647 + 739273) (g — 1)

&0 cp(C) < 2- 10Mg% - »(C).

llog [|s"l|a| <

arcsinh 2

Since tanh 222 % 0061 > 5, p‘l(B% aresinh 2 (Z1) X B2 aresinn 3 (¥2)) contains D

On the other hand, if dist,,, , (1, 22) >  arcsinh 3, then for any (y1,y2) € B% aresinh 1 (1)
we have

. . . . arcsinh% 1
dist e (Y1, y2) > dist g (21, x2) — dist . (21, 91) — dist g (T2, y2) > 1 > 100"
Lemma 11.3 then gives |F (y1,y2)| < W%m, and thus
Gar(yr,92)| < \GAr(yl,yz) F(yr,y2)| + [F (y1,92)]
2 2 6 2g — 3 2
_ (2958032 + 3696n)(g — 1)°(29 — 3) + 6 o(0)
&2(9)
2 (295803271 + 36967%)(g — 1)3

§2(9) (O
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Then on B% arcsinh % (371) X B% arcsinh % (!L‘Q),

(59160647* + 739273)(g — 1)3
&2(9)

log [1allal < P(C) < 210195 - p(C).

Since tanh % ~ 0.053-- > 55, p‘l(B% arcsinh 1 (T1) X B: arcsinh 1 (Z2)) contains ID)%(O) X D%(O). We
take the pullback of the canonical section 1a to D4 (0) x D1 (0) as s, which serves as the desired local
holomorphic section.

For the second statement, for any z, let z, and F, : C'\ {} — R be as in Lemma 11.3. By the definition
of the Arakelov hermitian metric,

: r d'r r
‘mg - lla (z)‘ _ ‘bg Izl (l,)‘

[ - thp ||dzz||hyp

IN

B 725+ 108 ) = 2200 | + o oy )

+

lim (Gar(e,y) - F:v(?/))"

Using the local estimates for F ;(y) +1og |z, (z) — 25 (y)| and ||dzs||nyp in terms of the systole sys(C') and
the global bound from Theorem 9.19, we obtain

’ Il - [lax ( )’ _ 1277 max {1,sys(C)} (29580327 + 36967°)(g — 1)*(29 — §)
- sys(C) §2(9)

Using again that 1 < Z(gg, Sysl(c) < “52(5; and & > 20g - &, we deduce

e(C),

H ’ ||hyp

(29580327 + 369677 (g — 1)2(2g — 3) + 127

|- lar ‘
log ()] < p(C)
‘ Il lInyp &2(9)
2-(2 274 (g —1)3
(29580327 + 36967°)(g — 1) ~90(C)<2~1014g%~<p(0),
£2(9)
which completes the proof. O
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