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Abstract

In this paper, we prove an explicit upper bound on the number of rational points on a smooth
projective curve of genus at least two over a number field. This gives explicit constants in the uniform
Mordell conjecture proposed by Mazur and proved by Vojta, Dimitrov–Gao–Habegger, and Kühne. The
main body of this paper consists of two parts. Part I proves arithmetic theorems over number fields by
Arakelov geometry, and Part II proves some complex analytic estimates used in Part I.
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1 Introduction
The finiteness of rational points on algebraic curves of genus at least two, conjectured by Mordell [Mor22] and
proved by Faltings [Fal83], stands as one of the central achievements of modern number theory. Following
this landmark result, Vojta [Voj91] provided a new proof using techniques from Diophantine approximation,
and Lawrence–Venkatesh [LV20] gave a third proof based on p-adic Hodge theory.

A natural refinement of Faltings’ theorem was suggested by Mazur [Maz86, p. 234], who asked whether
the number of rational points can be bounded uniformly in terms of the genus of the curve and the Mordell–
Weil rank of its Jacobian variety. Building on Vojta’s method, Dimitrov–Gao–Habegger [DGH21] and Kühne
[Kuh21] solves Mazur’s uniform Mordell conjecture. Their theorem has the following form.
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Theorem 1.1 (Vojta [Voj91], Dimitrov–Gao–Habegger [DGH21], Kühne [Kuh21]). Let K be a field of
characteristic 0, and let C be a curve of genus g ≥ 2 over K. Denote by J the Jacobian variety of C. Let
Λ ⊂ J(K) be a subgroup of finite rank. Fix a point P0 ∈ C(K), and view C(K)−P0 as a subset of J(C)(K)
via the Abel–Jacobi embedding. Then

#((C(K)− P0) ∩ Λ) ≤ c1(g)c2(g)
rk(Λ),

where c1(g) and c2(g) are positive constants depending only on the genus g.

Throughout this paper, a curve means a smooth, projective, and geometrically connected curve over a
base field. In the theorem, Λ is not assumed to be finitely generated, and the rank rk(Λ) = dimQ(Λ⊗Z Q).
By a specialization argument, it is easy to reduce the theorem to the case where K is a number field.

The theorem is proved by a combination of the following bounds.

(1) (Large points) Vojta’s proof of the Mordell conjecture in [Voj91] actually gives a deep inequality
concerning distribution of rational points of large heights, which particularly implies an upper bound
on the number of rational points of large heights. Note that this is sufficient for the Mordell conjecture
by the Northcott property of heights.

(2) (Small points) The works [DGH21, Kuh21] prove a uniform Bogomolov conjecture, which gives an upper
bound on the number of algebraic points of small heights. By a simple argument of sphere packing, the
uniform Bogomolov conjecture also bounds the number of all rational points complementary to (1).

Previously, the original Bogomolov conjecture for a single curve was proved by Ullmo [Ull98] by the
equidistribution theorem of Szpiro–Ullmo–Zhang [SUZ97]. A less well-known proof of the Bogomolov con-
jecture, which establishes the positivity of the admissible volumes of curves over number fields, is obtained by
the works of Zhang [Zha93, Zha10], Cinkir [Cin11], and de Jong [dJ18]. Before the works [DGH21, Kuh21],
DeMarco–Krieger–Ye [DKY20] proved the uniform Bogomolov conjecture for bi-elliptic curves of genus 2.

Based on the theory of adelic line bundles of Yuan–Zhang [YZ24], recently Yuan [Yua24] gave a different
proof of the uniform Bogomolov conjecture and thus the uniform Mordell conjecture. The key ingredient
of Yuan’s approach is a family version of the positivity of the admissible volume by Zhang [Zha93, Zha10],
Cinkir [Cin11], and de Jong [dJ18], while the key ingredient of Kühne’s approach is a family version of the
equidistribution argument of Ullmo [Ull98].

1.1 Main theorem: quantitative Mordell conjecture
It is natural to ask whether one can obtain a quantitative version of the uniform Mordell conjecture, i.e. to
determine explicit constants c1(g) and c2(g) in Theorem 1.1. There are serious difficulties to extract explicit
constants in the above approaches. In fact, the approach of [DGH21, Kuh21] is based on an equidistribution
argument, the approach of Yuan [Yua24] is based on a compactness argument at archimedean places, and
both approaches are based on arithmetic of chains of subvarieties of the moduli space of curves.

However, in the function field case, Looper–Silverman–Wilms [LSW25] established the uniform Bogo-
molov conjecture with surprisingly explicit constants. Their proof is through estimates on single curves
instead of moduli spaces, and still based on the positivity of admissible volumes of Zhang [Zha93, Zha10],
Cinkir [Cin11], and de Jong [dJ18]. Building on the result of [LSW25] and adapting Vojta’s proof of the
Mordell conjecture over function fields, Yu [Yu25] achieved c1(g) = 16g2 + 32g + 129 and c2(g) = 40g in
Theorem 1.1 for non-isotrivial curves over function fields of characteristic 0.

The work [LSW25] does not cover number fields due to many obstacles at archimedean places. In
this paper, we manage to overcome all these archimedean obstacles and prove a quantitative Bogomolov
conjecture over number fields. We also establish a quantitative Vojta inequality (with explicit constants)
over number fields. Consequently, we prove the following our main theorem, which is an explicit version of
Theorem 1.1.
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Theorem 1.2 (Theorem 5.1). Let K be a field of characteristic 0, C a curve of genus g ≥ 2 over K, and
J the Jacobian variety of C. For any line bundle α of degree 1 on C and any subgroup Λ ⊂ J(K) of finite
rank,

#((C(K)− α) ∩ Λ) ≤ 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}rk(Λ)

.

If K is a number field, then J(K) is finitely generated by the Mordell–Weil theorem and we can take
Λ = J(K). The gives the following quantitative version of the original Mordell conjecture.

Theorem 1.3. Let C be a curve of genus g ≥ 2 over a number field K, and J the Jacobian variety of C.
Then

#C(K) ≤ 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}rk J(K)

.

In the theorems, the Vojta constant

c2(g) = min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}
,

which essentially comes from Vojta’s proof of the Mordell conjecture, tends to 1 as g → ∞. This provides
an affirmative answer to a question of Gao and Habegger (cf. [Hab23, Que. 1.19]).

On the other hand, recall that the Manin–Mumford conjecture proved by Raynaud [Ray83a, Ray83b]
asserts that (C(K) − α) ∩ J(K)tor is finite. Here J(K)tor denotes the subgroup of torsion elements of
J(K). In Theorem 1.2, the constant c1(g) = 1013g8 bounds the order of (C(K) − α) ∩ J(K)tor by taking
Λ = J(K)tor, so we call c1(g) the Manin–Mumford constant. Our proof of the theorem actually gives the
following quantitative Manin–Mumford conjecture with better constants.

Theorem 1.4 (Theorem 4.2). Let K be a field of characteristic 0, C a curve of genus g ≥ 2 over K, and
J the Jacobian variety of C. Then for any line bundle α of degree 1 on C,

#
(
(C(K)− α) ∩ J(K)tor

)
≤ 3.2 · 1011g 17

3 .

In Theorem 1.2, if C is not defined over a number field, we are in the function field case and have the
following theorem with better constants.

Theorem 1.5 (Theorem 5.13). Let K be a field of characteristic 0, C a curve of genus g ≥ 2 over K, and
J the Jacobian variety of C. Assume that C is not isotrivial over Q in that CK cannot be descended to Q.
Then for any line bundle α of degree 1 on C and any subgroup Λ ⊂ J(K) of finite rank,

#((C − α) ∩ Λ) ≤ 1.8 · 106g3 ·
(
1 +

5

4
√
g

)rk(Λ)

,

#((C − α) ∩ Λ) ≤ 2.5 · 104g8 ·
(
1 +

3 log g

g

)rk(Λ)

.

Our proof of this function field version applies a variant of the main result of Looper–Silverman–Wilms
[LSW25], but the other parts of the proof are similar to that of Theorem 1.2. Note that our Vojta constant
here is better than that obtained by Yu [Yu25], which comes from a refined version of the Vojta inequality
and a more delicate method of point counting.

1.2 Some consequences
Let us consider some consequences of Theorem 1.3, which give different bounds of the number of rational
points.

4



First consequence: beyond Chabauty range

For the first consequence, recall that in the Chabauty range rk J(K) < g, Coleman [Col85] applied the
Chabauty method give an upper bound of #C(K) which is almost linear in g. Our theorem gives a clean
bound beyond the Chabauty range. In fact, by the inequality(

1 +
3 log g

g

)g
≤ g3,

Theorem 1.3 gives
#C(K) ≤ 1013g3

rk J(K)
g +8.

This is polynomial in g if 1

g
rk J(K) is bounded.

Second consequence: bounds by bad reductions

Our second consequence is the following “more explicit” bound on the number of rational points.

Theorem 1.6. Let C be a curve of genus g ≥ 2 over a number field K. Denote by d = [K : Q] the degree
of K over Q, by ∆K/Q the discriminant of K over Q, and by N0

C/K the product of the norms of the prime
ideals of OK where C has bad reduction. Then

#C(K) ≤ c1(g, d) · (N0
C/K)c2(g,d) · |∆K/Q|c3(g,d),

where

c1(g, d) = 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}2g3d328g
2

< 1013g6g
2d328g

2
+8,

c2(g, d) = 4g3d228g
2

· log4 min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}
< 8.7 · g2d2 · 28g

2

log g,

c3(g, d) = gd28g
2

· log4 min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}
< 2.2 · d · 28g

2

log g.

The theorem is a consequence of Theorem 1.3 and the following bound of Rémond [Rem10, Proposition
5.1] on the Mordell–Weil rank:

rk J(K) ≤ gd28g
2

log 4
(4dg2 logN0

J/K + log |∆K/Q|+ g2d2 log 16)− 1.

Here N0
J/K is the product of the norms of the prime ideals of OK where J has bad reduction, which is a

factor of N0
C/K .

Recall that the admissible volume ω̄2
C/K,a is the self-intersection number of Zhang’s admissible canonical

bundle; see §2.5 for a review. In Theorem 1.6, we can replace N0
C/K by e88ω̄

2
C/K,a , since we have

ω̄2
C/K,a ≥ max{g − 1, 2}

2g + 1
ϕ(C) ≥ 1

88
logN0

C/K .

Here the first inequality is from Theorem 2.4, a consequence of works of Zhang [Zha10], de Jong [dJ18], and
Wilms [Wil22], and the second inequality is by Cinkir [Cin11, Theorem 2.11] and Cinkir [Cin15].

We can further change the expression in terms of the admissible volume ω̄2
C/K,a by that in terms of the

Faltings height hFal(J), since we have

1

[K : Q]
ω̄2
C/K,a ≤ 12hFal(J) + 6g log(2π2).
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See [Yua24, Theorem 4.14] for the inequality, a consequence of the arithmetic Noether formula of Faltings
[Fal84], an inequality of Zhang [Zha93], and a lower bound of the delta invariant by Wilms [Wil17].

Interested readers can also compare our results with the results of Rémond [Rem10, Theorem 1.1, The-
orem 1.2] for rational points on planar curves. Our current results strengthen the ones in the loc. cit. in
some sense.

Finally, for integral points, Corvaja–Zannier [CZ03] obtained explicit upper bounds on the number of
integral points on a hyperbolic curve with at least three points at infinity, which is based on a sharp explicit
version of Schmidt’s subspace Theorem and does not involve the Mordell–Weil rank.

Third consequence: hyperelliptic curves

If C is a hyperelliptic curve, we have a better bound for rk J(K), and thus a better bound for #C(K) as
follows.

Theorem 1.7 (Theorem 6.1). Let K be a number field of degree d over Q. Let f(x) ∈ OK [x] be a monic
and square-free polynomial. Let ∆f ∈ OK be the discriminant of f .

(1) If deg f = 2g + 1 for some integer g ≥ 2, then

#{(x, y) ∈ K2 : y2 = f(x)} ≤ 1013·2dg9d log2(2gd+d)+18d+8(2gd+d)
3
2d·|NK/Q∆f |4 log2 g+

1
2 ·|∆K/Q|3 log2 g+

1
2 .

(2) If deg f = 2g + 2 for some integer g ≥ 2, then

#{(x, y) ∈ K2 : y2 = f(x)} ≤ 1013·26d+1g9d log2(2gd+2d)+18d+8(2gd+2d)
9
2d·|NK/Q∆f |4 log2 g+

5
2 ·|∆K/Q|3 log2 g+

3
2 .

Here the discriminant ∆f ∈ OK is the usual one defined by

∆f =
∏

1≤i<j≤deg f

(xi − xj)
2,

where x1, . . . , xdeg f are the roots of f in K.

Fourth consequence: average for hyperelliptic curves

For the last consequence, recall that Bhargava–Gross [BG13] proved that the average size of the 2-Selmer
groups of hyperelliptic curves with marked rational Weierstrass points over Q is 3. If the rational point is
non-Weierstrass, Shankar–Wang [SW18] proved that the average size is at most 6. By the easy inequality(

1 +
5

4
√
g

)rk J(K)

< 2rk J(K) ≤ #Sel2(J),

we have the following consequence of Theorem 1.3.

Theorem 1.8 (Theorem 6.5). (1) For hyperelliptic curves of genus g ≥ 2 over Q with a marked rational
Weierstrass point, the average number of rational points is at most 3 · 1013g8.

(2) For hyperelliptic curves of genus g ≥ 2 over Q with a marked rational non-Weierstrass point, the
average of number of rational points is at most 6 · 1013g8.

In the case g = 2, Alpoge [Alp18] previously proved the finiteness of the average number in Theorem
1.8(1). Our treatment of large points is very similar to that of the loc. cit.; in fact, we both use Vojta’s
inequality and Bhargava–Gross’ theorem.

The following are other related probabilistic results.
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(1) Bhargava [Bha13] proved that as g tends to infinity, the density of hyperelliptic curves of genus g over
Q having #C(Q) = 0 tends to 1.

(2) Poonen–Stoll [PS14] proved that as g tends to infinity, the density of hyperelliptic curves of genus g
over Q with a marked rational Weierstrass point having #C(Q) = 1 tends to 1. The proof is based on
Bhargava–Gross’ theorem and the Chabauty method.

(3) Shankar–Wang [SW18] proved that as g tends to infinity, the density of hyperelliptic curves of genus
g over Q with a marked rational non-Weierstrass point having #C(Q) = 2 tends to 1. The proof is
based on extensions of the methods of Bhargava–Gross [BG13] and Poonen–Stoll [PS14].

1.3 Quantitative Vojta inequality
Our proof of Theorem 1.2 is based on a quantitative Vojta inequality and a quantitative Bogomolov conjecture
with some delicate arguments in sphere packing. We will first introduce these two quantitative theorems
and then give some ingredients of our sphere packing.

We start with some notation for heights and arithmetic numbers, which are introduced in §2 with details.
Let C be a curve of genus g ≥ 2 over a number field K, and let J be the Jacobian variety of C over K.
Taking the base change to a finite extension of K if necessary, we can assume that there is a line bundle
α0 on C such that (2g − 2)α0 is isomorphic to the canonical sheaf ω = ωC/K . Here we usually write tensor
products of line bundle additively. Via α0, we have an Abel–Jacobi map

iα0
: C −→ J, x 7−→ (x)− α0.

This gives a theta divisor θ on J , defined as the image of Cg−1 → J . The theta divisor gives a Néron–Tate
height function ĥ : J(K) → R, which extends to a positive definite quadratic form on J(K)R = J(K)⊗Z R.
This gives a metric on J(K)R by

|x| =
√
[K : Q]ĥ(x), x ∈ J(K)R.

Denote by ∠(x, y) the angle between two vectors x, y ∈ J(K)R under this metric. The notations |x| and
∠(x, y) for x, y ∈ C(K) are understood via the map iα0

: C → J .
Let ω̄a = ω̄C/K,a be Zhang’s admissible canonical line bundle on C. The Bogomolov conjecture proved

by Ullmo is equivalent to the strictly positive of the arithmetic self-intersection number ω̄2
a. The number ω̄2

a

is a canonical arithmetic invariant of C/K, and it is called the admissible volume of C/K. We refer to §2.5
for more details on this.

In this paper, we prove the following quantitative version of Vojta’s inequality.

Theorem 1.9 (Theorem 3.1). Let C be a curve of genus g ≥ 2 over a number field K. Let P1, P2 ∈ C(K)
be distinct rational points. Assume

|P1| ≥ 1.2 · 109g 7
3

√
ω̄2
a

and
|P2| ≥ 105g

5
2 |P1|.

Then
cos∠(P1, P2) ≤

√
1.01

g
.

The theorem with implicit constants is proved by Vojta [Voj91] in order to prove the Mordell conjecture.
The most technical part of the proof of Vojta [Voj91] is an application of the arithmetic Riemann–Roch
theorem of Gillet–Soulé [GS92] to construct a small section. This technical part is replaced by an application
of the more elementary Siegel’s lemma by Bombieri [Bom90], and replace by an application of Yuan’s
arithmetic Siu inequality by Yuan [Yua25]. We refer to [Yua25, §1] for a brief history of these approaches.
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Note that Rémond [Rem00b, Thm. 1.1] proved a Vojta inequality for subvarieties of abelian varieties,
most of whose constants are also explicitly written down.

Our proof of Theorem 1.9 is based on the framework of Yuan [Yua25] on Vojta’s method, and our
additional idea is to use Zhang’s admissible adelic line bundles to have explicit constants. Moreover, we
also need some explicit inequalities to compare the Arakelov metric and the hyperbolic metric of a compact
Riemann surface.

Note that the bound
√

1.01

g
in the theorem is very sharp by the current method. In fact, all the bounds

we can derive from Vojta’s method should be strictly bigger than
√

1

g
. This can also be seen from the

statement of [Yua25, Theorem 2.1].
As a companion of the quantitative Vojta inequality, we have the following quantitative version of Mum-

ford’s inequality in [Mum65] (cf. [Ser97, §5.7]).

Theorem 1.10 (Theorem 3.6). Let C be a curve of genus g ≥ 2 over a number field K. Let P1, P2 ∈ C(K)
be distinct algebraic points. Assume

|P1| ≥ 109g
7
3

√
ω̄2
a

and
|P1| ≤ |P2| ≤ 1.15|P1|.

Then
cos∠(P1, P2) ≤

1.01

g
.

As in Mumford’s original inequality, the proof of our theorem uses some techniques of those of Theorem
1.9, but it is much easier than that of Theorem 1.9.

1.4 Quantitative Bogomolov conjecture
The following theorem is our quantitative version of the Bogomolov conjecture.

Theorem 1.11 (Theorem 4.1). Let K be a number field, C a curve of genus g ≥ 2 over K, and J the
Jacobian variety of C.

(1) For any 0 ≤ r <
√

1
8g and x ∈ J(K)R,

#{P ∈ C(K) : |P − x| ≤ r
√
ω̄2
a} <

3.2 · 1011g 17
3

1− 8gr2

(
1 + 10−6 log

(
1

1− 8gr2

))
.

(2) Let κ > 1 and θ ∈ (0, π/2) be real numbers satisfying

g cos2 θ >
(κ+ 1)2

4κ
+

1

3.2 · 1011g 11
3

.

Then for any nonzero x ∈ J(K)R,

#{P ∈ C(K) : |x| ≤ |P | ≤ κ|x|, ∠(P, x) ≤ θ} ≤ 3.2 · 1011g 17
3 .

The first inequality is a number field version of [LSW25, Theorem 1.3], and it has a much larger coefficient
3.2 ·1011 due to the larger coefficients from archimedean places. The second inequality is an effective variant
of the inequality coming from the extra term in [Yua24, Theorem 1.1]. In fact, an elementary calculation
gives

{P ∈ C(K) : |x| ≤ |P | ≤ κ|x|, ∠(P, x) ≤ θ} ⊆ {P ∈ C(K) : |P − x| ≤ (κ2 + 1− 2κ cos θ)
1
2 |x|}.
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Then an upper bound of the order of the right-hand side gives the effect of the extra term in [Yua24, Theorem
1.1]. See also Remark 4.5.

Let us describe our idea to prove Theorem 1.11. As mentioned above, the global part of our proof follows
closely the proof [LSW25, Theorem 5.2], where the key ingredient is a quadratic identity, and the local part
of our proof consists of a few technical estimates of invariants of compact Riemann surfaces. We will first
describe the global part, and come back to the local part later.

Assume that P1, . . . , Pn are n distinct points of C(K) with small distances |Pi − x|. We hope to obtain
an upper bound for n. By base change, we can assume that P1, . . . , Pn are defined over K. Extend Pi to
the admissible adelic divisor O(Pi)a on C (cf. §2.5). By the arithmetic Hodge index theorem (cf. Theorem
2.5) and the arithmetic adjunction formula (cf. Theorem 2.6), we have a quadratic identity

4(n+ g − 1)(g − 1)

n− 1

∑
1≤i<j≤n

|Pi−Pj |2 =
4ng(g − 1)

n− 1

∑
1≤i<j≤n

hO(∆)a
(Pi, Pj)+

n2

2
ω̄2
a+

∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

.

Here the height
hO(∆)a

(Pi, Pj) =
∑
v∈MK

εvGa,v(Pi, Pj),

where Ga,v : (C2 \∆)(Kv) → R is Zhang’s admissible Green function at v as in §2.5. See Lemma 4.3 for a
proof of this quadratic identity. This quadratic identity is extracted from the proof of [LSW25].

To prove the first inequality of Theorem 1.11, assume that |Pi − x|2 < t for a small positive number t,
and we want to have an upper bound of n in terms of t. We first have

|Pi − Pj |2 ≤ (|Pi − x|+ |Pj − x|)2 ≤ (
√
t+

√
t)2 = 4t.

We will prove a key bound of the form∑
1≤i<j≤n

hO(∆)a
(Pi, Pj) ≥ −O((n log n)ω̄2

a).

It follows that the inequality becomes

8(g − 1)n2t ≥

∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

+
n2

2
ω̄2
a −O((n log n)ω̄2

a) ≥
n2

2
ω̄2
a −O((n log n)ω̄2

a).

This gives an upper bound of n as long as 2t <
1

8(g − 1)
ω̄2
a. By some refined method, we eventually get the

first inequality of Theorem 1.11.
For the second inequality of Theorem 1.11, the conditions |x| ≤ |P | ≤ κ|x| and ∠(P, x) ≤ θ give

|Pi − Pj |2 = |Pi|2 + |Pj |2 − 2|Pi||Pj | cos∠(Pi, Pj) ≤ 2κ|x|2 − 2|x|2 cos(2θ).

The projection of Pi to the direction of x has length |Pi| cos∠(Pi, x). It follows that∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

≥ (2g − 2)2

(∑
i

|Pi| cos∠(Pi, x)
)2

≥ (2g − 2)2n2|x|2 cos2 θ.

Then the quadratic identity gives

2|x|2(κ− cos(2θ))n2 ≥ (2g − 2)2n2|x|2 cos2 θ + n2

2
ω̄2
a −O((n log n)ω̄2

a).

This gives an upper bound of n as long as 2(κ− cos(2θ)) < (2g − 2)2 cos2 θ. A refinement of this argument
gives the second inequality of Theorem 1.11.
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It remains to prove an explicit bound of the form∑
1≤i<j≤n

hO(∆)a
(Pi, Pj) ≥ −O((n log n)ω̄2

a).

We need Zhang’s global ϕ-invariant
ϕ(C) =

∑
v∈MK

εvϕv(C),

where the local ϕ-invariant
ϕv(C) = −

ˆ
(C2)anKv

Ga,v c1(O(∆)a,v)
∧2 ≥ 0.

This is recalled in §2.5. By the works of Zhang [Zha93, Zha10], Cinkir [Cin11], de Jong [dJ18], and Wilms
[Wil22] on the original Bogomolov conjecture, we have an inequality

ω̄2
a ≥ g − 1

2g + 1
ϕ(C).

We refer to Theorem 2.4 for more details.
It is reduced to prove an explicit bound of the form∑

1≤i<j≤n

hO(∆)a
(Pi, Pj) ≥ −O((n log n)ϕ(C)).

Note that hO(∆)a
(Pi, Pj) and ϕ(C) are both sums of local components over places v of K. The problem is

reduced to find a suitable positive constant c(g) independent of C and v such that

FEv(n,C) + c(g) (n log n)ϕv(C) ≥ 0.

Here the Faltings–Elkies invariant

FEv(n,C) = inf
P1,...,Pn∈C(Kv)

∑
1≤i<j≤n

Ga,v(Pi, Pj).

Note that the problem is purely local for v.
If v is a non-archimedean place, then both FEv(n,C) and ϕv(C) can be computed in terms of the

reduction dual graph of C. In this case, a lower bound of ϕv(C) is given by Cinkir [Cin11], and a suitable
lower bound of FEv(n,C) is given by [LSW25]. Their combination gives c(g) at v.

If v is archimedean, the term FEv(n,C) is an invariant of the compact Riemann surface Cv(C). Lower
bounds of FEv(n,C) was previously obtained by Faltings [Fal83] and Elkies (cf. [Lan88, §VI.5]), but their
bounds are not uniform as the Riemann surface varies. Our explicit bound in this case is as follows.

Theorem 1.12 (Theorem 3.5, Theorem 10.11). Let C be a curve of genus g ≥ 2 over a number field K.
Let v be an archimedean place of K. Then we have

FEv(C, n) ≥ −
(
4 · 103g 1

3n log n+ 1.32 · 1010g 11
3 n
)
· ϕv(C).

The proof of this explicit bound is the most technical part of our analytic part of this paper. We will
come back to this later.
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1.5 Sphere packing
Now we describe our argument of sphere packing to prove Theorem 1.2 by Theorem 1.9, Theorem 1.10, and
Theorem 1.11. It is easy to reduce the problem the case α = α0. We divide the set C ∩Λ = (C(K)−α0)∩Λ
into the following three parts:

(C ∩ Λ)small =

{
P ∈ C ∩ Λ : |P | ≤

√
ω̄2
a

16g

}
,

(C ∩ Λ)medium =

{
P ∈ C ∩ Λ :

√
ω̄2
a

16g
< |P | ≤ 1.2 · 109g 7

3

√
ω̄2
a

}
,

(C ∩ Λ)large =
{
P ∈ C ∩ Λ : |P | > 1.2 · 109g 7

3

√
ω̄2
a

}
.

This is similar to the partition by Dimitrov–Gao–Habegger [DGH21], but we will apply many refined methods
to obtain good constants in the bounds.

Our cut-off limits for |x| in the three sets are chosen from the constants in Theorem 1.9 and Theorem
1.11. For example, the set (C ∩ Λ)small of small points comes from Theorem 1.11(1) with r =

√
1

16g . This
gives the bound

#(C ∩ Λ)small ≤ 6.5 · 1011g 17
3 .

It remains to bound the medium points and the large points.
Denote n = rk(Λ) and assume n ≥ 1. The space V = ΛR under the norm | · | is isometric to the Euclidean

space Rn. For any nonzero vector u ∈ V and any angle θ ∈ (0, π), denote the cone

cone(u, θ) = {x ∈ V : ∠(u, x) ≤ θ}

centered at u and of angular radius θ in V , and denote the spherical cap

cap(u, θ) = {x ∈ V : |x| = 1, ∠(u, x) ≤ θ}

centered at u and of angular radius θ in V . Note that cap(u, θ) lies in the sphere

SV = {x ∈ V : |x| = 1}.

Medium points

Now we describe our idea to bound the set (C ∩ Λ)medium. For any 0 < r < r′, denote

(C ∩ Λ)r,r′ = {P ∈ C ∩ Λ : r < |P | ≤ r′}.

Then we have
(C ∩ Λ)medium = (C ∩ Λ)r1,r2

with

r1 =

√
ω̄2
a

16g
, r2 = 1.2 · 109g 7

3

√
ω̄2
a.

Cover (C ∩ Λ)medium by the sets

(C ∩ Λ)2i−1r1,2ir1 , i = 1, . . . , dlog2(r2/r1)e.

It suffices to bound #(C ∩ Λ)r,2r for every r > 0.
Apply Theorem 1.11(2) to

θ = arccos

√
1.13

g
, κ = 2.
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As a consequence, under the natural map ∐
P∈(C∩Λ)r,2r

cone(P, θ) −→ V,

every nonzero point has at most 3.2 · 1011g 17
3 preimages. Take intersections with the sphere S and compare

the volumes. We have
#(C ∩ Λ)r,2r · vol(cap(P, θ)) ≤ 3.2 · 1011g 17

3 vol(SV ).

The remaining part is just some volume estimates in Euclidean spaces. Our final result is

#(C ∩ Λ)medium ≤ 1.64 · 1013g7
(
1 +

5

2
√
2g

)n−1

.

Large points

Now we describe our strategy to bound C(K)large, which requires more delicate results in sphere packing.
A similar strategy previously appeared in the work of Alpoge [Alp18].

We first introduce an important counting function in sphere packing. For any positive integer n and any
angle θ ∈ (0, π), denote by A(n, θ) the maximal number of nonzero points u1, . . . , uN ∈ Rn such that any
two of them form an angle at least θ. The condition is also equivalent to that the interiors of the spherical
caps cap(u1, θ/2), . . . , cap(uN , θ/2) are disjoint from each other. It follows that A(n, θ) is also the maximal
number of spherical caps of angular radius θ/2 in Rn such that any two such spherical caps have no common
interior points.

Now we return to the bound of large points. For any θ ∈ (0, π), there is a subset S of (C ∩ Λ)large
satisfying the following properties.

(1) For any P ∈ (C ∩ Λ)large, there is a Q ∈ S such that ∠(P,Q) ≤ θ and |Q| ≤ |P |.

(2) For distinct Q1, Q2 ∈ S, we have ∠(Q1, Q2) > θ. As a consequence, #S ≤ A(n, θ).

This set can be constructed inductively.
For any κ > 1, we have

(C ∩ Λ)large =
⋃
Q∈S

{P ∈ C ∩ Λ : |P | ≥ |Q|, ∠(P,Q) < θ}

=
⋃
Q∈S

∞⋃
i=1

{P ∈ C ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}

=
⋃
Q∈S

⌈logκ(10
5g

5
2 )⌉⋃

i=1

{P ∈ C ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}.

Here the third equality is a consequence of the quantitative Vojta inequality in Theorem 1.9 by taking

θ = arccos

(√
1.01

g

)
.

Take κ = 1.15. For each Q ∈ S and i, suppose we have two distinct points

P1, P2 ∈ {P ∈ C(K) ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}.

Denote by P ′
1, P

′
2 the orthogonal projections of P1, P2 to the linear space Q⊥ = {x ∈ V : 〈x,Q〉 = 0}. A

simple estimate gives 〈P ′
1, P

′
2〉 < 0 and hence ∠(P ′

1, P
′
2) >

π
2 . This strong property implies that

#{P ∈ C ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ} ≤ A(n− 1,
π

2
) ≤ n.
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As a consequence, we have the following result.

#(C ∩ Λ)large ≤ dlog1.15(105g
5
2 )enA(n, θ).

We refer to Proposition 5.4 for more details.
Then the problem is reduced to give a good upper bound of A(n, θ). By volume comparison, we have a

bound
A(n, θ) ≤ vol(Sn−1)

vol(cap(P, θ/2))
.

This bound grows roughly as (
√
2)n when θ is close to π/2, and is too large for our purpose of making the

Vojta constant close to 1.
We have two other methods to seek stronger upper bounds of A(n, θ). The first method is due to Rankin

[Ran55, Thm. 2], which eventually leads to

#(C ∩ Λ)large ≤ 3.4 · 106g2
(
1 +

5

4
√
g

)n−1

.

The second method applies a result of Kabatjanskiĭ–Levenšteĭn [KL78] on sphere packing. By some delicate
argument, this method eventually leads to

#(C ∩ Λ)large ≤ 2.4 · 104g8
(
1 +

3 log g

g

)n−1

for g ≥ 142. This explains the proof of Theorem 1.2, and also explains the origin of the Vojta constant

c2(g) = min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}
.

The main body of this paper consists of two parts: Part I for arithmetic estimates and Part II for analytic
estimates. Up to now, we have sketched the main ideas of Part I. On the other hand, Part II proves three
estimates required for Part I, which can be found from the first paragraph of Part I or that of Part II. In the
remaining part of this section, we sketch the main idea to prove Theorem 1.12, which is the most difficult
one of the three. The proofs of the other two are based on similar strategies.

1.6 Systoles of hyperbolic surfaces
Now we start to sketch our proof of Theorem 1.12. For this, we restrict our attention to smooth projective
curves C of genus g ≥ 2 over C, i.e., compact Riemann surfaces of genus g ≥ 2. Then

Ga = GAr : C
2 \∆ −→ R

is just the Arakelov Green function on C. We have Zhang’s ϕ-invariant

ϕ(C) = −
ˆ
C2

GAr c1(∆, GAr)
∧2

and the Faltings–Elkies invariant

FE(n,C) = inf
P1,...,Pn∈C

∑
1≤i<j≤n

GAr(Pi, Pj).

Since no direct connection between ϕ(C) and FE(C) is currently known, our estimation strategy proceeds
in two steps: a lower bound for ϕ(C) and a lower bound for FE(n,C). The key idea is to relate both invariants
to a certain geometric quantity, which will serve as an intermediate bridge. We now introduce this quantity.
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Let C be a smooth projective curve of genus g ≥ 2 over C. Then C carries a unique Kähler metric µKE

of constant curvature −1. Since dimC = 1, we identify a Kähler metric µ with its associated volume form
and measure. Let sys(C) denote the systole of (C, µKE), i.e., the length of the shortest non-trivial closed
geodesic. We will use the quantity

max
{
sys(C)−1, 1

}
as the intermediate quantity.

Although it is not seriously needed in our estimates, the behavior of the systole when varying C helps
us understand our final results. Consider the coarse moduli scheme Mg,C of curves of genus g over C. We
have a function

sys : Mg,C(C) −→ (0,∞), C 7−→ sys(C).

The function is continuous on Mg,C(C) under the Euclidean topology. See also the Teichmüller-theoretic
construction of Mg,C in [HM98, Section 2.C]. As C approaches the boundary of the moduli space, the systole
sys(C) converges to 0.

The following estimate shows that, up to constants depending only on g, we can bound the ϕ-invariant
ϕ(C) in terms of the invariant max

{
sys(C)−1, 1

}
.

Theorem 1.13 (combining Theorem 9.19 and Corollary 11.6). Let C be a compact Riemann surface of
genus g ≥ 2. Then

10−7g−
5
3 ·max

{
sys(C)−1, 1

}
≤ ϕ(C) ≤ 106g5 ·max

{
sys(C)−1, 1

}
.

To understand the theorem abstractly, consider the function

ϕ : Mg,C(C) −→ (0,∞), C 7−→ ϕ(C).

It is smooth and tends to infinity as C approaches the boundary of the moduli space (with logarithmic
growth). These facts follow from the interpretation of ϕ as an adelic divisor by [Yua24, §3.2.3], and the proof
of [Yua24, Theorem 3.10] considering the boundary behavior. Then the loc. cit. concludes that ϕ(C) ≥ c0(g)
for some implicit constant c0(g) > 0 by compactness. Now we can view the theorem as a comparison of two
continuous functions on the moduli space. It is worth noting that the bound ϕ(C) ≥ 10−7g−

5
3 from the

theorem gives an effective expression for c0(g).
The upper bound in Theorem 1.13 is comparatively straightforward. It follows from a comparison between

the systole and the eigenvalues of the Laplacian, together with the standard estimate comparing the L∞

norm and L2 norm of holomorphic sections. This part of the argument is similar in spirit to the classical
L2 estimate for the Poisson equation. We also note that the upper bound in Theorem 1.13 will not be used
later in the paper.

The lower bound in Theorem 1.13, however, plays a central role in our analysis. The argument is
inspired by Tian’s peak section method as in [Tia90a, Tia90b, Tia13, Tia15, Zho24], the localization of
Bergman kernels due to Ma–Marinescu [MM07], and the relationship between loops and harmonic 1-forms
established by Buser–Sarnak [BS94].

We also need the following result, which bounds the Faltings–Elkies invariant in terms of the systole.

Proposition 1.14 (Proposition 10.10). Let C be a compact Riemann surface of genus g ≥ 2. Then

FE(n,C) ≥ −1

4
n log n− 400π3(g − 1)3 ·max

{
sys(C)−1, 1

}
· n.

By combining Theorem 1.13 with Proposition 1.14, we can obtain a result in the form of Theorem 1.12.
By introducing some additional refinements, we can achieve the better constants in Theorem 1.12. In the
following, we sketch the proofs of Theorem 1.13 and Proposition 1.14.
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1.7 Estimate of the φ-invariant
We now sketch the proof of the lower bound in Theorem 1.13. For clarity, we only outline the main ideas
leading to an estimate of the form ϕ(C) ≥ c(g) ·max

{
sys(C)−1, 1

}
for some constant c(g) > 0. A complete

proof with an improved value of c(g) will be provided later.
We begin by introducing a lower bound for Zhang’s ϕ-invariant that is easier to analyze. The lower

bound is derived using a potential-theoretic expression of Zhang’s ϕ-invariant (cf. Proposition 9.2), which
we view as an analytic reformulation of Zhang’s original formula (cf. Proposition 9.1).

Let {αj}gj=1 be an L2-orthonormal basis of Γ(C,ωC) with respect to the L2 inner product

〈α, α′〉 = i

2

ˆ
C

α ∧ ᾱ′,

where ωC denotes the canonical bundle of C. The Arakelov Kähler metric is defined by

µAr =
i

2g

g∑
k=1

αk ∧ ᾱk,

and is independent of the choice of basis. By the standard theory of Poisson equations, for each j, there
exists a unique smooth R-valued function uj on C satisfying

ddcuj = iαj ∧ ᾱj − 2µAr,

ˆ
C

ujµAr = 0,

where dc = 1
2πi (∂ − ∂̄). Then Proposition 9.1 yields the lower bound

ϕ(C) ≥ 1

2

g∑
j=1

ˆ
C

duj ∧ dcūj .

Thus, a suitable choice of L2 orthonormal basis for Γ(C,ωC) leads directly to explicit lower bounds for the
ϕ-invariant.

Let ε = ε(g) ∈ (0, 1) be a small constant, and let γ0 ⊂ C be the shortest non-trivial closed geodesic
on (C, µKE). We say that γ0 is separating if its homology class [γ0] ∈ H1(C;Z) vanishes. Otherwise, γ0 is
non-separating. By the classification theorem of compact surfaces, a simple closed geodesic is separating if
and only if it divides C into two connected components. See also [AS60, Chapter I, 41A].

We then decompose the moduli space as

Mg,C(C) = Mg,thick(ε) ∪Mg,sep(ε) ∪Mg,nsep(ε),

where

Mg,thick(ε) = {C ∈ Mg,C(C) : sys(C) ≥ ε},
Mg,sep(ε) = {C ∈ Mg,C(C) : sys(C) ≤ ε, and γ0 ⊂ C is separating},
Mg,nsep(ε) = {C ∈ Mg,C(C) : sys(C) ≤ ε, and γ0 ⊂ C is non-separating}.

We call these the thick, separating, and non-separating parts, respectively. As before, we do not distinguish
between a curve C and the corresponding complex point in Mg,C. This decomposition reduces the proof to
establishing the existence of positive constants ε1(g), ε2(g), ε3(g) such that

ϕ ≥ ε1 on Mg,thick(ε), ϕ ≥ ε2
sys(C)

on Mg,sep(ε), ϕ ≥ ε3
sys(C)

on Mg,nsep(ε).

We now analyze each case separately. In what follows, we sketch the argument and highlight the main
ideas, suppressing certain technical refinements that will be carried out in the full proof later in the paper.
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Thick part

Assume that C ∈ Mg,thick(ε). Since C is compact, the function µAr

µKE
attains its maximum at some point

x ∈ C. Moreover, a classical argument (see also Lemma 7.21) shows that there exists a section α ∈ Γ(C,ωC)
such that

i

2

ˆ
C

α ∧ ᾱ = 1, and i

2
α ∧ ᾱ(x) = sup

C

∣∣∣∣gµAr

µKE

∣∣∣∣µKE(x).

By a unitary transformation, we can assume that the L2-orthonormal basis {αj}gj=1 satisfies α1 = α.
Let (D, µD) be the Poincaré disk. Then there exists a universal covering map ρ : D → C such that

ρ(0) = x and ρ∗µKE = 4µEuc

(1−|z|2)2 = µD, where z is the standard coordinate on D, and µEuc = idz∧dz̄
2 is the

standard Euclidean Kähler metric on C. See also Theorem 7.2.
Let f be the holomorphic function on D such that ρ∗α = f(z)dz. Let ũ1 = ρ∗u1 and define the radial

average ũ1,radial(z) =
1
2π

´ 2π

0
ũ1(ze

iθ)dθ. By definition,

|f(0)|2 =
iρ∗(α ∧ ᾱ)(0)

2µEuc(0)
=

2iα ∧ ᾱ(x)
µKE(x)

= 4g sup
C

∣∣∣∣ µAr

µKE

∣∣∣∣ ≥ 4g
µAr(C)

µKE(C)
=

4g

4π(g − 1)
>

1

π
.

Moreover,

ddcũ1 = i|f |2dz ∧ dz̄ − 2ρ∗µAr ≥ 2|f |2µEuc −
|f(0)|2

4g
ρ∗µKE ≥

(
2|f |2 − |f(0)|2

g(1− |z|2)2

)
µEuc.

Since f is holomorphic, the function |f |2 is subharmonic and satisfies the mean value inequality. Taking the
radial average yields

ddcũ1,radial(z) ≥
(
2− 1

g(1− |z|2)2

)
|f(0)|2µEuc > |f(0)|2µEuc >

1

π
µEuc, ∀|z| ≤ 1

10
.

By the Laplacian inequality for the radial function ũ1,radial, we obtain
ˆ
D 1

10

dũ1,radial ∧ dc¯̃u1,radial ≥
ˆ
D 1

10

1

4
d|z|2 ∧ dc|z|2 =

1

40000
.

By the thick-thin decomposition and the Cauchy–Schwarz inequality, we obtain

ϕ(C) >
1

2

ˆ
C

du1 ∧ dcū1 >
5 · sys(C)

2 + 10 · sys(C)

ˆ
D 1

10

dũ1 ∧ dc¯̃u1 ≥ 5 · sys(C)
2 + 10 · sys(C)

ˆ
D 1

10

dũ1,radial ∧ dc¯̃u1,radial.

where the second inequality follows from Lemma 7.8. Hence ϕ(C) > 10−6ε.

Separating part

Assume that C ∈ Mg,sep(ε). Since γ0 is separating, C \ γ0 has two connected components, which we denote
by C1 and C2. There exists a smooth R-valued function η on C such that 0 ≤ η ≤ 1,

ˆ
C

dη ∧ dcη ≤ sys(C),

and
g∑
j=1

(
i

ˆ
C1

|η|αj ∧ ᾱj + i

ˆ
C2

|η − 1|αj ∧ ᾱj
)

≤ 10−10g−10.

The construction of such a cutoff function η is standard (see [Bus92, Theorem 8.1.3]) and relies on the fact
that, when γ0 is separating, the Arakelov measure µAr is uniformly small in a neighborhood of γ0. See also
Proposition 7.16.

16



Using this function η and the Cauchy–Schwarz inequality, we obtain

ϕ(C) ≥ 1

2

g∑
j=1

ˆ
C

duj ∧ dcūj ≥
∑g
j=1

∣∣´
C
dη ∧ dcuj

∣∣2
2
´
C
dη ∧ dcη

≥ 1

2 · sys(C)

g∑
j=1

∣∣∣∣ˆ
C

ηddcuj

∣∣∣∣2 =
1

2 · sys(C)

g∑
j=1

∣∣∣∣ˆ
C

η(iαj ∧ ᾱj − 2µAr)

∣∣∣∣2 .
Thus, to obtain a uniform lower bound for ϕ(C), it suffices to construct a holomorphic 1-form α ∈

Γ(C,ωC) with i
2

´
C
α ∧ ᾱ = 1, such that the quantity

∣∣´
C
η(iα ∧ ᾱ− 2µAr)

∣∣ is bounded below by a positive
constant depending only on g.

Since γ0 is a simple closed geodesic, the Gauss–Bonnet formula implies that both C1 and C2 have positive
genus. Choose a smooth loop c0 ⊂ C1 whose homology class [c0] ∈ H1(C;Z) does not vanish. By Poincaré
duality, let β be the harmonic 1-form representing the class dual to [c0].

Since γ0 is a separating closed short geodesic, there exists a smooth closed 1-form β′ cohomologous to β,
supported in C1, such that

ˆ
C

β′ ∧ ?β′ ≤
ˆ
C1

β ∧ ?β + ε′2(g, ε)

ˆ
C

β ∧ ?β,

where ε′2 is an explicit function depending only on g and ε, with ε′2(g, ε) → 0 as ε → 0 for each fixed g ≥ 2.
Note that the cohomology class is determined by its integrals along cycles; in particular, this can be verified
using suitable loops c1. See Figure 1. Here we again use the fact that the Arakelov measure µAr is uniformly
small in a neighborhood of γ0. By the L2-minimality of harmonic forms (see also Lemma 7.22), we obtain

ˆ
C2

β ∧ ?β ≤ ε′2(g, ε)

ˆ
C

β ∧ ?β,

where ? denotes the Hodge ?-operator.

γ0
c0

c1

Figure 1: The separating short geodesic γ0 and the loops c0, c1

C1 C2

Set α = 1√´
C
β∧⋆β

(β + i ? β). Then i
2

´
C
α ∧ ᾱ = 1, and i

2

´
C2
α ∧ ᾱ ≤ ε′2, which implies

µAr(Cj) ≥ (1− ε′2)g
−1, j = 1, 2.
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Using the second inequality involving η, we obtain∣∣∣∣ˆ
C

η(iα1 ∧ ᾱ1 − 2µAr)

∣∣∣∣ ≥
∣∣∣∣ˆ
C2

(2µAr − iα1 ∧ ᾱ1)

∣∣∣∣− 10−8g−8

≥ 2µAr(C2)− 10−8g−8 − 2ε′2 ≥ 2g−1 − 10−8g−8 − 2ε′2,

which yields a strictly positive lower bound depending only on g, and thus the existence of ε2 follows.

Non-separating part

Assume that C ∈ Mg,nsep(ε). By the same argument as in the thick part, there exists an explicit constant
c′(g) > 0 depending only on g, such that

ϕ(C) ≥ c′(g) · sys(C) · sup
C

∣∣∣∣ µAr

µKE

∣∣∣∣2 .
It remains to prove that the quantity sys(C) · sup

∣∣∣ µAr

µKE

∣∣∣ admits a strictly positive lower bound depending
only on g. Let γ0 be the shortest non-separating closed geodesic on C. By definition of µAr, for α ∈ Γ(C,ωC)
satisfying i

2

´
C
α ∧ ᾱ = 1, we have

sup
C

∣∣∣∣ µAr

µKE

∣∣∣∣ ≥ sup
C

∣∣∣∣ iα ∧ ᾱ
2g · µKE

∣∣∣∣ ≥ 2π2

2g · sys(C)2
·
∣∣∣∣ 12π

ˆ
γ0

α

∣∣∣∣2 .
It therefore suffices to construct a holomorphic 1-form α satisfying i

2

´
C
α ∧ ᾱ = 1, such that the quantity

1
sys(C) ·

∣∣∣ 1
2π

´
γ0
α
∣∣∣2 has a strictly positive lower bound depending only on g.

Let β be the harmonic form representing the Poincaré dual of γ0. By Lemma 7.22, the desired lower
bound can be reduced to a lower bound on the quantity

1

sys(C)
·
ˆ
C

β ∧ ?β.

The idea is that if this quantity were too small, one could construct a loop c having a nonzero intersection
number with γ0 but such that the absolute value of

´
c
β is less than 1, contradicting the defining property

of β as the Poincaré dual of γ0. Let c0 be the shortest geodesic loop such that [γ0] ∩ [c0] 6= 0. See Figure 2.

C (γ0)

c0

Figure 2: The collar C (γ0) and the loop c0
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By combining the collar theorem with the Cheeger–Colding’s segment inequality (cf. Theorem 9.13), we
obtain a piecewise smooth loop cγ0 homotopic to c0 such that∣∣∣∣∣

ˆ
cγ0

β

∣∣∣∣∣ ≤ c′′(g)√
sys(C)

·

√ˆ
C

β ∧ ?β,

where c′′(g) is a constant depending only on g. Note that our previous smallness condition for β concerns
integrals over a real surface, whereas here we are interested in an integral taken along a real curve. By the
Cheeger–Colding’s segment inequality, which can be viewed as an analogue of Fubini’s theorem, we obtain
the desired estimate by integrating along a suitable perturbation curve cγ0 of c0. See Figure 3.

Since cγ0 is close to c0, it has the same nonzero intersection number with γ0 as c0. Therefore,
ˆ
C

β ∧ ?β ≥ sys(C)

c′′(g)2

∣∣∣∣∣
ˆ
cγ0

β

∣∣∣∣∣
2

≥ sys(C)

c′′(g)2
.

Hence there exists a constant ε3.
Combining the estimates for ε1, ε2, and ε3, we obtain the lower bound of ϕ(C) in Theorem 1.13.

C (γ0)

c0

Figure 3: Construction of the piecewise smooth loop cγ0

cγ0

1.8 Estimate of the Faltings–Elkies invariant
Now we sketch our proof of Proposition 1.14. Inspired by the works of Autissier [Aut01, Proposition 3.2.5] and
Faltings–Elkies (cf. [Lan88, Theorem 5.1]), our key idea to prove Proposition 1.14 is to recast the Arakelov
Green function into one involving hyperbolic geometric data, achieved by convolving the hyperbolic heat
kernel with the Kähler potential of the Arakelov Kähler form.

By the definition of FE(n,C), it suffices to show that for pairwise distinct points P1, . . . , Pn on C, we
have ∑

1≤j<k≤n

GAr(Pj , Pk) ≥ −1

4
n log n− 400π3(g − 1)3 max {1, sys(C)}

sys(C)
n.
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Recall that GAr is the Green function associated with the Arakelov measure µAr.
Our strategy is to reduce this to an estimate involving the hyperbolic measures µKE and µhyp =
1

4π(g−1)µKE. Note that µhyp(C) = µAr(C) = 1. As a quick fact (cf. Theorem 10.1), there exists a unique
R-valued smooth function ψAr on C, such that

GAr(x, y)−Ghyp(x, y) = ψAr(x) + ψAr(y),

where Ghyp is the Green function associated with the hyperbolic measure µhyp.
Following the standard argument of Autissier [Aut01, Proposition 3.2.5] and Faltings-Elkies [Lan88,

Theorem 5.1], one applies the hyperbolic heat equation

∂u

∂t
−∆hypu = 0

to deduce that for any t > 0,

∑
1≤j<k≤n

GAr(Pj , Pk) ≥ −1

2

n∑
j=1

Ghyp(Pj , Pj ; t)−
n(n− 1)t

2

(
1 + sup

C

∣∣∣∣ µAr

µhyp
− 1

∣∣∣∣) ,
where Ghyp(x, y; t) denotes the solution to the hyperbolic heat equation with initial data lim

t→0+
Ghyp(x, y; t) =

Ghyp(x, y) in the L2 sense.
Set t = 1

40n(g−1) . By a local argument, the term −n(n−1)t
2

(
1 + supC

∣∣∣ µAr

µhyp
− 1
∣∣∣) admits a lower bound of

the form −c′(g)n · sys(C)−1, where c′(g) > 0 is a constant depending only on g. Thus it remains to estimate
the quantity −n sup

x∈C
Ghyp(x, x; t).

We expand Ghyp(x, x; t) in terms of the eigenfunctions φhyp,0, φhyp,1, φhyp,2, · · · , where φhyp,l is the eigen-
function of the hyperbolic Laplacian corresponding to the eigenvalue λhyp,l, with λhyp,0 = 0 and φhyp,0 = 1.
Then

Ghyp(x, x; t) =
∑

0<λhyp,l≤ g−1
5

e−tλhyp,l |φhyp,l(x)|2

λhyp,l
+

∑
λhyp,l>

g−1
5

e−tλhyp,l |φhyp,l(x)|2

λhyp,l
,

and the desired estimate splits accordingly into two parts.
For the first term, by a theorem of Otal–Rosas [OR09, Théorème 2], if λhyp,l ≤ g−1

5 , then l ≤ 2g − 3.
Hence one can control this term via an estimate of the form

1

λhyp,1
≤ c′′(g)

sys(C)
,

where c′′(g) > 0 is a constant depending only on g. Such an estimate was proved by Schoen–Wolpert–Yau
[SWY80]; it was later improved by Wu–Xue [WX22a]. In fact, the estimates of Schoen–Wolpert–Yau and
Wu–Xue are stronger: the right-hand side can be taken to be the reciprocal of the minimal total length of
a separating multicurve dividing C into two components. Moreover, Wu–Xue’s estimate is optimal up to an
absolute constant. We shall also provide a new proof using conformal perturbation and Cheeger’s inequality
(see Proposition 8.10).

For the second term, we use the hyperbolic heat kernel Khyp(x, y; t). By definition,

Ghyp(x, x; 2t)−Ghyp(x, x; t) =

ˆ 2t

t

Khyp(x, y; ς)dς,

and hence the integral
´ 2t

t
Khyp(x, y; ς)dς provides an upper bound for the second term. Therefore, the

required estimate for the second term follows from an upper bound for the hyperbolic heat kernel.
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1.9 Notation and terminology
For a real number x, denote by bxc the greatest integer less than or equal to x, and denote by dxe the least
integer greater than or equal to x.

For an abelian group M , we denote MQ =M ⊗Z Q, MR =M ⊗Z R, and MC =M ⊗Z C. The rank of M
is rk(M) = dimQ(MQ).

By a variety over a field, we mean an integral scheme separated of finite type over the field. By a curve
over a field, we mean a smooth, projective, and geometrically connected variety of dimension 1 over the field.

We usually write tensor products of line bundles additively. For example, aL− bM means L⊗a⊗M⊗(−b)

for line bundles L,M and integers a, b.
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Part I
Arithmetic Estimates
This part consists of arithmetic arguments of this paper. The main goal of this section is to prove the
quantitative Mordell conjecture in Theorem 1.2 (or equivalently Theorem 5.1). The treatment of this part
assumes three analytic results: Theorem 3.5, Theorem 3.9, and Theorem 3.10. These three analytic results
will be proved in Part II of this paper.

2 Preliminaries on arithmetic intersection theory
This section is review some preliminary terminology and results on heights and arithmetic intersection theory.

2.1 Néron–Tate heights
By a variety over a field, we mean an integral scheme separated of finite type over the field. Let us briefly
recall the definition of Weil heights on projective varieties and Néron–Tate heights on abelian varieties. For
a detailed introduction, we refer to [Ser97, HS00, BG06].

Weil heights

Let K be a number field. Denote by MK the set of places of K. Denote by MK,∞ (resp. MK,f ) the set
of archimedean places (resp. non-archimedean places) of K. For any place v of K, normalize the absolute
value | · |v on the completion Kv as follows.

(1) If v is an archimedean place, take | · |v to be the usual absolute value on Kv
∼= R,C;

(2) If v is a non-archimedean place, set |a|v =
(
#(OKv/aOKv )

)−1 for any a ∈ OKv .

The valuations satisfy the product formula∏
v∈MK

|a|ϵvv = 1, ∀ a ∈ K×.

Here εv = 1 for all real or non-archimedean places v; εv = 2 for all complex places v.
Let Pn be the projective space of dimension n over K. The standard height function h : Pn(K) → R is

defined to be
h(x0, x1, · · · , xn) =

1

[K ′ : Q]

∑
w∈MK′

εw logmax{|x0|w, |x1|w, · · · , |xm|w},

where K ′ is a finite extension of K containing all the coordinates xi. It is independent of the choice of the
homogeneous coordinate by the product formula.

Let X be a projective variety over K, and L an ample line bundle on X. Let i : X → Pn be any morphism
such that i∗O(1) ∼= L⊗e for some positive integer e ≥ 1. We obtain a height function

hL,i =
1

e
h ◦ i : X(K) −→ R

as the composition of i : X(K) → Pn(K) and 1
eh : Pn(K) → R. It depends on the choices of d and i.

More generally, let L be any line bundle on X. We can always write L = A1 ⊗A
⊗(−1)
2 for two ample line

bundles A1 and A2 on X. For k = 1, 2, let ik : X → Pnk be any two morphisms such that i∗kO(1) = A⊗ek
k

for some positive integer ek. We obtain a height function

hL,i1,i2 = hA1,i1 − hA2,i2 : X(K) −→ R.
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It depends on the choices of (A1, A2, i1, i2). However, the following result asserts that it is unique up to
bounded functions.

Theorem 2.1 (Weil’s height machine). The above construction L 7→ hL,i1,i2 gives a group homomorphism

H : Pic(X) −→ {functions φ : X(K) → R}
{bounded functions φ : X(K) → R}

.

A function hL : X(K) → R in the class H(L) in the theorem is called a Weil height function associated
to L.

Néron–Tate heights on abelian varieties

Let A be an abelian variety over a number field K. Denote by [m] : A→ A the multiplication by an integer
m. Let L be a symmetric and ample line bundle on A. Here L is called symmetric if [−1]∗L ∼= L, which
implies [m]∗L ∼= L⊗(m2) for all integers m. Let hL : A(K) → R be any Weil height function associated to L.
The Néron–Tate height function (or the canonical height function)

ĥL : A(K) −→ R

associated to L is defined by Tate’s limit

ĥL(x) = lim
n→∞

1

4n
hL(2

nx), x ∈ A(K).

An easy argument proves the convergence and independence of the choice of the Weil height function hL.
Moreover, ĥL : A(K) → R is also a Weil height function associated to L. We further have the following
quadraticity and positivity properties.

Theorem 2.2. (1) The height ĥL(x) ≥ 0 for any x ∈ A(K), and the equality holds if and only if x is
torsion.

(2) The function ĥL : A(K) → R is quadratic in the sense that it satisfies the parallelogram rule

ĥL(x+ y) + ĥL(x− y) = 2
(
ĥL(x) + ĥL(y)

)
, ∀x, y ∈ A(K).

Moreover, we have
ĥL(mx) = m2ĥL(x), ∀m ∈ Z, ∀x ∈ A(K).

(3) The quadratic form ĥL : A(K) ⊗ R → R, induced by the height function ĥL : A(K) → R via the
quadraticity, is positive definite on the real vector space A(K)⊗ R.

Denote A(K)R = A(K)⊗R. Fix a symmetric and ample line bundle L on A and its associated Néron–Tate
height ĥ(·) = ĥL(·). For convenience, we take the normalization

ĥ(x)K = [K : Q] · ĥ(x), x ∈ A(K)R.

The factor [K : Q] will bring convenience when comparing heights with arithmetic intersection numbers.
Define the Néron–Tate height pairing

〈x, y〉 : A(K)R ×A(K)R −→ R

by
〈x, y〉 = 1

2

(
ĥ(x+ y)K − ĥ(x)K − ĥ(y)K

)
, x, y ∈ A(K)R.
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The associated norm of the pairing is given by

|x| :=
√
ĥ(x)K , x ∈ A(K)R.

The angle ∠(x, y) between x, y ∈ A(K)R is defined as

∠(x, y) := arccos

(
〈x, y〉
|x||y|

)
.

The left-hand side is set to be 0 if x = 0 or y = 0.

Néron–Tate heights on curves

By a curve over a field, we mean a smooth and geometrically connected projective variety of dimension 1
over the field.

Let C be a curve of genus g ≥ 2 over a number field K. Denote by J the Jacobian variety of C over K.
As the multiplication

[2g − 2] : J(K) −→ J(K)

is surjective, there is a line bundle α0 on CK such that (2g − 2)α0 is isomorphic to the canonical sheaf ω.
Replacing K by a finite extension if necessary, we can assume that α0 is actually a line bundle on C. This
process does not change our definition of heights. Nor does the choice of α0.

Consider the Abel–Jacobi embedding

iα0
: C −→ J, x 7−→ x− α0.

Recall that the theta divisor on J is given by

θα0 = iα0(C) + · · ·+ iα0(C)︸ ︷︷ ︸
g−1 copies

.

It is well-known that θα0
is ample and gives a principal polarization of J . By [Ser97, p. 74, eq. (1)], θα0

is
symmetric in the sense that [−1]∗θα0

is linearly equivalent to θα0
. It defines a Néron–Tate height function

ĥ = ĥθα0
on J(K)R.

We apply ĥ(·), ĥ(·)K , | · |, 〈·, ·〉 and ∠(·, ·) to C(K) via the embedding iα0
: C → J . For example, for

x ∈ C(K), we have

ĥ(x) = ĥ(iα0
(x)) = ĥ(x− α0) = ĥθα0

(x− α0), |x|2 = ĥ(x)K = [K : Q]ĥ(x).

2.2 Intersection theory of hermitian line bundles
Let us introduce some terminology of Arakelov geometry developed by Arakelov [Ara74], Deligne [Del87],
and Gillet–Soulé [GS90].

Let X be an arithmetic variety of dimension n+1, i.e. a projective and flat integral scheme over Spec(Z)
of absolute dimension n+1. A hermitian line bundle on X is a pair L = (L, ‖ · ‖), where L is a line bundle on
X , and ‖ · ‖ is a smooth hermitian metric of L(C) on the complex variety X (C) invariant under the complex
conjugation. If X (C) is singular, the smoothness of the metric means that the metric is locally equal to the
pull-back of a smooth metric via a closed embedding into a smooth complex manifold. Denote by P̂ic(X )
the group of isometry classes of hermitian line bundles on X .

If dimX = 1 and X is normal, then X = Spec(OK) for some number field K, and L is an OK-module of
rank 1 and the hermitian metric ‖ · ‖ is a collection (‖ · ‖σ)σ:K→C of metrics on the complex line Lσ(C). Let
s be any nonzero element of L. The arithmetic degree of L is defined as

d̂eg(L) = log#(L/sL)−
∑

σ:K→C

log ‖s‖σ.
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It is independent of the choice of s by the product formula. The arithmetic degree map

d̂eg : P̂ic(X ) −→ R

is additive.
In general, let L1,L2, · · · ,Ln+1 be n + 1 hermitian line bundles on X , and let sn+1 be any nonzero

rational section of Ln+1 on X . The arithmetic intersection number is defined inductively by

L1 · L2 · · · Ln+1 = L1 · L2 · · · Ln · wdiv(sn+1)−
ˆ
X (C)

log ‖sn+1‖c1(L1) ∧ · · · ∧ c1(Ln).

The right-hand side depends on the Weil divisor wdiv(sn+1) linearly, so it suffices to explain the case that
D = wdiv(sn+1) is irreducible (and reduced).

If D is horizontal in the sense that it is flat over Z, then

L1 · L2 · · · Ln · D = L1|D · L2|D · · · Ln|D

is an arithmetic intersection on D defined by the induction hypothesis. If D is a vertical divisor in the sense
that it is a variety over Fp for some prime p, then

L1 · L2 · · · Ln · D = (L1|D · L2|D · · · Ln|D) log p.

Here the intersection is the usual intersection on the projective variety D over Fp. The definition does not
depend on the choice of the rational section sn+1. It gives a symmetric and multi-linear intersection pairing

P̂ic(X )n+1 −→ R.

When n = 0, it is just the arithmetic degree map.
Let X be an arithmetic variety and L = (L, ‖ · ‖) be a hermitian line bundle on X . We say that L is nef

if its hermitian metric is semi-positive and the intersection number L · C ≥ 0 for any 1-dimensional closed
integral subscheme C of X .

2.3 Metrized line bundles on Berkovich analytic spaces
We review the theory of analytic spaces developed by Berkovich [Ber90]. It allows us to define metrics at
non-archimedean places more flexibly.

Berkovich analytic spaces

Let (K, | · |K) be a complete valuation field. For any variety X over K, its analytification Xan is the set of
pairs x = (x, | · |x) consisting of the following data:

(1) a schematic point x ∈ X, called the center of x;

(2) a multiplicative norm | · |x on the residue field K(x) of x which restricts to | · |K on K. Denote the
completion of (K(x), | · |x) by H(x).

For any pair (U, f) with a regular function f on an open subvariety U of X, we have a function |f | : Uan → R
sending x ∈ Uan to |f(x)| = |f |x. The analytification Xan is endowed with the weakest topology such that
Uan is open in Xan and |f | : Uan → R is continuous for every pair (U, f).

As X is separated and connected, the space Xan is Hausdorff and path-connected. If further X is
projective, then Xan is compact.

Let K ′ be a finite normal extension of K. The analytification Xan
K′ of the base change XK′ has an action

by Aut(K ′/K), which gives an isomorphism Xan ∼= Xan
K′/Aut(K ′/K).
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If K = C, the space Xan is usual complex analytic space X(C) with the Euclidean topology. If K = R,
then Xan is the quotient of X(C) by the complex conjugation. If K is non-archimedean, Xan is the Berkovich
analytic space associated to X.

Let X,Y be two varieties over K and f : Y → X a morphism. Then there is a natural continuous map
fan : Y an → Xan. In particular, any closed point x ∈ X induces a point xan ∈ Xan, called a classical point
(or a rigid point). The map

{closed points of X} −→ Xan

is injective with dense image.

Metrized line bundles

Let (K, | · |K) be a complete valuation field which is either archimedean or discrete non-archimedean.
Let X be a projective variety over K and L a line bundle on X. A metric of L on X (or on Xan) is a

collection ‖ ·‖ = (‖ ·‖x)x∈Xan of norms ‖ ·‖x on the fiber L(x) = LH(x), which is required to be continuous in
the following sense. For any pair (U, s) with a regular section s of L on an open subvariety U of X, we have
a function ‖s‖ : Uan → R sending x ∈ Uan to ‖s(x)‖ = ‖s‖x. The collection is continuous if ‖s‖ : Uan → R
is continuous for every pair (U, s). The pair (L, ‖ · ‖) is called a metrized line bundle on Xan.

Let (K, | · |K) be a discrete non-archimedean field. Let X a projective variety over K. An integral model
X of X over OK is a projective and flat integral scheme X over OK with an isomorphism X ⊗OK

K ∼= X.
Let k be the residue field of K and Xk the special fiber of X . There is a reduction map

red : Xan −→ Xk

defined as follows. For x ∈ Xan, let R(x) = {a ∈ H(x) : |a|x ≤ 1} be the valuation ring of H(x). By the
valuative criterion, the morphism Spec(H(x)) → X extends to a unique morphism Spec(R(x)) → X . Then
red(x) is defined as the image of the closed point of Spec(R(x)) in X , which lies in the special fiber Xk.

Let L be a line bundle on X. Let (X ,L′) be an integral model of (X,L⊗e) for some positive integer e, i.e.
X is an integral model of X over OK and L′ is a line bundle on X which restricts to L⊗e on X. This integral
model induces a model metric on L in the following way. For x ∈ Xan, there is a morphism Spec(R(x)) → X
as above. Then L′

R(x) is an R(x)-submodule of rank 1 in L⊗e
H(x). There is a unique norm on LH(x) such that

L′
R(x) is the unit ball. More precisely, for s ∈ LH(x),

‖s‖x := inf{|a|
1
e
x : a ∈ H(x)×, a−1s⊗e ∈ L′

R(x)}.

The model metric is called semi-positive if the line bundle L′ is nef on (every irreducible component of) the
special fiber of X .

For either archimedean or discrete non-archimedean K, let X be a projective variety of dimension n
over K. Let (L1, ‖ · ‖1), . . . , (Ln, ‖ · ‖n) be semi-positive metrized line bundles on X, to be explained in the
following. Then there is a Monge–Ampère measure

c1(L1, ‖ · ‖1) ∧ · · · ∧ c1(Ln, ‖ · ‖n)

on Xan, which is also explained in the following.

(1) When K = C, the first Chern current c1(L, ‖ · ‖) of a metrized line bundle (L, ‖ · ‖) is the (1, 1)-current
defined as

c1(L, ‖ · ‖) =
1

πi
∂∂ log ‖s‖+ δwdiv(s).

Here s is any nonzero rational section of L. The metric (or the metrized line bundle) is semi-positive if
for any analytic curve Y in X, c1(L|Y , ‖ · ‖) is a non-negative measure. The Monge–Ampère measure
is defined as the wedge product by the theory of Bedford-Taylor [BT82a].
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(2) When K = R, everything is defined by descending from C. To be precise, a metric (or a metrized line
bundle) is semi-positive if its base change to C is semi-positive, and the Monge–Ampère measure is the
push-forward from C.

(3) When K is discrete non-archimedean, a metric ‖ · ‖ on a line bundle L (or the corresponding metrized
line bundle) is semi-positive if it is a uniform limit of semi-positive model metrics ‖ · ‖m on L; i.e. the
sequence of functions ‖ · ‖m/‖ · ‖ on Xan converges uniformly to 1. In this case, the Monge–Ampère
measure will be defined as the weak limit of those for the semi-positive model metrics, so it suffices to
define it for model metrics. Hence, for i = 1, 2, . . . , n, assume that (Li, ‖ · ‖i) are induced by integral
models (Xi,L′

i) of (X,L⊗ei
i ). We may assume all Xi are the same by taking a model X dominating

them. The pull-back of Li to X induces the same model metric on Li. Assume that X is normal.
Then we may take X to be normal. For any irreducible component V of the special fiber of X , there
is a unique point ηV ∈ Xan, called the divisorial point corresponding to V , such that the reduction
red(ηV ) is the generic point of V . Denote by δηV the Dirac measure supported at ηV . In this case,
Chambert-Loir [CL06] defined the Monge–Ampère measure as

c1(L1, ‖ · ‖1) ∧ · · · ∧ c1(Ln, ‖ · ‖n) =
∑
V

(L1|V · · · Ln|V )δηV .

For general X, the Monge–Ampère measure is the push-forward from its normalization.

A metric (or the corresponding metrized line bundle) is integrable if it is the quotient of two semi-positive
metrics (of different line bundles). Let (L1, ‖ · ‖1), . . . , (Ld, ‖ · ‖d) be integrable metrized line bundles on X.
The Monge–Ampère measure

c1(L1, ‖ · ‖1) ∧ · · · ∧ c1(Ld, ‖ · ‖d)

is defined by multi-linearity.

2.4 Adelic line bundles on projective varieties
In this subsection, we review the theory of adelic line bundles on projective varieties introduced by Zhang
[Zha95]. We only consider the adelic metrics which extend continuously to the Berkovich analytic space at
all places, or equivalently the “m-continuous” metrics defined in [YZ24, §A.5.1].

Let K be a number field, X a projective variety over K, and L a line bundle on X. For any place v ∈MK ,
a Kv-metric of L on X is a metric of LKv

on Xan
Kv

. An adelic metric on L is a coherent collection (‖·‖v)v∈MK

of Kv-metrics ‖ · ‖v of L on X over all places v of K. That the collection (‖ · ‖v)v is coherent means that,
there exists a finite set S of non-archimedean places of K and a (projective and flat) model (X ,L) of (X,L)
over Spec(OK) \ S, such that the Kv-metric ‖ · ‖v is the model metric induced by (XOKv

,LOKv
) for all

v ∈ Spec(OK) \ S. In the above situation, we write L = (L, (‖ · ‖v)v) and call it an adelic line bundle on X.
Let (X ,L′

) be a arithmetic model of (X,L⊗e) for some positive integer e, i.e., X is an arithmetic variety
over OK , and L′

= (L′, ‖·‖) is a hermitian line bundle on X , such that the generic fiber (XK ,L′
K) = (X,L⊗e).

Then (X ,L′
) induces an adelic metric (‖·‖v)v on L. The metrics at non-archimedean places are model metrics,

and the metrics at archimedean places are just given by the root of the hermitian metric. Such an adelic
metric (resp. adelic line bundle) is called a model adelic metric (resp. model adelic line bundle). The model
adelic metric (resp. model adelic line bundle) is called nef if the hermitian line bundle L′ is nef on X .

An adelic line bundle L = (L, (‖ · ‖v)v) on X is called nef if the adelic metric (‖ · ‖v)v is a uniform limit
of nef model adelic metrics on L. Namely, there exists a sequence {(‖ · ‖m,v)v}m of nef model adelic metrics
on L, and a finite set S of non-archimedean places of K, such that ‖ · ‖m,v = ‖ · ‖v for any v ∈ Spec(OK) \S
and any m, and such that ‖ · ‖m,v/‖ · ‖v converges uniformly to 1 at all places v. An adelic line bundle is
called integrable if it is isometric to the tensor quotient of two nef adelic line bundles. The metric at every
place of a nef (resp. integrable) adelic metric is nef (resp. integrable). Denote by P̂ic(X)int the group of
isometry classes of integrable adelic line bundles on X.
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Let X be a projective variety of dimension n over K. By a limit process, the intersection pairing of
hermitian line bundles on models of X extends to a symmetric and multi-linear intersection pairing

P̂ic(X)n+1
int −→ R, (L1, L2, . . . , Ln+1) 7−→ L1 · L2 · · ·Ln+1.

For any closed subvariety Y of dimension d in X, and any integrable adelic line bundles L1, . . . , Ld+1 on
X, denote

L1 · L2 · · ·Ld+1 · Y = L1|Y · L2|Y · · ·Ld+1|Y .
By linear combination, the definition extends to Chow cycles of dimension d on X.

If X = Spec(K), then the line bundle L1 on X is just a vector space over K of dimension one. We simply
have

d̂eg(L1) = −
∑
v∈MK

εv log ‖s‖v.

Here s is any nonzero element of L1, and the degree is independent of the choice of s by the product formula.
Return to the high-dimensional case. We have an induction formula of Chambert-Loir–Thuillier (cf.

[CLT09, Thm. 4.1]). Let sn+1 be a nonzero rational section of Ln+1 on X. Then their induction formula
gives

L1 · · ·Ln · Ln+1 = L1 · · ·Ln · wdiv(sn+1)−
∑
v∈MK

εv

ˆ
Xan

Kv

(
log ‖sn+1‖n+1,v

)
c1(L1)v ∧ · · · ∧ c1(Ln)v.

Here c1(L1,v)∧· · ·∧c1(Ln,v) denotes the Monge–Ampère measure onXan
Kv

induced by the metrics of L1, . . . , Ln
at v.

Let L be an adelic line bundle on X. The set of effective sections of L is

Ĥ0(X,L) = {s ∈ H0(X,L) : ‖s(x)‖L,v,sup ≤ 1, ∀v ∈MK}.

Here the supremum norm
‖s(x)‖L,v,sup = sup

x∈Xan
Kv

‖s(x)‖v.

Then Ĥ0(X,L) is a finite set. We denote

ĥ0(X,L) = log#Ĥ0(X,L).

The volume of L is
v̂ol(L) = lim sup

n→∞

(d+ 1)!

nd+1
ĥ0(X,L).

Here the limit always exists by the works of Chen [Che08] and Yuan [Yua09], but we do not need this fact
here. We have the following arithmetic Siu inequality by proved Yuan [Yua08].
Theorem 2.3 (arithmetic Siu inequality). Let L1, L2 be two nef adelic line bundles on X. Then

v̂ol(L1 − L2) ≥ L
d+1

1 − (d+ 1)L
d

1 · L2.

For any adelic line bundle L on X, we have an associated height function

hL : X(K) −→ R

defined by
hL(x) =

1

deg(x̃)
L · x̃, x ∈ X(K).

Here x̃ denotes the closed point of X corresponding to x, and deg(x̃) = [K(x̃) : K] denotes the degree of the
residue field of x̃ over K. It is known that [K : Q]−1hL is a Weil height function on X(K) associated to L.
If s is an effective section of L, then

hL(x) ≥ 0, ∀x ∈ (X \ |div(s)|)(K).
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2.5 Admissible adelic line bundles
We review Zhang’s theory of admissible adelic line bundles on curves over number fields. We refer to [Zha93]
and [Yua24, Appendix A] for more details.

Local setting: metrics

Let K be a complete value field which is either archimedean or discrete non-archimedean. Let C be a curve
of genus g ≥ 2 over K. Let ω be the canonical line bundle on C. Let ∆ : C → C2 be the diagonal. We also
denote by ∆ its image in C2.

A metric ‖ · ‖ of O(∆) on C2 induces the following data:

(1) a Green function G = − log ‖1‖ : (C2 \∆)an → R;

(2) a metric of ω on C via the natural isomorphism ∆∗O(−∆) ∼= ω;

(3) a metric of O(x) on CK′ for any finite extension K ′/K and anyx ∈ C(K ′) = CK′(K ′) via the natural
isomorphism (x, id)∗O(∆) = O(x). Here

(x, id) : Spec(K ′)×Spec(K) C −→ C ×Spec(K) C.

There exists a unique metric ‖ · ‖∆,a of O(∆) on C2, called the admissible metric, satisfying the following
properties:

(1) It is symmetric; i.e. it is invariant under the swap map

C2 −→ C2, (x, y) 7−→ (y, x).

As a corollary, the admissible Green function Ga = − log ‖1‖∆,a is also symmetric.

(2) The equality
(2g − 2)c1(O(x), ‖ · ‖a) = c1(ω, ‖ · ‖a)K′

of the Monge–Ampère measure on Can
K′ holds.

(3) The integral ˆ
Can

K′

Ga(x, ·)c1(O(x), ‖ · ‖a) = 0.

We also call the induced metric on ω and O(x) the admissible metric.
Following Zhang [Zha10], we have the local ϕ-invariant

ϕ(C) := −
ˆ
(C2)an

Ga c1(O(∆)a)
∧2.

We will see that this invariant is always non-negative.
If K = C, the admissible metrics ‖ · ‖a on ω and ‖ · ‖∆,a on O(∆) recover the original Arakelov metrics

introduced by Arakelov [Ara74]. They are also denoted by ‖ · ‖Ar and ‖ · ‖∆,Ar. The Arakelov measure

µAr =
1

2g − 2
c1(ω, ‖ · ‖Ar)

on Can = C(C) has the following description. Let α1, . . . , αg be a basis of H0(C(C), ω) orthonormal with
respect to the hermitian pairing

〈α, β〉 = i

2

ˆ
C(C)

α ∧ β.
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Then

µAr =
i

2g

g∑
j=1

αj ∧ αj .

In the archimedean case, Zhang [Zha10] obtained a spectral expansion of the local ϕ-invariant, which
implies the positivity ϕ(C) > 0. See also §9.1 for more details.

Local setting: graph theory

In the above local setting, assume that K is a non-archimedean field with a discrete valuation. Assume that
C has semi-stable reduction over OK , which can be obtained by passing to a finite extension of K. Let C
be the minimal regular model of C over OK and ωC/OK

its relative dualizing sheaf. The reduction graph
Γ = Γ(C) of C is the graph determined by the following conditions.

(1) The vertices of Γ correspond to the irreducible components of the special fiber Ck of C.

(2) The edges of Γ correspond to the nodes of Ck.

(3) Two (possibly equal) vertices of Γ are connected by an edge if and only if the irreducible components
of Ck represented by the vertices intersect at a node.

There is a natural injective map Γ → Can, and we identify Γ with its image in Can. The vertex corresponding
to a component V is its divisorial point ηV . There is a retraction map r : Can → Γ. For a node ηV ∈ Γ
corresponding to a component V , r−1(ηV ) consists of those points x ∈ Can whose reduction red(x) lies in
the smooth locus of V . For any piecewise smooth function f : Γ → R, define the measure

∆f = −f ′′dx−
∑
P

(∑
v⃗

dv⃗f(P )

)
δP ,

where

(1) each edge is identified with the closed interval [0, 1], on which f ′′ is the second derivative function of
f and dx is the Lebesgue measure;

(2) the first summation is over all points P ∈ Γ and δP is the Dirac measure at P , and the summation has
only finitely many nonzero terms;

(3) the second summation is over all tangent directions ~v at P and dv⃗f(P ) is the directional derivative.

The canonical divisor KΓ is the formal linear combination

KΓ =
∑
V

deg(ωC/OK
|V )ηV ,

where the summation is over all components V of the special fiber, and ηV is the corresponding node. There
is a unique pair of a piecewise smooth function GΓ : Γ2 → R and a measure µΓ on Γ satisfying

∆gΓ(x, ·) = δx − µΓ,

ˆ
Γ

gΓ(x, ·)µΓ = 0,

and such that
gΓ(KΓ, x) + gΓ(x, x)

is a constant for x ∈ Γ. By abuse of notation, we also denote by GΓ : (C2)an → R its pull-back via the
composition (C2)an → (Can)2

(r,r)→ Γ2.
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Let ‖ · ‖ωC/OK
be the model metric of ω on C induced by ωC/OK

. Then

− log ‖ · ‖a(x) = − log ‖ · ‖ωC/OK
(x) +GΓ(x, x) log |$|

for x ∈ Can. Here $ is a generator of maximal ideal of OK .
For a finite extension K ′ of K, let C′ be the minimal regular model of CK′ over OK′ . Then C′×Spec(OK′ )C′

is singular exactly at the products of nodes, and its blow-up X ′ along these singular points is regular. Let
∆K′ be the closure of the diagonal of C2

K′ in X ′. Its induced model metric on O(∆K′) descends to a metric
‖ · ‖(K′) on O(∆), and

− log ‖ · ‖∆,a(x1, x2) = − log
(
lim
K′

‖ · ‖(K
′)
)
(x1, x2) +GΓ(x1, x2) log |$|−1

for distinct points (x1, x2) ∈ (Can)2 (cf. [Zha10, §3.5]). As a consequence, we have

Ga(x1, x2) = − log ‖1‖∆,a(x1, x2) ≥ GΓ(x1, x2) log |$|−1,

where Ga denotes the admissible Green function.
For the case K ′ = K, denote ‖ · ‖∆ = ‖ · ‖(K). If r(x1) and r(x2) are vertices in the graph Γ, then

red(x1, x2) lies in the smooth locus of the special fiber. The sequence of divisors ∆K′ is stable on this locus.
It follows that

− log ‖ · ‖∆,a(x1, x2) = − log ‖ · ‖∆(x1, x2)−GΓ(x1, x2) log |$|.

Moreover, if C has good reduction, then the admissible metrics on ω and O(∆) are the model metrics induced
by the integral models ωC/OK

and O(∆) respectively.
Finally, define the ϕ-invariant of the graph Γ by

ϕ(Γ) = −1

4
δ(Γ) +

1

4

ˆ
Γ

gΓ(x, x)((10g + 2)µΓ − δKΓ
),

where δ(Γ) is the number of edges in Γ. The relation with Zhang’s local ϕ-invariant

ϕ(C) = −
ˆ
(C2)an

Ga c1(O(∆)a)
∧2

is simply
ϕ(C) = ϕ(Γ) log |$|−1.

By Cinkir [Cin11], we always have ϕ(C) ≥ 0, where the equality holds if and only if C has good reduction
over OK .

Global setting

Let K be a number field. Let C be a curve of genus g ≥ 2 over K. Let ω be the canonical line bundle on C.
Let ∆ : C → C2 be the diagonal. We also denote by ∆ its image in C2.

With the admissible metrics at all places of K, we have admissible adelic line bundles O(∆)a, ω̄a and
O(x)a with underlying line bundles O(∆), ω̄ and O(x), where x ∈ C(K ′) is a point for a finite extension K ′

of K. All of them are integrable. Moreover, ω̄a is nef.
The self-intersection number ω̄2

a, called the admissible volume of C/K, is strictly positive. This is equiv-
alent to the Bogomolov conjecture proved by Ullmo [Ull98], and we will have a quantitative version form of
this positivity in the following.

Following Zhang [Zha10], the global ϕ-invariant of C over K is defined by

ϕ(C) =
∑
v∈MK

εvϕ(CKv
),

31



where the local ϕ-invariant
ϕ(CKv

) = −
ˆ
(C2)anKv

Ga,vc1(O(∆)a)
∧2
v .

By the above positivity of local ϕ-invariants by Zhang and Cinkir, we always have ϕ(C) > 0. The ϕ-invariant
gives a lower bound of the admissible volume.

Theorem 2.4 (Zhang [Zha10], Cinkir [Cin11], de Jong [dJ18], Wilms [Wil22]). Let C be a curve of genus
g ≥ 2 over a number field K. Then

ω̄2
a ≥ g − 1

2g + 1
ϕ(C) > 0.

Moreover, for g = 2, ω̄2
a ≥ 2

5ϕ(C); for g = 3, ω̄2
a ≥ 1

3ϕ(C); for g = 4, ω̄2
a ≥ 38

109ϕ(C).

By Zhang [Zha10], the difference

d(C) =
2g + 1

2(g − 1)
ω̄2
a − ϕ(C)

is equal to the Beilinson–Bloch height of the Gross–Schoen cycle on C3, so it is conjectured to be non-
negative. By the recent work of Gao–Zhang [GZ24], d(C) satisfies some type of the Northcott property on
the moduli space of curves, and thus d(C) > 0 for “almost all” C. For such curves, we have a stronger
version of Theorem 2.4.

The following arithmetic Hodge index theorem is a variant of the model case of the original theorem of
Faltings [Fal84] and Hriljac [Hri85].

Theorem 2.5 (arithmetic Hodge index theorem). Let D and E be divisors of degree 0 on C. Then

O(D)a · O(E)a = −2〈D,E〉.

Here O(D)a is an arbitary admissible extension of O(D). For example, if O(D) is a linear combination of
ω and O(x) for x ∈ C(K), then the corresponding combination of ω̄a and O(x)a is an admissible extension.
The right-hand side is the Néron–Tate height pairing on the Jacobian variety of C.

The following admissible version of the arithmetic adjunction formula of Arakelov [Ara74] is a major
motivation of the definition of the admissible metrics.

Theorem 2.6 (arithmetic adjunction formula). Let P be a rational point of C over K. Then

O(P )a · O(P )a = −ω̄a · O(P )a = −ω̄a · P,

The fundamental theorems give the following clean expressions, which demonstrate the importance of
the above theory of admissible adelic line bundles.

Theorem 2.7. (1) Let Q ∈ C(K) be a rational point. Then

hω̄a
(Q) =

2g − 2

g
|Q|2 + ω̄2

a

4g(g − 1)
.

(2) Let P1, P2 ∈ C(K) be distinct rational points. Then

hO(∆)a
(P1, P2) = O(P1)a · O(P2)a =

1

g
(|P1|2 + |P2|2)− 2〈P1, P2〉 −

ω̄2
a

4g(g − 1)
.

Proof. By Theorem 2.5 and Theorem 2.6, we have

−2|Q|2 =

(
O(Q)a −

ω̄a
2g − 2

)2

= O(Q)2a −
(O(Q)a · ω̄a)

g − 1
+

ω̄2
a

(2g − 2)2
= − g

g − 1
hω̄a(Q) +

ω̄2
a

(2g − 2)2
.
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This gives (1).
For (2), by the induction formula,

O(P1)a · O(P2)a = O(P1)a · P2 +
∑
v∈MK

εv

ˆ
Can

Kv

Ga,v(P2, ·)c1(O(P1)a)

= O(P1)a · P2

=
∑
v∈MK

εvGa,v(P1, P2)

= O(∆)a · (P1, P2).

Now Theorem 2.5 and Theorem 2.6 imply

−2〈P1, P2〉 =
(
O(P1)a −

ω̄a
2g − 2

)
·
(
O(P2)a −

ω̄a
2g − 2

)
=O(P1)a · O(P2)a −

1

2g − 2
ω̄a ·

(
O(P1)a +O(P1)a

)
+

ω̄2
a

(2g − 2)2

=hO(∆)a
(P )− 1

2g − 2
(hω̄a(P1) + hω̄a(P2)) +

ω̄2
a

(2g − 2)2
.

Apply (1).

2.6 Function fields
Let k be an algebraically closed field, B a projective curve over k and K = k(B) its function field. We call
K a function field (of one variable) over k. The above theory has an analog over K. We sketch it to finish
this section.

The set MK of places of K is naturally bijective to the set of closed points of B. For any place v ∈MK ,
normalize the absolute value by

|a|v = e−ordv(a), ∀a ∈ K×.

Denote by Kv its completion. These absolute values satisfy the product formula∏
v∈MK

|a|v = 1, ∀ a ∈ K×.

Let Pn be the projective space over K. The standard height function is defined as

h(x0, x1, · · · , xn)K =
1

[K ′ : K]

∑
w∈MK′

− logmax{|x0|w, |x1|w, · · · , |xm|w}.

There is no subfield Q and the standard height function depends on the base field, as indicated by the
subscript. Theorem 2.1 is still valid.

Let A be an abelian variety over K and L a symmetric and ample line bundle on A. The Néron–Tate
height ĥL is still defined by Tate’s limit

ĥL(x) = lim
n→∞

1

4n
hL(2

nx), x ∈ A(K).

It is quadratic as in Theorem 2.2(2). However, it is positive only on the quotient space A(K)/f(trK/k(A)(k)).
Here Chow’s K/k-trace trK/k(A) is an abelian variety over k with a homomorphism f : trK/k(A)⊗kK → A
satisfying the universal property that for any abelian varietyA′ over k with a homomorphism g : A′⊗kK → A,
g factors through f uniquely. See [Con06] for its existence.
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Let X be a projective variety over K. The adelic line bundles on X are defined simply by omitting
archimedean data from the definition over number fields. To be precise, let L be a line bundle on X. An
adelic metric on L is a collection (‖ · ‖v)v∈MK

of Kv-metrics ‖ · ‖v on L satisfying the coherent condition
that there exist an open subscheme U ⊂ B and a (projective and flat) model (X ,L) of (X,L) over U , such
that the Kv-metrics ‖ · ‖v is induced by (XOKv

,LOKv
) for all v ∈ U . The intersection number of nef adelic

line bundles is the limit of the classical intersection numbers on projective varieties (cf. [Ful98]). The space
of effective sections

Ĥ0(X,L) = {s ∈ H0(X,L) : ‖s(x)‖L,v,sup ≤ 1, ∀v ∈MK}

is a finite-dimensional vector space over k. Define

ĥ0(X,L) = dimk Ĥ
0(X,L),

v̂ol(L) = lim
n→∞

(d+ 1)!

nd+1
ĥ0(X,L).

The geometric version of Theorem 2.3, which is a limit version of the original Siu inequality, is still valid.
Let C be a curve of genus g ≥ 2 over K. The admissible adelic line bundles are defined in the same

way as over number fields, except that the factor log |$| = −1 for quantities from the reduction graph. For
example,

− log ‖ · ‖a(x) = − log ‖ · ‖ωC/OKv
(x)−GΓ(x, x)

for x ∈ Can
Kv

,
− log ‖ · ‖a(x1, x2) = − log ‖ · ‖∆(x1, x2) +GΓ(x1, x2)

for (x1, x2) ∈ (C2)anKv
satisfying that r(x1) and r(x2) are vertices in Γ.

Zhang’s global ϕ-invariant is
ϕ(C) =

∑
v∈MK

ϕ(CKv
).

Theorem 2.4 still holds in the current setting. A major difference is that the admissible volume ω̄2
a is strictly

positive if and only if C is non-isotrivial. Here C is isotrivial if C ⊗K K ∼= C0 ⊗k K for some curve C0 over
k. If k is of characteristic 0, then Theorem 2.4 can be strengthened to

ω̄2
a ≥ 2g − 2

2g + 1
ϕ(C).

3 Quantitative Vojta inequality

Recall that the norm |Q| =
√
ĥ(Q)K and the angle ∠(P1, P2) for algebraic points Q,P1, P2 on a curve C over

a number field K are defined in terms of the Néron–Tate heights as in §2.1. The main goal of this section is
to prove the following quantitative version of Vojta’s inequality.

Theorem 3.1 (Theorem 1.9). Let C be a curve of genus g ≥ 2 over a number field K. Let P1, P2 ∈ C(K)
be distinct rational points. Assume

|P1| ≥ 1.2 · 109g 7
3

√
ω̄2
a

and
|P2| ≥ 105g

5
2 |P1|.

Then
cos∠(P1, P2) ≤

√
1.01

g
.
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The theorem with implicit constants is due to Vojta [Voj91]. Our proof of the quantitative version is
based on the framework of Yuan [Yua25], and our additional idea is to use admissible adelic line bundles to
track the constants.

Let us sketch our idea of the proof before going into details. Let p1, p2 : C2 → C be two projections.
Consider the (adelic) Vojta line bundle

L = d1p
∗
1ω̄a + d2p

∗
2ω̄a + d((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)

on C2. Here d1, d2 and d are positive integers. By Theorem 2.7, we have the following result.

Lemma 3.2. Let P1, P2 ∈ C(K) be distinct rational points. Then

hL(P1, P2) =
2g − 2

g
(d1|P1|2 + d2|P2|2)− (4g − 4)d〈P1, P2〉+

d1 + d2 − 2gd

4g(g − 1)
ω̄2
a.

Now we take (d1, d2, d) with growth

d1 ≈
√
g +

1

105g

|P2|
|P1|

d, d2 ≈
√
g +

1

105g

|P1|
|P2|

d.

This gives

hL(P1, P2) ≈ (4g − 4)d|P1||P2|
(√

1

g
+

1

105g3
− cos∠(P1, P2)

)
.

Then the key is to obtain a suitable explicit lower bound of hL(P1, P2), which gives an upper bound of
cos∠(P1, P2) immediately. Such a lower bound is obtained as follows. First, we construct a small section s
of nL for some n > 0 by applying Yuan’s arithmetic Siu inequality. Here “small” means that

−
∑
v∈MK

εv log ‖s‖v,sup

has a suitable lower bound. If s is non-vanishing at P = (P1, P2), this is a lower bound of hnL(P ). In general,
we apply Vojta’s idea to take the “derivatives” of s to eliminate the zero at P and estimate its norm. The
height is bounded below by the supremum norms of s and its multiplicities at P . Finally, Dyson’s lemma
controls the multiplicities. This finishes the proof.

3.1 Global sparsity
The goal of this section is to present the following technical estimate, which will be used twice in this paper.

Theorem 3.3 (global sparsity). Let C be a curve of genus g ≥ 2 over a number field K. Let P1, . . . , Pn ∈
C(K) be pairwise distinct algebraic points. Then∑

1≤i<j≤n

hO(∆)a
(Pi, Pj) ≥ −

(
1.2 · 104g 1

3n log n+ 3.96 · 1010g 11
3 n
)
ω̄2
a.

Recall that the admissible adelic line bundle O(∆)a corresponding to the diagonal ∆ of C2 is introduced
in §2.5. We may view hO(∆)a

(Pi, Pj) as a (logarithmic) global distance between Pi, Pj , as it is a summation
of local Green functions. Then the theorem asserts that the global distances are bounded below on average,
which can also be viewed as a lower bound of some global Faltings–Elkies invariant of C. We will prove the
theorem in the following, and also take the opportunity to introduce our bounds on the (local) Faltings–Elkies
invariant in terms of the (local) ϕ-invariant.

From §2.5, we have an admissible Green function Ga,v : (C2 \∆)anKv
→ R and a local ϕ-invariant ϕ(CKv

)
at every place v of K. For n ≥ 2, we have the Faltings–Elkies invariant

FEv(C, n) = inf
P1,··· ,Pn∈C(Kv)

∑
1≤j<k≤n

Ga,v(Pj , Pk).
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Let us first recall the following result from Looper–Silverman–Wilms [LSW25], which is based estimates of
Baker–Rumely [BR07] and Cinkir [Cin11] on the reduction graph.

Theorem 3.4. Let C be a curve of genus g ≥ 2 over a number field K. Let v be a non-archimedean place
of K. Then we have

FEv(C, n) ≥ −15

8
nϕ(CKv

).

Proof. We can assume that C has semistable reduction by base change. We have

Ga,v(Pj , Pk) ≥ GΓ(CKv )
(Pj , Pk) logNv

from §2.5. Then the result follows from [LSW25, Proposition 2.1].

The following archimedean version of the theorem will be proved in Part II of this paper, which is actually
the most difficult estimate in Part II.

Theorem 3.5 (Theorem 10.11). Let C be a curve of genus g ≥ 2 over a number field K. Let v be an
archimedean place of K. Then we have

FEv(C, n) ≥ −
(
4 · 103g 1

3n log n+ 1.32 · 1010g 11
3 n
)
· ϕ(CKv ).

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. There is a finite extension K ′/K such that P1, P2, . . . , Pn ∈ C(K ′). Taking the base
change of C to K ′ multiplies each term in the equality by [K ′ : K]. So we may assume P1, P2, . . . , Pn ∈ C(K).

By Theorem 3.4 and Theorem 3.5,∑
1≤i<j≤n

hO(∆)a
(Pi, Pj) =

∑
v∈MK

∑
1≤i<j≤n

εvGa,v(Pi, Pj)

≥ −
∑
v|∞

(
4 · 103g 1

3n log n+ 1.32 · 1010g 11
3 n
)
εvϕ(CKv

)−
∑
v∤∞

15

8
nϕ(CKv

)

≥ −
(
4 · 103g 1

3n log n+ 1.32 · 1010g 11
3 n
)
ϕ(C).

Now the result follows from Wilms’ estimate ϕ(C) ≤ 3ω̄2
a in Theorem 2.4.

3.2 Quantitative Mumford inequality
Before Faltings’ proof of the Mordell conjecture, Mumford proved an inequality on angles between two
points under the assumption that the heights of the points are large and close. Mumford’s inequality was
not sufficient for the Mordell conjecture, but actually inspired Vojta’s inequality in history. We refer to
[Mum65, §3, Cor. 1] and [Ser97, §5.7] for Mumford’s original work. In this subsection, we derive the
following quantitative version of Mumford’s inequality.

Theorem 3.6 (Theorem 1.10). Let C be a curve of genus g ≥ 2 over a number field K. Let P1, P2 ∈ C(K)
be distinct algebraic points. Assume

|P1| ≥ 109g
7
3

√
ω̄2
a

and
|P1| ≤ |P2| ≤ 1.15|P1|.

Then
cos∠(P1, P2) ≤

1.01

g
.
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Proof. By Theorem 3.3 for n = 2,

hO(∆)a
(P1, P2) ≥ −

(
4.71 · 106g 1

3 · (2 log 2) + 3.96 · 1010g 11
3 · 2

)
ω̄2
a ≥ −1011g

11
3 ω̄2

a.

By Theorem 2.7, we further have

1

g
(|P1|2 + |P2|2)− 2〈P1, P2〉 ≥ −1011g

11
3 ω̄2

a.

By the assumption |P1| ≥ 109g
7
3

√
ω̄2
a, we have

1 + 10−7

g
|P1|2 +

1

g
|P2|2 − 2〈P1, P2〉 ≥

1

107g
|P1|2 − 1011g

11
3 ω̄2

a ≥ 0.

By the assumption |P1| ≤ |P2| ≤ 1.15|P1|, we have

cos∠(P1, P2) =
〈P1, P2〉
|P1||P2|

≤ 1 + 10−7

2g

|P1|
|P2|

+
1

2g

|P2|
|P1|

≤ 1.01

g
.

Here the last inequality follows from the fact that the function (1 + 10−7)x−1 + x for x ∈ [1, 1.15] takes the
biggest value at x = 1.15. This finishes the proof.

3.3 Existence of small section
The goal of this subsection is to find a suitable small section of our version of Vojta’s line bundle. This will
be our first step to prove the quantitative Vojta inequality in Theorem 3.1.

Let C be a curve of genus g ≥ 2 over a number field K. Let P1, P2 ∈ C(K) be distinct rational points as
in Theorem 3.1. Denote P = (P1, P2) ∈ C2(K). As above, consider the adelic Vojta line bundle

L = d1p
∗
1ω̄a + d2p

∗
2ω̄a + d((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)

on C2. Here d1, d2, d are positive integers to be determined later. The underlying line bundle on C2 is

L = d1p
∗
1ω + d2p

∗
2ω + d((2g − 2)O(∆)− p∗1ω − p∗2ω)

with ω = ωC/K . The main result of this subsection is as follows.

Proposition 3.7 (small section). If d1 ≥ gd, d ≥ d2, and d1d2 > gd2, then there exists a positive integer n
such that nL has a nonzero section s on C2 satisfying

−
∑
v∈MK

εv log ‖s‖nL,v,sup ≥ − ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
ω̄2
a.

Proof. The proof is almost the same as [Yu25, Lemma 3.2], except that we need to apply Yuan’s arithmetic
version of Siu’s inequality. For completeness we include it here. Denote

c =
g(g + 1)d1d

2

4(g − 1)(d1d2 − gd2)
ω̄2
a.

Take an adelic line bundle O(c) on Spec(K) of degree c. Denote L(c) = L+ π∗O(c). Here π : C → Spec(K)
is the structure morphism. Then for any nonzero section s of nL,∑

v∈MK

εv log ‖s‖n(L(c)),v,sup =
∑
v∈MK

εv log ‖s‖nL,v,sup − nc.
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So the lemma is equivalent to that n(L(c)) has a nonzero section s with log ‖s‖n(L(c)),v,sup ≤ 1 for every
place v. It suffices to prove v̂ol(L(c)) > 0.

Write
L = L1 − L2

with
L1 = (d1 − d)p∗1ω̄a + d(g − 1)p∗2ω̄a + d(2g − 2)O(∆)a,

and
L2 = (gd− d2)p

∗
2ω̄a.

By [Yua24, Theorem 2.10(2)], the adelic line bundle

p∗1ω̄a + p∗2ω̄a + 2O(∆)a

is the pull-back of a nef adelic line bundle from the Jacobian variety J , so it is nef. Then L1 is nef by the
assumption d1 ≥ gd. It follows that L1(c) and L2 are nef. Apply Theorem 2.3 to L(c) = L1(c) − L2. We
have

v̂ol(L(c)) ≥ L1(c)
3 − 3L1(c)

2L2

= (L1(c)− L2)
3 − 3L1(c)L

2

2 + L
3

2

= L(c)3 − 6(g − 1)d1(gd− d2)
2ω̄2

a

= L
3
+ 3cL2 − 6(g − 1)d1(gd− d2)

2ω̄2
a

= L
3
+ 24(g − 1)2(d1d2 − gd2)c− 6(g − 1)d1(gd− d2)

2ω̄2
a

= L
3
+ 6(g − 1)d1(gd

2 + 2gd2d− d22)ω̄
2
a.

Here L3 is a polynomial in d1, d2, d of degree 3. The coefficients are listed below. They can be computed as
in the proof of [Yua24, Theorem 3.6] or that of [Wil22, Theorem 1.4].

(1) For i = 1, 2, the coefficient of d3i is (p∗i ω̄a)
3 = 0.

(2) For i = 1, 2, let j = 3− i. The coefficient of d2i dj is 3(p∗i ω̄a)
2(p∗j ω̄a) = 6(g − 1)ω̄2

a.

(3) For i = 1, 2, the coefficient of d2i d is 3((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)(p
∗
i ω̄a)

2 = 0.

(4) The ciefficient if d1d2d is 6((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)(p
∗
1ω̄a)(p

∗
2ω̄a) = −12(g − 1)ω̄2

a.

(5) For i = 1, 2, the coefficient of did2 is 3((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)
2(p∗i ω̄a) = −6(g − 1)(2g − 1)ω̄2

a.

(6) The coefficient of d3 is

((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)
3

= (2g − 2)(4g2 + 4g − 2)ω̄2
a − (2g − 2)3ϕ(C)

≥ (2g − 2)(−4g2 + 8g + 2)ω̄2
a

≥ − 12(g − 1)g(g − 2)ω̄2
a.

Here the first inequality in (6) comes from Theorem 2.4. Putting these together, we have

v̂ol(L(c)) ≥ 6(g − 1)
(
d21d2 + (2g − 2)d1dd2 − (g − 1)d1d

2 − (2g − 1)d2d
2 − (2g − 4)gd3

)
ω̄2
a.
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By assumption, we have d21d2 > gd1d
2 and d1dd2 ≥ gd3 ≥ gd2d2. It follows that

v̂ol(L(c)) > 6(g − 1)
(
(2g − 2)d1dd2 − (2g − 1)d2d

2 − (2g − 4)gd3
)
ω̄2
a

≥ 6(g − 1)
(
(2g − 2)gd3 − (2g − 1)d2d

2 − (2g − 4)gd3
)
ω̄2
a

> 0.

This finishes the proof.

3.4 Lower bound of the height
Let C be a curve of genus g ≥ 2 over a number field K. Let P1, P2 ∈ C(K) be distinct rational points.
Recall that on C2, have the adelic line bundle

L = d1p
∗
1ω̄a + d2p

∗
2ω̄a + d((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)

with underlying line bundle

L = d1p
∗
1ω + d2p

∗
2ω + d((2g − 2)O(∆)− p∗1ω − p∗2ω).

Here d, d1, d2 are positive integers. Suppose that s is a nonzero section of nL on C2 for some positive integer
n. The goal here is to give a lower bound of the height hnL(P ) at the rational point P = (P1, P2) of C2 in
terms of supremum norms of s.

Take a local section s0 of L on a neighborhood of P in C2 with s0(P ) 6= 0. Then s/s0 is a regular function
on a neighborhood of P . Take a local coordinate zi of C at Pi, i.e. a generator of the maximal ideal of the
local ring OC,Pi

. The completion of the local ring of C2 at P is K[[z1, z2]]. So we have a formal expansion
s

s0
=

∑
i1,i2≥0

ai1,i2z
i1
1 z

i2
2 , ai1,i2 ∈ K.

We endow the set of pairs (i1, i2) with the product partial order, i.e. (i1, i2) ≤ (i′1, i
′
2) if and only if both

i1 ≤ i′1 and i2 ≤ i′2. A pair (e1, e2) is called admissible if ae1,e2 6= 0 and ai1,i2 = 0 for all (i1, i2) < (e1, e2).
We claim that the admissibility is independent of the choices of s0 and (z1, z2). Indeed, for another local
section s′0 of L non-vanishing at P , assume

s

s′0
=
∑
i1,i2

a′i1,i2z
i1
1 z

i2
2 .

There is an expansion
s0
s′0

=
∑
j1,j2

bj1,j2z
j1
1 z

j2
2 .

So
a′i1,i2 =

∑
(j1,j2)≤(i1,i2)

ai1−j1,i2−j2bj1,j2 .

Therefore, a′i1,i2 = 0 for (i1, i2) < (e1, e2), and

a′e1,e2 = ae1,e2b0,0 = ae1,e2

(
s0
s′0

)
(P ).

On the other hand, for another local coordinate z′1 at P1 and
s

s0
=
∑
i1,i2

a′′i1,i2(z
′
1)
i1zi22 ,

39



we have
z1 =

∑
j≥1

bj(z
′
1)
j .

Here b1 6= 0. So a′′i1,i2 − ai1,i2b
i1
1 is a linear combination of aj1,j2 for (j1, j2) < (i1, i2). Hence, a′i1,i2 = 0 for

(i1, i2) < (e1, e2), and

a′′e1,e2 = ae1,e2b
e1
1 = ae1,e2

(
dz1
dz′1

)e1
(P ).

The situation is similar for z2.
Fix an admissible pair (e1, e2) for s, we have a nonzero section

s◦ = ae1,e2s0 ⊗ (dz1)
⊗e1(dz2)

⊗e2

of the line bundle
L◦ = (nL+ e1p

∗
1ω + e2p

∗
2ω)|P

on P ∼= Spec(K). This section depends on s, but is independent of the choices of s0 and (z1, z2) by the
previous calculations. It is natural to take the adelic line bundle

L
◦
= (nL+ e1p

∗
1ω̄a + e2p

∗
2ω̄a)|P

on P . We have the following estimate of the norm of s◦ under the metric of this adelic line bundle at each
place.

Proposition 3.8. Let s be a nonzero section of nL and (e1, e2) be an admissible pair for s.

(1) At a non-archimedean place v,

− log ‖s◦‖v ≥ − log ‖s‖nL,v,sup − 15

4
(e1 + e2)ϕ(CKv

).

(2) At an archimedean place v,

− log ‖s◦‖v ≥ − log ‖s‖nL,v sup − 2.1 · 1014g 14
3 (2nd1 + 2nd2 + 4gnd+ e1 + e2)ϕ(CKv

).

We prove two parts of the proposition separately in the following.

Non-archimedean case

Let us first prove Proposition 3.8(1). We may assume n = 1 by replacing (d1, d2, d) by (nd1, nd2, nd), and
assume that C has semi-stable reduction at v by passing to a finite extension of K.

Let C → Spec(OKv
) be the minimal regular model of CKv

over OKv
. By the valuative criterion, Pi ∈ C(K)

(resp. P ∈ C2(K)) extends to Pi ∈ C(OKv
) (resp. P ∈ C2(OKv

)). Moreover, the closed points of Pi and P
lie in the smooth locus of the special fiber (cf. [Liu02, §9.1, Cor. 1.32]). Let Vi (resp. V ) be the irreducible
component of the special fiber of C (resp. C2) intersecting Pi (resp. P). Let ηi ∈ Can

Kv
(resp. η ∈ (C2)anKv

) be
the corresponding divisorial point, i.e. |f |ηi = N

−ordVi
(f)

v (resp. |f |η = N
−ordV (f)
v ) for any rational function

f on C (resp. C2). It suffices to prove

− log ‖s◦(P )‖L◦ ≥ − log ‖s(η)‖L − 15

4
(e1 + e2)ϕ(Cv).

Here we indicate the source of the metrics in the subscripts, and omit the dependence on v.
As recalled in §2.5, the blowing-up X of C2 along all singular points is regular. Denote by pi : X → C the

composition of the blowing-up X → C2 and the i-th projection C2 → C. Let ∆ be the closure of the diagonal
∆Kv

⊂ (C2)Kv
in X . The strict transform V ′ of V is a vertical prime divisor on X .
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Define the line bundle

L = d1p
∗
1ωC/Ov

+ d2p
∗
2ωC/OKv

+ d((2g − 2)O(∆)− p∗1ωC/Ov
− p∗2ωC/Ov

)

on X . Then (X ,L) is an integral model of ((C2)Kv
, LKv

), and thus induces a metric ‖ · ‖L of LKv
.

Similarly, define the line bundle

L◦ = (L+ e1p
∗
1ωC/OKv

+ e2p
∗
2ωC/Ov

)|P

on P ∼= Spec(OKv
). Then (P,L◦) is an integral model of (PKv

, (L◦)Kv
), and thus induces a metric ‖ · ‖L◦ of

(L◦)Kv
.

Let r : Can
Kv

→ Γ be the retraction map to the reduction graph Γ ⊂ Can
Kv

, and GΓ : (C2)anKv
→ R the

pull-back of the Green function of Γ. As recalled in §2.5, we have

− log ‖ · ‖ω̄a
(x) = − log ‖ · ‖ωC/Ov

(x)−GΓ(x, x) logNv

for x ∈ Can
v , and

− log ‖ · ‖O(∆)a
(x1, x2) = − log ‖ · ‖O(∆)(x1, x2) +GΓ(x1, x2) logNv

for (x1, x2) ∈ (C2)anKv
such that r(x1), r(x2) ∈ Γ are vertices of the graph. Since r(Pi) = ηi, we have

− log ‖ · ‖L(η) = − log ‖ · ‖L(η)− ((d1 − d)GΓ(η1, η1) + (d2 − d)GΓ(η2, η2)− (2g − 2)dGΓ(η1, η2)) logNv,

− log ‖ · ‖L◦(P ) = − log ‖ · ‖L◦(P )−((d1−d+e1)GΓ(η1, η1)+(d2−d+e2)GΓ(η2, η2)−(2g−2)dGΓ(η1, η2)) logNv,

and thus

− log ‖s◦(P )‖L◦ = − log ‖s◦(P )‖L◦ − log ‖s(η)‖L + log ‖s(η)‖L − (e1GΓ(η1, η1) + e2GΓ(η2, η2)) logNv.

By [LSW25, Lemma 2.3],
GΓ(x, y) ≤

15

4
ϕ(Γ), ∀x, y ∈ Can

Kv
.

Thus it suffices to prove
‖s◦(P )‖L◦ ≤ ‖s(η)‖L.

View the section s of L as a rational section of L on X . Then the corresponding divisor divL(s) on X
is a vertical divisor. Denote by m the multiplicity of V ′ in divL(s). This gives ‖s(η)‖L = N−m

v . Let $ be
a generator of the maximal ideal of OKv

. As the multiplicity of V ′ in divL($
−ms) is 0, we see that $−ms,

as a rational section of L on X , is regular at every point x ∈ V ′ which does not lie in any other irreducible
component of the special fiber of X . In particular, $−ms is a regular section of L on a neighborhood of P.

Recall that the section s◦ of L◦ is defined as

s◦ = ae1,e2s0 ⊗ (dz1)
⊗e1(dz2)

⊗e2

where s0 is local generator of L at P , z1 (resp. z2) is a local coordinate of C at P1 (resp. P2), and

s

s0
=

∑
i1,i2≥0

ai1,i2z
i1
1 z

i2
2 , ai1,i2 ∈ K.

The definition of s◦ is independent of the choice of (s0, z1, z2). Now we choose (s0, z1, z2) carefully as follows.
First, we choose s0 to be a local generator of L on an open neighborhood of P. Second, for i = 1, 2, as
the ideal sheaf Ii of Pi on C is a line bundle, we can choose zi to be a local generator of Ii on an open
neighborhood of Pi. As Pi lies in the smooth locus of C over OKv

, the completion of the local ring of X at
the closed point of P along the ideal sheaf of P is isomorphic to OKv

[[z̃1, z̃2]].
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As $−ms is a regular section of L over a neighborhood of P in X , the expansion

$−ms

s0
=

∑
i1,i2≥0

$−mai1,i2z
i1
1 z

i2
2

has integral coefficients $−mai1,i2 ∈ OKv . It follows that

$−ms◦ = $−mae1,e2s0 ⊗ (dz1)
⊗e1(dz2)

⊗e2

is a regular section of the line bundle L◦ on P. As a consequence,

‖s◦(P )‖L ≤ N−m
v = ‖s(η)‖L.

This proves Proposition 3.8(1).

Archimedean case

To prove Proposition 3.8(2), we start with some analytic terminology. We refer to §7.1 for more details.
Denote the discs

D = {z ∈ C : |z| < 1}, Dr = {z ∈ D : |z| < r}.
The sheaf Ω1

D of holomorphic 1-forms on D is endowed with the hyperbolic metric ‖ · ‖hyp,D normalized by

‖dz‖hyp,D = 1− |z|2.

The metric is invariant under biholomorphic automorphisms on D. Let C be a (connected) compact Riemann
surface of genus g ≥ 2. Let ρ0 : D → C be a universal covering map. Via the canonical identity ρ∗0ωC ∼= Ω1

D,
the metric ‖ · ‖hyp,D descends to a hyperbolic metric ‖ · ‖hyp on ωC .

We need the following theorem from Part II of this paper, which particularly compares the hyperbolic
metric ‖ · ‖hyp with the Arakelov metric ‖ · ‖Ar = ‖ · ‖a on ωC .

Theorem 3.9 (Theorem 11.7). Let C be a compact Riemann surface of genus g ≥ 2. Then the Arakelov
metric ‖ · ‖Ar and the hyperbolic metric ‖ · ‖hyp on ωC satisfy∣∣∣∣log ‖ · ‖Ar

‖ · ‖hyp

∣∣∣∣ < 2 · 1014g 14
3 · ϕ(C).

Let ∆ be the diagonal of C × C. For any (x1, x2) ∈ C × C, let ρ = (ρ1, ρ2) : D × D → C × C be a
universal covering map with ρ1(0) = x1 and ρ2(0) = x2. Then there exists a local holomorphic section s of
(ρ∗O(∆), ρ∗‖ · ‖∆) on D 1

20
× D 1

20
, such that∣∣ log ‖s‖∆,Ar

∣∣ < 2 · 1014g 14
3 · ϕ(C).

We also need the following neat theorem from Part II, which is also a part of Theorem 1.13. It gives the
explicit constant in [Yua24, Theorem 3.10].

Theorem 3.10 (Theorem 9.19). Let C be a compact Riemann surface of genus g ≥ 2. Then

ϕ(C) ≥ 10−7g−
5
3 .

Now we are ready to prove Proposition 3.8(2). Let C,K,L and P = (P1, P2) be as in the proposition.
As in the non-archimedean case, we may assume n = 1 by replacing (d1, d2, d) by (nd1, nd2, nd) and assume
Kv = C by replacing K by a finite extension.

Let ρ = (ρ1, ρ2) : D2 → (C(C))2 be a holomorphic universal covering map such that ρ(0, 0) = P . The
pull-back ρ∗L is a metrized line bundle on D2 and ρ∗s is a section of ρ∗L. We can also define a section (ρ∗s)◦

of
(ρ∗L)◦ = (ρ∗L+ e1p

∗
1ρ

∗
1ω̄a + e2p

∗
2ρ

∗
2ω̄a)|(0,0)
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with the analytic data. More precisely, we can take a holomorphic non-vanishing local section s0 of ρ∗L near
(0, 0). Then f = ρ∗s/s0 is a holomorphic function near (0, 0) and has a power series expansion

f(z1, z2) =
∑
i1,i≥0

ai1,i2z
i1
1 z

i2
2 .

Set
(ρ∗s)◦ = ae1,e2s0(dz1)

⊗e1(dz2)
⊗e2 .

It is compatible with the previous definition in the sense that there is a canonical isometry (ρ∗L)◦ = ρ∗(L
◦
)

such that (ρ∗s)◦ = ρ∗(s◦). So

− log ‖s◦(P )‖L◦ = − log ‖ρ∗s◦(0, 0)‖ρ∗L◦

= − log |ae1,e2 | − log ‖s0(0, 0)‖ρ∗L − e1 log ‖(dz1)(0)‖ρ∗1 ω̄a − e2 log ‖(dz2)(0)‖ρ∗2 ω̄a .

By the first part of Theorem 3.9,

− log ‖(dzi)(0)‖ρ∗i ω̄a
≥ −

∣∣ log ‖(dzi)(0)‖hyp,D∣∣− 2 · 1014g 14
3 ϕ(C(C)) = −2 · 1014g 14

3 ϕ(C(C)).

Then we only need to prove that there is an s0 satisfying

− log |ae1,e2 |− log ‖s0(0, 0)‖ρ∗L ≥ − log ‖s‖L,sup− (2.1 ·1014g 14
3 (2d1+2d2+4gd)+1013g

14
3 (e1+e2))ϕ(C(C)).

Assume that s0 is a holomorphic section of ρ∗L on the polydisc D2
r for some r ∈ (0, 1) such that

M(s0, r) = sup
D2

r

∣∣∣log ‖s0‖ρ∗L∣∣∣
is finite. Then s0 does not vanish at any point of Dr. Thus f = ρ∗s/s0 is a holomorphic function on D2

r. By
the Cauchy integral formula, for 0 < t < r,

ae1,e2 =
1

e1!e2!

∂e1+e2f(0, 0)

∂ze11 ∂z
e2
2

=

ˆ
(∂Dt)2

f(z1, z2)

ze11 z
e2
2

dµ.

Here dµ is the probability Haar measure on (∂Dt)2. So

|ae1,e2 | ≤ sup
(∂Dt)2

∣∣∣∣f(z1, z2)ze11 z
e2
2

∣∣∣∣
= t−e1−e2 sup

(∂Dt)2

‖ρ∗s‖ρ∗L
‖s0‖ρ∗L

≤ t−e1−e2eM(s0,r) sup
(∂Dt)2

‖ρ∗s‖ρ∗L

≤ t−e1−e2eM(s0,r) sup
C(C)2

‖s‖L.

We get
− log |ae1,e2 | − log ‖s0(0, 0)‖ρ∗L ≥ − log ‖s‖L,sup + (e1 + e2) log(t)− 2M(s0, r).

Set t→ r. Then

− log |ae1,e2 | − log ‖s0(0, 0)‖ρ∗L ≥ − log ‖s‖L,sup + (e1 + e2) log(r)− 2M(s0, r).

If (s0, r) satisfies
log(r) ≥ −1013g

14
3 (e1 + e2)ϕ(C(C))
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and
M(s0, r) ≤ 2.1 · 1014g 14

3 (d1 + d2 + 2gd)ϕ(C(C)),

then we can finish the proof. In the following, we prove that such a pair (s0, r) exists.
By the second part of Theorem 3.9, there is a section s1 of ρ∗O(∆) on (D 1

20
)2 such that

sup
(D 1

20
)2

∣∣∣log ‖s1‖ρ∗O(∆)a

∣∣∣ ≤ 2 · 1014g 14
3 ϕ(C(C)).

Then
s0 = s

⊗(2g−2)d
1 (dz1)

⊗d1−d(dz2)
⊗d2−d

is a section of
ρ∗L = (2g − 2)dρ∗O(∆) + (d1 − d)p∗1ρ

∗
1ω + (d2 − d)p∗2ρ

∗
2ω

on (D 1
20
)2. We will check that (s0, 1/20) satisfies the requirement.

Start with the trivial bound∣∣∣log ‖s0‖ρ∗L∣∣∣ ≤ (2g − 2)d
∣∣∣log ‖s1‖ρ∗O(∆)a

∣∣∣+ (d1 + d)
∣∣ log ‖dz1‖ρ∗1 ω̄a

∣∣+ (d2 + d)
∣∣ log ‖dz2‖ρ∗2 ω̄a

∣∣.
By Theorem 3.9 again,

sup
D 1

20

∣∣log ‖dzi‖ρ∗i ω̄a

∣∣ ≤ 2 · 1014g 14
3 ϕ(C(C)) + sup

D 1
20

∣∣ log ‖dzi‖hyp,D∣∣ = 2 · 1014g 14
3 ϕ(C(C)) + log(400/399).

This gives

M(s0, 1/20) = sup
(D 1

20
)2

∣∣∣log ‖s0‖ρ∗L∣∣∣
≤ (2g − 2)d ·

(
2 · 1014g 14

3 ϕ(C(C))
)
+ (d1 + d2 + 2d) ·

(
2 · 1014g 14

3 ϕ(C(C)) + log(400/399)
)

< (2g − 2)d ·
(
2.1 · 1014g 14

3 ϕ(C(C)
)
+ (d1 + d2 + 2d) ·

(
2.1 · 1014g 14

3 ϕ(C(C))
)

= (d1 + d2 + 2gd) ·
(
2.1 · 1014g 14

3 ϕ(C(C))
)
.

Here the last inequality follows from Theorem 3.10. On the other hand, Theorem 3.10 also implies

log

(
1

20

)
≥ −1013 · g 14

3 ϕ(C(C)).

The finishes the proof of Proposition 3.8(2).

3.5 Completion of the proof
Now we can finish the proof of Theorem 3.1. Let P1, P2 ∈ C(K) be distinct rational points as in the theorem.
Denote P = (P1, P2) ∈ C2(K). Recall the adelic line bundle

L = d1p
∗
1ω̄a + d2p

∗
2ω̄a + d((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)

on C2. Here d is a large positive integer, and we further take

d1 =

⌊√
g +

1

105g

|P2|
|P1|

d

⌋
, d2 =

⌊√
g +

1

105g

|P1|
|P2|

d

⌋
.
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Here bxc is the largest integer which is less than or equal to x. For sufficiently large d, the inequalities among
(d, d1, d2) in Proposition 3.7 is satisfied. Then the proposition implies that there exists a positive integer n
such that nL has a section s with

−
∑
v∈MK

εv log ‖s‖v,sup ≥ − ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
ω̄2
a.

By Proposition 3.8,

hL◦(P ) = −
∑
v∈MK

εv log ‖s◦(P )‖L◦
,v

≥ −
∑
v|∞

(
εv log ‖s‖v,sup + 2.1 · 1014g 14

3 (2nd1 + 2nd2 + 4gnd+ e1 + e2)εvϕ(CKv
)
)

−
∑
v∤∞

(
εv log ‖s‖v,sup +

15

4
(e1 + e2)ϕ(CKv ) logNv

)
≥ −

∑
v∈MK

εv log ‖s‖v,sup − 2.1 · 1014g 14
3 (2nd1 + 2nd2 + 4gnd+ e1 + e2)ϕ(C)

≥ −
(

ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
+ 6.3 · 1014g 14

3 (2nd1 + 2nd2 + 4gnd+ e1 + e2)

)
ω̄2
a.

Here the last inequality follows from Theorem 2.4.
On the other hand, by definition

L
◦
=
(
nL+ e1p

∗
1ω̄a + e2p

∗
2ω̄a
)
|P .

By Theorem 2.7 and Lemma 3.2, we have

hL◦(P ) = hnL(P ) + e1hω̄a
(P1) + e2hω̄a

(P2)

=
2g − 2

g
((nd1 + e1)|P1|2 + (nd2 + e2)|P2|2)− (4g − 4)nd〈P1, P2〉+

nd1 + nd2 − 2gnd+ e1 + e2
4g(g − 1)

ω̄2
a.

Combine it with the above lower bound. We have
2g − 2

g

(
(nd1 + e1)|P1|2 + (nd2 + e2)|P2|2

)
− (4g − 4)nd〈P1, P2〉

≥ −
(

ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
+ 6.3 · 1014g 14

3 (2nd1 + 2nd2 + 4gnd+ e1 + e2) +
nd1 + nd2 − 2gnd+ e1 + e2

4g(g − 1)

)
ω̄2
a

≥ −
(

ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
+ 6.31 · 1014g 14

3 (2nd1 + 2nd2 + 4gnd+ e1 + e2)

)
ω̄2
a.

It follows that
2g − 2

g

(
(d1 +

e1
n
)|P1|2 + (d2 +

e2
n
)|P2|2

)
− (4g − 4)d〈P1, P2〉

≥ −
(

g(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
+ 6.31 · 1014g 14

3 (2d1 + 2d2 + 4gd+
e1
n

+
e2
n
)

)
ω̄2
a.

Dyson’s lemma

As in Vojta’s original proof, we use the following Dyson’s lemma to bound e1 and e2.
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Theorem 3.11 (Vojta [Voj89]). Let K be a field of characteristic 0 and C a curve of genus g ≥ 2 over K.
Let s be a nonzero section of a line bundle L on C2. Assume L has degree m1 > 0 (resp. m2 > 0) on the
fiber of the projection map p2 : C2 → C (resp. p1 : C2 → C). Denote a function

V (t) =

ˆ
0≤x≤1, 0≤y≤1, x+y≤t

dxdy, t ≥ 0.

Then for any P ∈ C2(K) there is an admissible pair (e1, e2) such that

V

(
e1
m1

+
e2
m2

)
≤ L2

2m1m2
+

m2

2m1
(2g − 1).

Apply Dyson’s lemma to our section s of nL. In this case, mi = (2g− 2)ndi. Then Dyson’s lemma gives
an admissible pair (e1, e2) such that

V

(
e1

(2g − 2)nd1
+

e2
(2g − 2)nd2

)
≤ d1d2 − gd2

d1d2
+

d2
2d1

(2g − 1).

Recall
d1 =

⌊√
g +

1

105g

|P2|
|P1|

d

⌋
, d2 =

⌊√
g +

1

105g

|P1|
|P2|

d

⌋
.

We have

lim
d→∞

(
d1d2 − gd2

d1d2
+

d2
2d1

(2g − 1)

)
=

1

105g2 + 1
+

(2g − 1)|P1|2

2|P2|2
<

1

105g2 + 1
+

2g − 1

2 · 1010g5
<

1

105g2
.

Therefore, for sufficiently large d, we have

V

(
e1

(2g − 2)nd1
+

e2
(2g − 2)nd2

)
<

1

105g2
.

By definition, the function V (t) is increasing and V (t) =
t2

2
for 0 ≤ t ≤ 1. It follows that

1

2

(
e1

(2g − 2)nd1
+

e2
(2g − 2)nd2

)2

≤ 1

105g2
,

and thus
e1
nd1

+
e2
nd2

≤ g − 1

(50
√
5)g

.

As
d1 ≤

√
g +

1

105g

|P2|
|P1|

d, d2 ≤
√
g +

1

105g

|P1|
|P2|

d,

we further have
e1
n

|P1|
|P2|

+
e2
n

|P2|
|P1|

≤ g − 1

(50
√
5)g

· d
√
g +

1

105g
≤ 1

50
√
5
· (d1 + 1)

|P1|
|P2|

.

Here the second inequality holds for sufficiently large d. Therefore, we finally get

e1|P1|2 + e2|P2|2

n
≤ (d1 + 1)|P1|2

50
√
5

,

and
e1 + e2
n

≤ d1 + 1

50
√
5

≤ 0.01(d1 + 1).
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Return to our height inequality right before Theorem 3.11. By the bounds for (e1, e2), we further have

2g − 2

g

(
d1

(
1 +

1

50
√
5

)
|P1|2 +

|P1|2

50
√
5
+ d2|P2|2

)
− (4g − 4)d〈P1, P2〉

≥ −
(

g(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
+ 6.31 · 1014g 14

3 (2.01d1 + 2d2 + 4gd+ 0.01)

)
ω̄2
a.

Divide the inequality by d and set d→ ∞. We have

2g − 2

g

(
2 +

1

50
√
5

)√
g +

1

105g
|P1||P2| − (4g − 4)〈P1, P2〉

≥ −
(
105g2(g + 1)

4(g − 1)

√
g +

1

105g

|P2|
|P1|

+ 6.31 · 1014g 14
3

(
2.01

√
g +

1

105g

|P2|
|P1|

+ 2

√
g +

1

105g

|P1|
|P2|

+ 4g

))
ω̄2
a

≥ − 6.31 · 1014g 14
3

(
2.011

√
g +

1

105g

|P2|
|P1|

+ 2

√
g +

1

105g

|P1|
|P2|

+ 4g

)
ω̄2
a

= − 6.31 · 1014g 14
3

(
2.011

√
g +

1

105g
+ 2

√
g +

1

105g

|P1|2

|P2|2
+ 4g

|P1|
|P2|

)
· |P2|
|P1|

ω̄2
a.

By the assumptions in Theorem 3.1,

|P1|
|P2|

≤ 10−5g−
5
2 , ω̄2

a ≤ (1.44)−1 · 10−18g−
14
3 |P1|2.

Then the above inequality implies

2g − 2

g

(
2 +

1

50
√
5

)√
g +

1

105g
|P1||P2| − (4g − 4)〈P1, P2〉

≥ − 6.31 · 1014g 14
3 ·
(
2.012

√
g +

1

105g

)
· (1.44)−1 · 10−18g−

14
3 · |P1| · |P2|

≥ −
(
8.82 · 10−4

√
g +

1

105g

)
|P1| · |P2|.

This further implies

〈P1, P2〉
|P1||P2|

≤ 1

4g − 4

(
2g − 2

g

(
2 +

1

50
√
5

)√
g +

1

105g
+ 8.82 · 10−4

√
g +

1

105g

)
≤ 1

4g − 4
· 2g − 2

g

(
2 +

1

50
√
5
+ 8.82 · 10−4

)√
g +

1

105g

≤ 1.00492

g

√
g +

1

105g
.

Note that √
g +

1

105g
=

√
g

√
1 +

1

105g2
≤ √

g

(
1 +

1

2 · 105g2

)
≤ (1 + 10−5)

√
g.

We have
cos∠(P1, P2) =

〈P1, P2〉
|P1||P2|

≤ 1.00492

g
· (1 + 10−5)

√
g ≤

√
1.01

g
.

This finishes the proof of Theorem 3.1.
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3.6 Functions fields
As a geometric analogue of Theorem 3.1, we have the following theorem over function fields of characteristic
0. It has better constants than the arithmetic case due to absence of archimedean places. On the other hand,
comparing it with Yu [Yu25, Theorem 3.1], the current theorem gives more accurate results by assuming
stronger conditions.

Theorem 3.12. Let K be a function field of one variable over a field k of characteristic 0. Let C be a curve
of genus g ≥ 2 over K. Let P1, P2 ∈ C(K) be distinct rational points. Assume

|P1| ≥ 104g
√
ω̄2
a

and
|P2| ≥ 105g

5
2 |P1| > 0.

Then
cos∠(P1, P2) ≤

√
1.01

g
.

Proof. We sketch the proof here. Still consider the adelic line bundle

L = d1p
∗
1ω̄a + d2p

∗
2ω̄a + d((2g − 2)O(∆)a − p∗1ω̄a − p∗2ω̄a)

on C2. Here d is a large positive integer, and we still take

d1 =

⌈√
g +

1

105g

|P2|
|P1|

d

⌉
, d2 =

⌈√
g +

1

105g

|P1|
|P2|

d

⌉
.

We still have a small section s of nL as in Proposition 3.7. This still gives a section s◦ of

L
◦
= (nL+ e1p

∗
1ω̄a + e2p

∗
2ω̄a)|P .

Since all places are non-archimedean, we have

hL◦(P ) = −
∑
v∈MK

log ‖s◦(P )‖v

≥ −
∑
v∈MK

log ‖s‖nL,v,sup − 15

4
(e1 + e2)ϕ(C)

≥ − ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
ω̄2
a −

75

8
(e1 + e2)ω̄

2
a.

It follows that
2g − 2

g
((nd1 + e1)|P1|2 + (nd2 + e2)|P2|2)− (4g − 4)nd〈P1, P2〉

≥ − ng(g + 1)d1d
2

4(g − 1)(d1d2 − gd2)
ω̄2
a −

(
nd1 + nd2 + e1 + e2

4g(g − 1)
+

75

8
(e1 + e2)

)
ω̄2
a.

We have still assumed |P2| ≥ 105g
5
2 |P1|. Apply Dyson’s lemma. For sufficiently large d, we still have

e1|P1|2 + e2|P2|2

n
≤ d1|P1|2

50
√
5
,

and
e1 + e2
n

≤ d1

50
√
5
≤ 0.01d1.
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It follows that

2g − 2

g

(
2 +

1

50
√
5

)√
g +

1

105g
|P1||P2| − (4g − 4)〈P1, P2〉

≥ −
(
105g2(g + 1)

4(g − 1)

√
g +

1

105g

|P2|
|P1|

+

(
1.01

4g(g − 1)
+

3

32

)√
g +

1

105g

|P2|
|P1|

+
1

4g(g − 1)

√
g +

1

105g

|P1|
|P2|

)
ω̄2
a

≥ −
(
105g2(g + 1)

4(g − 1)
+

(
1.01

4g(g − 1)
+

3

32

)
+

10−10g−5

4g(g − 1)

)√
g +

1

105g

|P2|
|P1|

ω̄2
a

≥ −
(
105g2(g + 1)

4(g − 1)
+ 0.23

)√
g +

1

105g

|P2|
|P1|

ω̄2
a

≥ −
(
105g2(g + 1)

4(g − 1)
+ 0.23

)√
g +

1

105g
· 10−8g−2|P1| · |P2|

≥ − 6 · 10−4

√
g +

1

105g
· |P1| · |P2|.

Here the second inequality has used |P2| ≥ 105g
5
2 |P1|, and the fourth inequality has used |P1| ≥ 104g

√
ω̄2
a.

The remaining part of the proof is the same as that of Theorem 3.1.

We also have the following geometric analogue of the quantitative Mumford inequality in Theorem 3.6.

Theorem 3.13. Let K be a function field of one variable over a field k of characteristic 0. Let C be a curve
of genus g ≥ 2 over a function field K of characteristic 0. Let P1, P2 ∈ C(K) be distinct rational points.
Assume

|P1| ≥ 104g
7
3

√
ω̄2
a.

and
|P1| ≤ |P2| ≤ 1.15|P1|.

Then
cos∠(P1, P2) ≤

1.01

g
.

Proof. The proof is similar to Theorem 3.6. In fact, Theorem 3.4 and Theorem 2.4 imply

hO(∆)a
(P ) =

∑
v∈MK

Ga,v(P1, P2) ≥ −15

4

∑
v∈MK

ϕ(CKv ) ≥ −45

4
ω̄2
a.

By Theorem 2.7, this gives
1

g
(|P1|2 + |P2|2)− 2〈P1, P2〉 ≥ −45

4
ω̄2
a.

By |P1| ≥ 104g
√
ω̄2
a, we have

1 + 10−7

g
|P1|2 +

1

g
|P2|2 − 2〈P1, P2〉 ≥ 0.

The remaining part of the proof is the same as that of Theorem 3.6.

4 Quantitative Bogomolov conjecture

Recall that the norm |Q| =
√
ĥ(Q)K and the angle ∠(P1, P2) for algebraic points Q,P1, P2 on a curve C

over a number field K are defined in terms of the Néron–Tate heights as in §2.1. The goal of this section is
to prove the following quantitative Bogomolov conjecture.
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Theorem 4.1 (Theorem 1.11). Let K be a number field, C a curve of genus g ≥ 2 over K, and J the
Jacobian variety of C.

(1) For any 0 ≤ r <
√

1
8g and x ∈ J(K)R,

#{P ∈ C(K) : |P − x| ≤ r
√
ω̄2
a} <

3.2 · 1011g 17
3

1− 8gr2

(
1 + 10−6 log

(
1

1− 8gr2

))
.

(2) Let κ > 1 and θ ∈ (0, π/2) be real numbers satisfying

g cos2 θ >
(κ+ 1)2

4κ
+

1

3.2 · 1011g 11
3

.

Then for any nonzero x ∈ J(K)R,

#{P ∈ C(K) : |x| ≤ |P | ≤ κ|x|, ∠(P, x) ≤ θ} ≤ 3.2 · 1011g 17
3 .

As mentioned in the introduction, part (1) of the theorem with inexplicit constants is the uniform Bo-
gomolov conjecture proved by Dimitrov–Gao–Habegger [DGH21] and Kühne [Kuh21], and by Yuan [Yua24]
using a different method. Part (2) of the theorem was inspired by the extra term in the main theorem of
[Yua24] .

A geometric version of part (1) was originally proved by Looper–Silverman–Wilms [LSW25]. Our current
arithmetic version follows the framework of [LSW25] by applying lower bound of the Faltings–Elkies invariant
by the ϕ-invariant from Part II of this paper.

Recall that the Manin–Mumford conjecture was proved by Raynaud [Ray83a, Ray83b]. Taking r = 0 in
Theorem 4.1, we obtain the following quantitative version of the Manin–Mumford conjecture.

Theorem 4.2 (quantitative Manin–Mumford). Let K be a field of characteristic 0, C a curve of genus
g ≥ 2 over K and J the Jacobian variety of C. For any line bundle α of degree 1 on C,

#
(
(C(K)− α) ∩ J(K)tor

)
≤ 3.2 · 1011g 17

3 .

Proof. By a reduction argument as in [DGH22, Lemma 3.1],we can assume that K is a number field. Then
the theorem is just the case r = 0 of Theorem 4.1.

4.1 The first part
The idea to prove Theorem 4.1 is to obtain a suitable lower bound of

∑
1≤i>j≤n |Pi−Pj |2 to bound the number

n. The following quadratic identity is extracted from the proof of Looper–Silverman–Wilms [LSW25].

Lemma 4.3 (quadratic identity). For P1, P2, . . . , Pn ∈ C(K),

4(n+ g − 1)(g − 1)

n− 1

∑
1≤i<j≤n

|Pi−Pj |2 =
4ng(g − 1)

n− 1

∑
1≤i<j≤n

hO(∆)a
(Pi, Pj)+

n2

2
ω̄2
a+

∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

.

Proof. There is a finite extension K ′/K such that P1, P2, . . . , Pn ∈ C(K ′). Taking the base change of C to
K ′ multiplies each term in the target equality by [K ′ : K]. So we may assume P1, P2, . . . , Pn ∈ C(K).

By the arithmetic Hodge index theorem (Theorem 2.5) and the arithmetic adjunction formula (Theorem
2.6), we have

2|Pi − Pj |2 = − (O(Pi)a −O(Pj)a)
2

= −O(Pi)
2
a −O(Pj)

2
a + 2O(Pi)a · O(Pj)a

= ω̄a · O(Pi)a + ω̄a · O(Pj)a + 2hO(∆)a
(Pi, Pj).
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Here we also used the first equality of Theorem 2.7(2). This gives

∑
1≤i<j≤n

|Pi − Pj |2 =
n− 1

2

n∑
i=1

ω̄a · O(Pi)a +
∑

1≤i<j≤n

hO(∆)a
(Pi, Pj).

Similarly,

2

∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

= −

(
(2g − 2)

n∑
i=1

O(Pi)a − nω̄a

)2

= (2g − 2)(2n+ 2g − 2)

n∑
i=1

ω̄a · O(Pi)a − 2(2g − 2)2
∑

1≤i<j≤n

hO(∆)a
(Pi, Pj)− n2ω̄2

a.

Canceling the term
∑
i ω̄a · O(Pi)a gives the equality.

Now we are ready to prove the first part of Theorem 4.1. In the following, the idea to apply the generalized
parallelogram rule to get better estimates is suggested to the authors by Pascal Autissier.

Proof of Theorem 4.1(1). Let P1, P2 . . . , Pn ∈ C(K) be distinct points satisfying |Pi − x|2 ≤ r2ω̄2
a. This

easily implies
|Pi − Pj |2 ≤ (|Pi − x|+ |Pj − x|)2 ≤ 4r2ω̄2

a

and thus ∑
1≤i<j≤n

|Pi − Pj |2 ≤ 2n(n− 1)r2ω̄2
a.

In fact, the generalized parallelogram rule

∑
1≤i<j≤n

|Pi − Pj |2 = n

n∑
i=1

|Pi − x|2 −

∣∣∣∣∣
n∑
i=1

Pi − nx

∣∣∣∣∣
2

implies the stronger bound ∑
1≤i<j≤n

|Pi − Pj |2 ≤ n2r2ω̄2
a.

By Lemma 4.3, and omitting the non-negative term∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

≥ 0,

we get a quadratic inequality(
4n2(n+ g − 1)(g − 1)

n− 1
r2 − n2

2

)
ω̄2
a ≥ 4ng(g − 1)

n− 1

∑
1≤i<j≤n

hO(∆)a
(Pi, Pj).

We need to prove

n <
3.2 · 1011g 17

3

1− 8gr2

(
1 + 10−6 log

(
1

1− 8gr2

))
.

If n < g2, we have nothing to prove. Assume that n ≥ g2 in the following, which gives

(n+ g − 1)(g − 1)

n− 1
< g.
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Then the quadratic inequality implies

(8gr2 − 1)n2

2
ω̄2
a ≥ 4ng(g − 1)

n− 1

∑
1≤i<j≤n

hO(∆)a
(Pi, Pj).

By the bounds of the global sparsity in Theorem 3.3,∑
1≤i<j≤n

hO(∆)a
(Pi, Pj) ≥ −

(
1.2 · 104g 1

3n log n+ 3.96 · 1010g 11
3 n
)
ω̄2
a.

It follows that

(8gr2 − 1)n2

2
ω̄2
a ≥ −4ng(g − 1)

n− 1

(
1.2 · 104g 1

3n log n+ 3.96 · 1010g 11
3 n
)
ω̄2
a.

Since ω̄2
a > 0, we get

1− 8gr2 ≤ 8g(g − 1)

n− 1

(
1.2 · 104g 1

3 log n+ 3.96 · 1010g 11
3

)
< 105g

7
3
log n

n− 1
+ 3.17 · 1011g 17

3
1

n− 1
.

Denote A = (1− 8gr2)−1. Then we have

105g
7
3A

log n

n− 1
+ 3.17 · 1011g 17

3 A
1

n− 1
> 1.

We need to prove that this implies

n < 3.2 · 1011g 17
3 A(1 + 10−6 logA).

This is elementary, but we give a proof to check the constants. In fact, for n > 4, we have

1

n− 1
<

log n

n− 1
<

1√
n
.

This gives
1 < 105g

7
3A

1√
n
+ 3.17 · 1011g 17

3 A
1√
n
< 3.18 · 1011g 17

3 A
1√
n
.

Then √
n < 3.18 · 1011g 17

3 A

and
log n < 2 log(3.18 · 1011g 17

3 A).

Putting back to the original inequality, we have

105g
7
3 · 2 log(3.18 · 1011g 17

3 A) ·A 1

n− 1
+ 3.17 · 1011g 17

3 A
1

n− 1
> 1.

It follows that

n− 1 < 105g
7
3 · 2 log(3.18 · 1011g 17

3 A) ·A+ 3.17 · 1011g 17
3 A

< 105g
7
3 · 2A logA+ 3.18 · 1011g 17

3 A

< 3.18 · 1011g 17
3 A(1 + 10−6 logA).

This finishes the proof of Theorem 4.1(1).
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4.2 The second part
To prove the second part of Theorem 4.1, we need the following inverse version of the classical Cauchy–
Schwarz inequality.

Lemma 4.4. For κ > 1 and a1, a2, . . . , an ∈ [1, κ],

n∑
i=1

a2i ≤
(κ+ 1)2

4κn

(
n∑
i=1

ai

)2

.

Proof. For i = 1, 2, . . . , n,
(ai − 1)(ai − κ) ≤ 0.

Their summation gives
n∑
i=1

a2i − (κ+ 1)

n∑
i=1

ai + κn ≤ 0.

So

(κ+ 1)2

(
n∑
i=1

ai

)2

≥

(
n∑
i=1

a2i + κn

)2

≥ 4κn

n∑
i=1

a2i .

Proof of Theorem 4.1(2). The proof of still based on the quadratic identity. Let P1, P2 . . . , Pn ∈ C(K) be
distinct points satisfying

|x| ≤ |Pi| ≤ κ|x|, ∠(Pi, x) ≤ θ.

Before applying the quadratic identity, we claim that∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

≥ (2g − 2)2 cos2 θ

γ − cos2 θ

∑
1≤i<j≤n

|Pi − Pj |2.

Here we denote γ =
(κ+ 1)2

4κ
for simplicity.

We first prove the claim, which is also written as

(γ − cos2 θ)

∣∣∣∣∣
n∑
i=1

Pi

∣∣∣∣∣
2

≥ (cos2 θ)
∑

1≤i<j≤n

|Pi − Pj |2.

By the generalized parallelogram law

∑
1≤i<j≤n

|Pi − Pj |2 = n

n∑
i=1

|Pi|2 −

∣∣∣∣∣
n∑
i=1

Pi

∣∣∣∣∣
2

,

it suffices to prove

γ

∣∣∣∣∣
n∑
i=1

Pi

∣∣∣∣∣
2

≥ n(cos2 θ)

n∑
i=1

|Pi|2.

We have ∣∣∣∣∣
n∑
i=1

Pi

∣∣∣∣∣
2

≥

(
n∑
i=1

|Pi| cos∠(Pi, x)
)2

≥ (cos2 θ)

(
n∑
i=1

|Pi|

)2

.
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Here the first inequality holds as the projection of Pi to the direction of x is |Pi| cos∠(Pi, x) times x/|x|.
Then the claim is reduced to

γ

(
n∑
i=1

|Pi|

)2

≥ n

n∑
i=1

|Pi|2.

This follows from Lemma 4.4 by |x| ≤ |Pi| ≤ κ|x|. The claim is proved.
To prove Theorem 4.1(2), we are going to have two cases. If

(2g − 2)2 cos2 θ

γ − cos2 θ
≥ 4(n+ g − 1)(g − 1)

n− 1
,

then the claim implies∣∣∣∣∣(2g − 2)

n∑
i=1

Pi − nω

∣∣∣∣∣
2

≥ 4(n+ g − 1)(g − 1)

n− 1

∑
1≤i<j≤n

|Pi − Pj |2.

In this case, Lemma 4.3 implies

−n
2

2
ω̄2
a ≥ 4ng(g − 1)

n− 1

∑
1≤i<j≤n

hO(∆)a
(Pi, Pj),

Then the proof of Theorem 4.1(1) for r = 0 gives exactly

n ≤ 3.2× 1011g
17
3 .

On the other hand, if
(2g − 2)2 cos2 θ

γ − cos2 θ
<

4(n+ g − 1)(g − 1)

n− 1
,

then
(g − 1) cos2 θ

γ − cos2 θ
<

g

n− 1
+ 1,

and thus
n <

g(γ − cos2 θ)

g cos2 θ − γ
+ 1.

The assumption
g cos2 θ > γ + (3.2 · 1011g 11

3 )−1

further gives

n <
g(g cos2 θ − cos2 θ)

(3.2 · 1011g 11
3 )−1

+ 1 < g(g − 1) · 3.2 · 1011g 11
3 + 1 < 3.2 · 1011g 17

3 .

This proves Theorem 4.1(2).

Remark 4.5. We can also prove the following explicit result in the form of [Yua24, Theorem 1.1]. For any
line bundle α of degree 1 on C,

#

{
P ∈ C(K) : ĥ(P − α) ≤ 1

32g
ω̄2
a +

g − 2

2g − 2
ĥ

(
α− ω

2g − 2

)}
< 6.5 · 1011g 17

3 .

Since it is not used in the sequel, we omit the details.
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4.3 Function fields
Now we present the following analogue of Theorem 4.1 over function fields. Part (1) of the theorem is
essentially due to Looper–Silverman–Wilms (cf. [LSW25, Theorem 1.3]). Note that the canonical height of
the loc. cit. is twice of ours, so our statement is slightly stronger than that of the loc. cit in that sense.
This improvement is due to the application of the generalized parallelogram rule suggested by Autissier as
in the proof of the number field case. Part (2) can be proved in the same way as number fields.

Theorem 4.6. Let K be a function field of one variable over a field k, C be a non-isotrivial curve of genus
g ≥ 2 over K, and J be the Jacobian variety of C.

(1) For 0 ≤ r <
√

1
8g , and x ∈ J(K)R,

#{P ∈ C(K) : |P − x| ≤ r
√
ω̄2
a} ≤ 1

1− 8gr2
16g4 + 36g2 − 26g − 2

(g − 1)2
+ 1.

(2) Let κ > 1 and θ ∈ (0, π/2). Assume

g cos2 θ >
(κ+ 1)2

4κ
+

1

16
.

Then for any x ∈ J(K)R,

#{P ∈ C(K) : |x| ≤ |P | ≤ κ|x|,∠(P, x) ≤ θ} ≤ 16g2 + 32g + 124.

5 Counting points
The goal of this section is to prove the following main theorem of this paper.

Theorem 5.1 (Theorem 1.2). Let K be a field of characteristic 0, C a curve of genus g ≥ 2 over K, and
J the Jacobian variety of C. For any line bundle α of degree 1 on C and any subgroup Λ ⊂ J(K) of finite
rank,

#((C(K)− α) ∩ Λ) ≤ 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}rk(Λ)

.

As we mentioned in the introduction, this gives explicit constants in the uniform Mordell conjecture
proved by Vojta [Voj91], Dimitrov–Gao–Habegger [DGH21], and Kühne [Kuh21]. It is not surprising that
our quantitative versions of the Vojta inequality, the Mumford inequality, and the uniform Mordell conjecture
imply the current theorem with explicit constants. Nonetheless, we still need to make lots of efforts to
decrease the Vojta constant to the current form.

5.1 Different ranges of heights
Now we sketch our idea to prove Theorem 5.1. By a reduction argument as in [DGH22, Lemma 3.1], we may
assume that Λ is finitely generated and K is a number field. The case rk(Λ) = 0 is just the quantitative
Manin–Mumford theorem in Theorem 4.2. We assume rk(Λ) ≥ 1 in the following.

After a finite field extension of K, we may assume that there is a line bundle α0 of degree 1 on C with
an isomorphism (2g − 2)α0

∼= ω. Then we only need to prove the stronger bound

#((C(K)− α) ∩ Λ) ≤ 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}rk(Λ)−1

,
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under the additional assumption that α = α0. Indeed, let Λ′ be the subgroup of J(K) generated by Λ and
α− α0. Then rk(Λ′) ≤ rk(Λ) + 1 and

(C(K)− α) ∩ Λ ⊂ (C(K)− α) ∩ Λ′ = (C(K)− α0) ∩ Λ′.

So it suffices to prove

#((C(K)− α0) ∩ Λ′) ≤ 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}rk(Λ′)−1

.

Denote n = rk(Λ). We abbreviate C−α0 as C, which viewed as a subvariety of J . By abuse of notation,
we further abbreviate C(K) ∩ Λ as C ∩ Λ. We divide the set C ∩ Λ into the following three parts:

(C ∩ Λ)small =

{
P ∈ C ∩ Λ : |P | ≤

√
ω̄2
a

16g

}
,

(C ∩ Λ)medium =

{
P ∈ C ∩ Λ :

√
ω̄2
a

16g
< |P | ≤ 1.2 · 109g 7

3

√
ω̄2
a

}
,

(C ∩ Λ)large =
{
P ∈ C ∩ Λ : |P | > 1.2 · 109g 7

3

√
ω̄2
a

}
.

Our bounds for them are

#(C ∩ Λ)small ≤ 6.5 · 1011g 17
3 ,

#(C ∩ Λ)medium ≤ 1.64 · 1013g7
(
1 +

5

2
√
2g

)n−1

,

#(C ∩ Λ)large ≤ 3.4 · 106g2
(
1 +

5

4
√
g

)n−1

.

Their sum gives

#(C ∩ Λ) ≤ 2 · 1013g7
(
1 +

5

4
√
g

)n−1

≤ 1013g8
(
1 +

5

4
√
g

)n−1

.

Moreover, for g ≥ 142 and n ≥ 1, we have a refined bound

#(C ∩ Λ)large ≤ 2.4 · 104g8
(
1 +

3 log g

g

)n−1

.

Replacing this one in the above bound of large points, we have for g ≥ 142,

#(C ∩ Λ) ≤ 1013g8
(
1 +

3 log g

g

)n−1

.

Note that for integers g ≥ 2,
1 +

3 log g

g
≤ 1 +

5

4
√
g

⇐⇒ g ≥ 142.

Therefore, these two cases imply that for g ≥ 2,

#(C ∩ Λ) ≤ 1013g8 ·min

{
1 +

5

4
√
g
, 1 +

3 log g

g

}n−1

.

Then the task is to prove the bounds for the subsets of different range of heights. Note that the bound
for #(C ∩Λ)small is a consequence of Theorem 4.1(1) with r =

√
1

16g . In the following, we are going to prove
the bound for medium points and the two bounds for large points.
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5.2 Medium points
For any 0 < r < r′, let

(C ∩ Λ)r,r′ = {P ∈ C ∩ Λ : r < |P | ≤ r′}

be the set of points in a spherical shell of inner radius r and outer radius r′. We will estimate #(C ∩Λ)r,r′ .
The medium point set is the special case that

r =

√
ω̄2
a

16g
, r′ = 1.2 · 109g 7

3

√
ω̄2
a.

We only need to bound #(C ∩ Λ)r,κr for some κ > 1 and all r > 0 because of the covering

(C ∩ Λ)r,r′ ⊂

⌈
logκ(

r′
r )

⌉⋃
i=1

(C ∩ Λ)κi−1r,κir.

Denote n = rk(Λ) ≥ 1. The space ΛR under the norm | · | is isometric to the Euclidean space Rn. Denote
the sphere

Sn−1 = {x ∈ ΛR : |x| = 1}.

Enow Sn−1 with the standard Euclidean measure vol.
Take

θ = arccos

√
1.13

g
, κ = 2.

Then (θ, κ) satisfies the assumption of Theorem 4.1(2). For any P ∈ (C ∩ Λ)r,κr, let

cap(P, θ) = {x ∈ ΛR : |x| = 1,∠(x, P ) ≤ θ}

be the spherical cap centered at P

|P |
of angular radius θ on the sphere Sn−1.

For any s ∈ Sn−1, Theorem 4.1(2) for x = rs implies that s belongs to at most 3.2 · 1011g 17
3 spherical

caps cap(P, θ) for P ∈ (C ∩ Λ)r,κr. In other words, under the natural map∐
P∈(C∩Λ)r,κr

cap(P, θ) −→ Sn−1,

every point has at most 3.2 · 1011g 17
3 preimages. Compare the volumes. We have

#(C ∩ Λ)r,κr · vol(cap(P, θ)) ≤ 3.2 · 1011g 17
3 vol(Sn−1).

The total measure is
vol(Sn−1) =

2π
n
2

Γ
(
n
2

) .
When n ≥ 2,

vol(cap(P, θ)) =

ˆ θ

0

sinn−2(t)
2π

n−1
2

Γ
(
n−1
2

)dt > 2π
n−1
2

Γ
(
n−1
2

) ˆ θ

0

sinn−2(t) cos tdt =
2π

n−1
2

Γ
(
n−1
2

) sinn−1 θ

n− 1
=
π

n−1
2 sinn−1 θ

Γ(n+1
2 )

.

This is also true for n = 1. So

#(C ∩ Λ)r,κr ≤ 3.2 · 1011g 17
3
2
√
πΓ(n+1

2 )

Γ
(
n
2

) 1

sinn−1 θ
≤ 3.2 · 1011g 17

3

√
2πn

sinn−1 θ
.
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Here the last inequality follows from Wendel’s classical inequality (cf. [Wen48]),

Γ(x+ s) ≤ xsΓ(x), x > 0, 0 < s < 1.

It follows that

#(C ∩ Λ)r,κr ≤ 3.2 · 1011g 17
3 ·

√
2πn

(
1− 1.13

g

)−n−1
2

.

To simplify the bound further, we will use the following basic fact several times.

Lemma 5.2. For any n, t > 0 and a > 1,

nt ≤
(

t

e log a

)t
an.

Proof. It is an easy consequence of

n log a

t
≤ e

n log a
t −1 =

a
n
t

e
, ∀n, t > 0, a > 1.

Take t = 1
2 and

a =

(
1 +

5

2
√
2g

)√
1− 1.13

g
.

It satisfies
e

1
eg ≤ a ≤

√
2.

Here to prove the first inequality, just note that log a − 1
eg is a concave function of 1

g . Then Lemma 5.2
implies

√
n ≤

(
1

2e log a

) 1
2

an ≤ √
gan−1 =

√
g

(
1 +

5

2
√
2g

)n−1(
1− 1.13

g

)n−1
2

.

It follows that
√
2πn

(
1− 1.13

g

)−n−1
2

≤
√
2πg

(
1 +

5

2
√
2g

)n−1

.

Therefore,

#(C ∩ Λ)r,κr ≤ 3.2 · 1011g 17
3 ·
√
2πg

(
1 +

5

2
√
2g

)n−1

≤ 8.1 · 1011g 37
6

(
1 +

5

2
√
2g

)n−1

.

So

#(C ∩ Λ)r,r′ ≤ 8.1 · 1011g 37
6

(
1 +

5

2
√
2g

)n−1 ⌈
log2(

r′

r
)

⌉
.

In particular,

#(C ∩ Λ)medium ≤ 8.1 · 1011g 37
6

(
1 +

5

2
√
2g

)n−1

dlog2(1.2 · 109g
7
3

√
16g)e ≤ 1.64 · 1013g7

(
1 +

5

2
√
2g

)n−1

.

This gives the bound for medium points.
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5.3 Large points: first bound
The goal here is prove

#(C ∩ Λ)large ≤ 3.4 · 106g2
(
1 +

5

4
√
g

)n−1

.

This is the first bound for large points.

A bound from sphere packing

We first recall a result in spherical packing. For any positive integer n and θ ∈ (0, π), denote by A(n, θ) the
maximal number of nonzero points P1, . . . , PN ∈ Rn such that any two of them form an angle at least θ. At
each point Pi, we have the spherical cap of angular radius θ/2 given by

cap(Pi, θ/2) = {x ∈ Rn : |x| = 1,∠(x, Pi) ≤ θ/2}.

Then the interiors of these N spherical caps are disjoint from each other. It follows that A(n, θ) is also the
maximal number of spherical caps of angular radius θ/2 in the standard unit sphere in Rn such that any
two such spherical caps have no common interior points.

The volume comparison from the previous subsection gives a bound

A(n, θ) ≤ vol(Sn−1)

vol(cap(P, θ/2))
≤

√
2πn

sinn−1 θ
2

.

In our application, θ is close to π/2, and thus the bound grows roughly as (
√
2)n, which is too large for our

purpose of making the Vojta constant (i.e. the base) close to 1. Therefore, we are going to seek stronger
upper bounds of A(n, θ).

The following estimate of A(n, θ) is essentially due to Rankin.

Lemma 5.3. Let n be a positive integer. If θ ∈ (0, π), then

A(n, θ) ≤ (1 +
√
cos θ)n

3
2

√
cos θ(1− cos θ)

n−1
2

.

If θ ∈ (π/2, π), then A(n, θ) ≤ n+ 1.

Proof. The result holds for n = 1 because A(1, θ) = 2. Assume n ≥ 2 in the following. We are going to
apply results of Rankin [Ran55]. Note that our θ/2 corresponds to α in the loc. cit. If θ ∈ (π/2, π), we have
N(n, θ) = n+ 1 by [Ran55, Theorem 1(iii)].

Now we consider general θ ∈ (0, π/2] in the following. By Rankin [Ran55, Theorem 2], we have the
following bound

A(n, θ) ≤
π

1
2Γ
(
n−1
2

)
sinβ tanβ

2Γ
(
n
2

) ´ β
0
(sinx)n−2(cosx− cosβ)dx

, n ≥ 2.

Here the angle
β = arcsin

(√
2 sin

θ

2

)
= arccos(

√
cos θ).

Let us first simplify the bound, which also weakens the bound slightly. Let t = sinx ∈ [0, sinβ]. Then
ˆ β

0

(sinx)n−2(cosx− cosβ)dx =

ˆ sin β

0

(
tn−2 − tn−2

√
1− t2

cosβ

)
dt.

By the convexity of 1√
x

, we have
1√

1− t2
≤ 1− cosβ

sin2 β cosβ
t2 + 1.
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One can also check that the inequality by noting that it holds for t2 = 0 and t2 = sin2 β, and the left-hand
side is convex in t2 and the right-hand side is linear in t2.

It follows that
ˆ β

0

(sinx)n−2(cosx− cosβ)dx ≥ (1− cosβ)

ˆ sin β

0

(
tn−2 − tn

sin2 β

)
dt =

2(1− cosβ) sinn−1 β

n2 − 1
.

We remark that this result catches the exponential part in the decay for large n, comparing the opposite
bound ˆ β

0

(sinx)n−2(cosx− cosβ)dx <

ˆ β

0

(sinx)n−2 cosxdx =
sinn−1 β

n− 1
.

As a consequence,

A(n, θ) ≤
(n2 − 1)π

1
2Γ
(
n−1
2

)
tanβ

4Γ
(
n
2

)
(1− cosβ) sinn−2 β

.

By Wendel’s classical inequality (cf. [Wen48]) again,

(n2 − 1)π
1
2Γ
(
n−1
2

)
4Γ
(
n
2

) =
(n+ 1)π

1
2Γ
(
n+1
2

)
2Γ
(
n
2

) ≤ (n+ 1)π
1
2n

1
2

2
√
2

≤ n
3
2 .

Then we have

A(n, θ) ≤ n
3
2 tanβ

(1− cosβ) sinn−2 β
≤ (1 + cos β)n

3
2

sinn−1 β cosβ
=

(1 +
√
cos θ)n

3
2

√
cos θ(1− cos θ)

n−1
2

.

Counting points

Now we return to the bound of large points. For any θ, there is a subset S of (C ∩ Λ)large satisfying the
following properties.

(1) For any P ∈ (C ∩ Λ)large, there is a Q ∈ S such that ∠(P,Q) ≤ θ and |Q| ≤ |P |.

(2) For distinct Q1, Q2 ∈ S, we have ∠(Q1, Q2) > θ. As a consequence, #S ≤ A(n, θ).

This set can be constructed inductively as follows. By the Northcott property, we can take Q1 ∈ (C ∩Λ)large
such that |Q1| is minimal. After taking Q1, . . . , Qn, let Qn+1 ∈ (C ∩ Λ)large be a point satisfying (2) with
minimal |Qn+1|. This process ends in A(n, θ) steps. So for any P ∈ (C ∩ Λ)large, there is a Qi ∈ S such
that ∠(P,Qi) ≤ θ. Let i be the minimal such i. Then the minimality of |Qi| at the i-th step implies that
|P | ≥ |Qi|; otherwise, this step would choose P . This verifies (1).

For any κ > 1, we have the covering

(C ∩ Λ)large =
⋃
Q∈S

{P ∈ C ∩ Λ : |P | ≥ |Q|, ∠(P,Q) < θ}

=
⋃
Q∈S

∞⋃
i=1

{P ∈ C ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}.

Take θ = arccos
(√

1.01
g

)
. By the quantitative Vojta inequality in Theorem 3.1, if P ∈ (C ∩ Λ)large

satisfies ∠(P,Q) < θ for some Q ∈ S, then |P | ≤ 105g
5
2 |Q|. So

(C ∩ Λ)large =
⋃
Q∈S

⌈logκ(10
5g

5
2 )⌉⋃

i=1

{P ∈ C(K) ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}
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Take κ = 1.15. For each Q ∈ S and i, suppose we have two distinct points

P1, P2 ∈ {P ∈ C(K) ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}.

Then by the quantitative Mumford inequality in Theorem 3.6,

∠(P1, P2) ≥ arccos

(
1.01

g

)
.

Take the orthogonal decomposition
Pi
|Pi|

= ai
Q

|Q|
+ xi.

Here ai ∈ R and xi ∈ Q⊥ = {x ∈ ΛR : 〈x,Q〉 = 0}. So

ai =

〈
Pi
|Pi|

,
Q

|Q|

〉
= cos∠(Pi, Q) >

√
1.01

g

and
a1a2 + 〈x1, x2〉 =

〈
P1

|P1|
,
P2

|P2|

〉
= cos∠(P1, P2) ≤

1.01

g
.

We get 〈x1, x2〉 < 0 and hence ∠(x1, x2) > π
2 .

Apply Lemma 5.3 to the orthogonal projection of

{P ∈ C ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ}.

to the space Q⊥. We have

#{P ∈ C ∩ Λ : κi−1|Q| ≤ |P | ≤ κi|Q|, ∠(P,Q) < θ} ≤ A(n− 1,
π

2
) ≤ n.

As a consequence, we have obtained the following result.

Proposition 5.4. We have
#(C ∩ Λ)large ≤ dlog1.15(105g

5
2 )enA(n, θ).

By Lemma 5.3 again, the proposition gives

#(C ∩ Λ)large ≤ dlog1.15(105g
5
2 )e (1 +

√
cos θ)n

5
2

√
cos θ(1− cos θ)

n−1
2

= dlog1.15(105g
5
2 )en 5

2

(
4

√
g

1.01
+ 1

)(
1−

√
1.01

g

)−n−1
2

.

Apply Lemma 5.2 to t = 5
2 and

a =

(
1 +

5

4
√
g

)√
1−

√
1.01

g
.

Note that
e

1
60

√
g ≤ a ≤ 1.2.

The lemma gives

n
5
2 ≤

(
5

2e log a

) 5
2

an ≤ 1.2

(
150

√
g

e

) 5
2

an−1.
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Then we get

n
5
2

(
4

√
g

1.01
+ 1

)(
1−

√
1.01

g

)−n−1
2

≤ 1.2

(
150

√
g

e

) 5
2
(

4

√
g

1.01
+ 1

)
·
(
1 +

5

4
√
g

)n−1

≤ 5·104g 3
2

(
1 +

5

4
√
g

)n−1

.

Therefore,

#(C ∩ Λ)large ≤ dlog1.15(105g
5
2 )e · 5 · 104g 3

2

(
1 +

5

4
√
g

)n−1

≤ 3.4 · 106g2
(
1 +

5

4
√
g

)n−1

.

This proves the first bound of large points.

5.4 Large points: refined bound
The goal of this subsection is to prove that for g ≥ 142 and n ≥ 1,

#(C ∩ Λ)large ≤ 2.4 · 104g8
(
1 +

3 log g

g

)n−1

.

In fact, this is implied by the following bound.

Proposition 5.5. Assume that g ≥ 142 and n ≥ 2g. Then

#(C ∩ Λ)large ≤ 2.4 · 104g
(
1 +

3 log g

g

)n−1

.

It is easy to extend the proposition to g ≥ 142 and all n ≥ 1 with a weaker bound. Note that if n < 2g, we
may take a subgroup Λ′ of rank 2g in J(K) containing Λ by adding 2g − n linearly independent generators,
which is possible after replacing K with a finite extension. Then

#(C ∩ Λ)large ≤ #(C ∩ Λ′)large ≤ 2.4 · 104g2
(
1 +

3 log g

g

)2g−1

≤ 2.4 · 104g8.

Here the last inequality uses(
1 +

3 log g

g

)g
=

((
1 +

3 log g

g

) g
3 log g

)3 log g

≤ e3 log g = g3.

Combining with the proposition, we have the bound for all g ≥ 142 and n ≥ 1.
Then the goal of this subsection is to prove Proposition 5.5. The proof is obtained by improving the

bound of A(n, θ) in Lemma 5.3.

Refined bound from sphere packing

For g ≥ 2, take θ = arccos
√

1.01
g as in the previous subsection. Our goal is to derive a sharp upper bound

for A(n, θ).
The best known asymptotic bound for A(n, θ) is due to Kabatjanskiĭ and Levenšteĭn in [KL78, Lev79]

(cf. [SZ24]). For any non-negative integer m, the differential equation

(1− x2)
d2f

dx2
− (n− 1)x

df

dx
+m(m+ n− 2)f = 0

has a unique polynomial solution up to scaling. Denote its largest root by x(n,m). Then

−1 < x(n,m) < x(n,m+1) < 1.

The key is the following result from Kabatjanskiĭ–Levenšteĭn [KL78, §6 (52)].
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Theorem 5.6. If cos θ ≤ x(n,m), then

A(n, θ) ≤
4
(
m+n−2
n−2

)
1− x(n,m+1)

.

By taking
m ≈ 1− sin θ

2 sin θ
n,

they get x(n,m) → cos θ and

lim sup
n→∞

1

n
logA(n, θ) ≤ 1 + sin θ

2 sin θ
log

1 + sin θ

2 sin θ
− 1− sin θ

2 sin θ
log

1− sin θ

2 sin θ
.

However, this asymptotic bound is not sufficient for our purpose. We need an explicit estimate of x(n,m).
In the following, we take

β = arccos

√
10.7

g
, m =

⌈
1− sinβ

2 sinβ
n

⌉
.

Since x(n,m) → cosβ > cos θ, we have x(n,m) ≥ cos θ for n large enough, and thus we can apply the above
bound. We will make this explicit, which gives the following result.

Proposition 5.7. For g ≥ 142 and n ≥ 2g,

A(n, θ) ≤ 6

(
m+ n− 2

n− 2

)
≤ 6e

(
1 + sin β

1− sinβ

) 1−sin β
2 sin β n+1(

1 + sin β

2 sinβ

)n−2

.

To apply Theorem 5.6 to prove the proposition, our main tool to estimate the zeroes is the following
classical Sturm comparison theorem.

Theorem 5.8. For i = 1, 2, let ri(x) be a nonzero continuous function on an open interval, and let Fi(x)
be a nonzero solution of the differential equation

d2F

dx2
+ ri(x)F = 0.

Assume that r1(x) ≤ r2(x). Then for any two roots a < b of F1(x), there is a root of F2(x) lying in [a, b].

Now we prove Proposition 5.7. The proof consists of a few steps. Let f(n,m)(x) be a polynomial solution
of the previous differential equation with the maximal root x(n,m). Then

F(n,m)(x) = (1− x2)
n−1
4 f(n,m)(x)

is a solution of the differential equation

d2F

dx2
+
p(n,m) − q(n,m)x

2

4(1− x2)2
F = 0,

where
q(n,m) = (2m+ n− 1)(2m+ n− 3),

p(n,m) = q(n,m) − (n− 1)(n− 5).

The largest root of F(n,m) in the interval (−1, 1) is still x(n,m).
Let us first collect some trivial bounds. Note that n ≥ 2g implies

m ≥ 1− sinβ

2 sinβ
n ≥ cos2 β

4
n > 5.
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As n ≥ 6, we have p(n,m) < q(n,m). By

1− sinβ

2 sinβ
n ≤ m ≤ 1− sinβ

2 sinβ
n+ 1,

we have an easy bound
n

sinβ
≤ 2m+ n ≤ n

sinβ
+ 2.

Our first bound on the root is the following quick result.

Lemma 5.9. For n ≥ 6, we have x(n,m) ≤
√

p(n,m)

q(n,m)
.

Proof. We first note that for x ∈ (
√

p(n,m)

q(n,m)
, 1), we have

p(n,m) − q(n,m)x
2

4(1− x2)2
< 0.

Then the lemma follows from Theorem 5.8 by comparing F(n,m) with solutions of

d2F

dx2
= 0.

Alternatively, we can prove the lemma as follows. For the sake of contradiction, assume that u = x(n,m)

lies in (
√

p(n,m)

q(n,m)
, 1). Note that 1 is a root of F(n,m). Then the value of F(n,m) has a fixed sign on the interval

(u, 1). If F(n,m) > 0 on (u, 1), then the differential equation gives F ′′
(n,m) > 0 on (u, 1). Then F(n,m) is convex

on (u, 1), and thus
F(n,m) ≤ max{F(n,m)(u), F(n,m)(1)} = 0

on (u, 1). This is a contradiction. A similar contradiction can be obtained if F(n,m) < 0 on (u, 1). This
proves the lemma.

For the other direction, we will prove x(n,m) ≥ cos θ in the following. To apply Theorem 5.8, we need the
following elementary result.

Lemma 5.10. Assume that n ≥ 2g. For x ∈ [cos θ, 13 (2 cosβ + cos θ)],

p(n,m) − q(n,m)x
2

4(1− x2)2
>

9π2

4(cosβ − cos θ)2
.

Proof. We only need to prove

p(n,m) − q(n,m)x
2 >

9π2

(cosβ − cos θ)2

on [cos θ, 13 (2 cosβ + cos θ)]. Since p(n,m) − q(n,m)x
2 is decreasing on this interval, it is equivalent to

p(n,m) − q(n,m)(
2 cosβ + cos θ

3
)2 >

9π2

(cosβ − cos θ)2
.

On the one hand,

p(n,m)

q(n,m)
= 1− (n− 1)(n− 5)

(2m+ n− 1)(2m+ n− 3)
≥ 1−

(
n

2m+ n

)2

≥ cos2 β.
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We also have q(n,m) ≥ n2. So

p(n,m) − q(n,m)(
2 cosβ + cos θ

3
)2 ≥ n2

(
cos2 β − (

2 cosβ + cos θ

3
)2
)

=

(
10.7− (

2
√
10.7 +

√
1.01

3
)2

)
n2

g
.

On the other hand,
9π2

(cosβ − cos θ)2
=

9π2

(
√
10.7−

√
1.01)2

g.

As n ≥ 2g, it suffices to prove(
10.7− (

2
√
10.7 +

√
1.01

3
)2

)
· 22 > 9π2

(
√
10.7−

√
1.01)2

.

This can be verified numerically.

Once we have the lemma, consider the differential equation

d2F

dx2
+

9π2

4(cosβ − cos θ)2
F = 0,

which has a solution
F ∗(x) = sin

3π(x− cos θ)

2(cosβ − cos θ)
.

Then cos θ and 1
3 (2 cosβ+cos θ) are roots of F ∗. By Theorem 5.8 and Lemma 5.10, the function F(n,m) has

a root in [cos θ, 13 (2 cosβ + cos θ)]. As a consequence, x(n,m) ≥ cos θ. Then Theorem 5.6 implies that

A(n, θ) ≤
4
(
m+n−2
n−2

)
1− x(n,m+1)

.

By Lemma 5.9, we have

x2(n,m+1) ≤
p(n,m+1)

q(n,m+1)
= 1− (n− 1)(n− 5)

(2m+ n+ 1)(2m+ n− 1)
.

For g ≥ 142 and n ≥ 2g, we have

2m+ n ≤ n

sinβ
+ 2 =

n√
1− 10.7

g

+ 2 ≤ 1.04n+ 2.

We also have
(n− 1)(n− 5)

(2m+ n+ 1)(2m+ n− 1)
≥ (n− 1)(n− 5)

(1.04n+ 3)(1.04n+ 1)
≥ 0.89.

It follows that
x2(n,m+1) ≤ 1− 0.89 <

1

9
, x(n,m+1) <

1

3
.

Therefore, the bound implies
A(n, θ) ≤ 6

(
m+ n− 2

n− 2

)
.

This proves the first inequality of Proposition 5.7.
The second inequality of Proposition 5.7 follows from the following lemma.
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Lemma 5.11. We have (
m+ n− 2

n− 2

)
≤ e

(
1 + sin β

1− sinβ

) 1−sin β
2 sin β n+1(

1 + sin β

2 sinβ

)n−2

.

Proof. Write

log

(
m+ n− 2

n− 2

)
= log(m+ n− 2)!− logm!− log(n− 2)!.

By Robbins’ effective version of Stirling’s formula, for all positive integers k,

√
2πk

(k
e

)k
e

1
12k+1 < k! <

√
2πk

(k
e

)k
e

1
12k .

This gives an upper bound of log(m + n − 2)!, and a lower bound for each of logm! and log(n − 2)!. As a
consequence, we obtain

log

(
m+ n− 2

n− 2

)
≤ − 1

2
log(2π) +

1

2
log

m+ n− 2

m(n− 2)
+ (m+ n− 2) log(m+ n− 2)−m logm− (n− 2) log(n− 2)

≤ − 1

2
log(6π) +m log

m+ n− 2

m
+ (n− 2) log

m+ n− 2

n− 2
.

As
1− sinβ

2 sinβ
n ≤ m ≤ 1− sinβ

2 sinβ
n+ 1,

we have

log

(
m+ n− 2

n− 2

)
< − 1

2
log(6π) +

(
1− sinβ

2 sinβ
n+ 1

)
log

1−sin β
2 sin β n+ n− 2

1−sin β
2 sin β n

+ (n− 2) log

1−sin β
2 sin β n+ n− 1

n− 2

≤ − 1

2
log(6π) +

(
1− sinβ

2 sinβ
n+ 1

)
log

1 + sin β

1− sinβ
+ (n− 2) log

1 + sin β

2 sinβ
+ (n− 2) log

n

n− 2

≤
(
1− sinβ

2 sinβ
n+ 1

)
log

1 + sin β

1− sinβ
+ (n− 2) log

1 + sin β

2 sinβ
+ 1.

Counting points

Now it is easy to prove Proposition 5.5, which asserts that for g ≥ 142 and n ≥ 2g,

#(C ∩ Λ)large ≤ 2.4 · 104g
(
1 +

3 log g

g

)n−1

.

Assume that g ≥ 142 and n ≥ 2g in the following.
By Proposition 5.4,

#(C ∩ Λ)large ≤ dlog1.15(105g
5
2 )enA(n, θ).
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By Proposition 5.7, this further gives

#(C ∩ Λ)large ≤ dlog1.15(105g
5
2 )e · 6en

(
1 + sin β

1− sinβ

) 1−sin β
2 sin β n+1(

1 + sin β

2 sinβ

)n−2

.

Here β is defined by

cosβ =

√
10.7

g
.

Note that (
1 + sin β

1− sinβ

)(
1 + sin β

2 sinβ

)−2

=
4 sin2 β

cos2 β
≤ 4

cos2 β
=

4g

10.7
.

We have
#(C ∩ Λ)large ≤ dlog1.15(105g

5
2 )e · 6.1gnBn,

where

B =

(
1 + sin β

1− sinβ

) 1−sin β
2 sin β 1 + sin β

2 sinβ
.

We have the following elementary estimate.

Lemma 5.12. For g ≥ 142,
logB <

2.84 log g

g
,

and
B <

(
1 +

3 log g

g

)(
1 +

0.01 log g

g

)−1

.

Proof. Denote
s =

1− sinβ

2 sinβ
> 0.

Note that for g ≥ 142,

cosβ =

√
10.7

g
, sinβ =

√
1− 10.7

g
> 0.961.

Then we have
s =

1− sinβ

2 sinβ
=

cos2 β

2 sinβ(1 + sin β)
=

10.7

2 sinβ(1 + sin β)g
<

2.84

g
.

By definition,

B =

(
1 + sin β

1− sinβ

) 1−sin β
2 sin β 1 + sin β

2 sinβ
=

(
1 +

1

s

)s
(s+ 1).

Denote
b = logB = s log

(
1 +

1

s

)
+ log(s+ 1) = (s+ 1) log(s+ 1)− s log s.

View b as a function of s > 0. Then we have

db

ds
= log(s+ 1)− log s > 0.
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It follows that b is increasing in s. Therefore,

b <

(
1 +

2.84

g

)
log

(
1 +

2.84

g

)
− 2.84

g
log

2.84

g

=

(
1 +

2.84

g

)
log

(
1 +

2.84

g

)
− 2.84

g
log 2.84 +

2.84

g
log g

<

(
1 +

2.84

g
− log 2.84

)
log

(
1 +

2.84

g

)
+

2.84

g
log g

<
2.84

g
log g.

This gives the bound for B by taking quotients of

e
2.85
g log g < 1 +

3 log g

g
, e

0.01
g log g > 1 +

0.01

g
log g.

Therefore, we have

#(C ∩ Λ)large < dlog1.15(105g
5
2 )e · 6.1gn

(
1 +

3 log g

g

)n(
1 +

0.01 log g

g

)−n

.

By the binomial bound (
1 +

0.01 log g

g

)n
≥ 0.01 log g

g
n,

we have

#(C ∩ Λ)large <
log1.15(10

5g
5
2 ) + 1

log g
· 610g2

(
1 +

3 log g

g

)n
< 34.8 · 610g2

(
1 +

3 log g

g

)n
< 2.13 · 104g2

(
1 +

3 log g

g

)n
< 2.4 · 104g2

(
1 +

3 log g

g

)n−1

.

This proves Proposition 5.5, and thus finishes the proof of Theorem 5.1.

5.5 Function fields
In the end, we have the following counterpart of Theorem 5.1 over function fields of characteristic 0. As
expected, it is proved by a similar method, and it has better constants.

Theorem 5.13 (Theorem 1.5). Let K be a field of characteristic 0, C a curve of genus g ≥ 2 over K, and
J the Jacobian variety of C. Assume that C is not isotrivial over Q in that CK cannot be descended to Q.
Then for any line bundle α of degree 1 on C and any subgroup Λ ⊂ J(K) of finite rank,

#((C − α) ∩ Λ) ≤ 1.8 · 106g3 ·
(
1 +

5

4
√
g

)rk(Λ)

,

#((C − α) ∩ Λ) ≤ 2.5 · 104g8 ·
(
1 +

3 log g

g

)rk(Λ)

.
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Proof. By a standard argument as in [Yu25, §4], we may assume K is a function field of one variable over a
field k, and that C is non-isotrivial over k. As in the proof of Theorem 5.1, we assume α = α0 and divide
C ∩ Λ into the following three parts:

(C ∩ Λ)small =

{
P ∈ C ∩ Λ : |P | ≤

√
ω̄2
a

16g

}
,

(C ∩ Λ)medium =

{
P ∈ C ∩ Λ :

√
ω̄2
a

16g
< |P | ≤ 104g

√
ω̄2
a

}
,

(C ∩ Λ)large =
{
P ∈ C ∩ Λ : |P | > 104g

√
ω̄2
a

}
.

Here the boundary between medium points and large points is adjusted to align the condition in Theorem
3.12. It suffices to prove that

#(C ∩ Λ)small ≤ 200g2,

#(C ∩ Λ)medium ≤ 104g3
(
1 +

5

2
√
2g

)n−1

,

#(C ∩ Λ)large ≤ 3.4 · 106g2
(
1 +

5

4
√
g

)n−1

,

and that for g ≥ 142 and n ≥ 1,

#(C ∩ Λ)large ≤ 2.4 · 104g8
(
1 +

3 log g

g

)n−1

.

For small points, we apply Theorem 4.6(1) with r =
√

1
16g and get

#(C ∩ Λ)small ≤ 200g2.

For medium points, take

θ = arccos

√
1.13

g
, κ = 1.67

in Theorem 4.6(2). Then the method of §5.2 gives

#(C ∩ Λ)r,κr ≤ (16g2 + 32g + 124)
2
√
πΓ(n+1

2 )

Γ
(
n
2

) 1

sinn−1 θ

≤ (16g2 + 32g + 124)
√
2πg

(
1 +

5

2
√
2g

)n−1

≤ 158g
5
2

(
1 +

5

2
√
2g

)n−1

.

So

#(C ∩ Λ)medium ≤ dlog1.67(104g
√
16g)e158g 5

2

(
1 +

5

2
√
2g

)n−1

≤ 104g3
(
1 +

5

2
√
2g

)n−1

.

Finally, since the angles and ratios in Theorem 3.12 and 3.13 are exactly the same as their counterparts in
Theorem 3.1 and Theorem 3.6, the bounds of large points can be obtained similarly.
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6 Further bounds for hyperelliptic curves
Recall that a hyperelliptic curve over a field k is a curve C of genus g ≥ 2 over k with a finite separable
morphism C → P1

k of degree 2. There are exactly 2g + 2 Weierstrass points of C, i.e. points of C(k)
ramified over P1

k. In this section, we consider some consequences of our quantitative Mordell conjecture for
hyperelliptic curves.

6.1 Bounds in terms of discriminants
The goal here is to prove the following refinement of Theorem 1.6 for hyperelliptic curves.

Theorem 6.1 (Theorem 1.7). Let K be a number field of degree d over Q. Let f(x) ∈ OK [x] be a monic
and square-free polynomial. Let ∆f ∈ OK be the discriminant of f .

(1) If deg f = 2g + 1 for some integer g ≥ 2, then

#{(x, y) ∈ K2 : y2 = f(x)} ≤ 1013·2dg9d log2(2gd+d)+18d+8(2gd+d)
3
2d·|NK/Q∆f |4 log2 g+

1
2 ·|∆K/Q|3 log2 g+

1
2 .

(2) If deg f = 2g + 2 for some integer g ≥ 2, then

#{(x, y) ∈ K2 : y2 = f(x)} ≤ 1013·26d+1g9d log2(2gd+2d)+18d+8(2gd+2d)
9
2d·|NK/Q∆f |4 log2 g+

5
2 ·|∆K/Q|3 log2 g+

3
2 .

To prove the theorem, we need parts (3)-(4) of the following theorem to bound the Mordell–Weil ranks
of hyperelliptic curves.

Theorem 6.2. Let C be a hyperelliptic curve of genus g ≥ 2 over a number field K. Let J be the Jacobian
variety of C.

(1) Let L1, . . . , Lm be the residue fields of the Galois orbits of the Weierstrass points of C. Let S be the
subset of MK consisting of all archimedean places, all places above 2, and all non-archimedean places
where C has bad reduction. Then

rk J(K) ≤ 1 + (2g + 3)#S +

m∑
i=1

dimF2
ClS(Li)[2] + dimF2

ClS(K)[2].

Here ClS(L) denotes the ideal class group of the S-integer ring OL,S for any finite extension L of K.

(2) In part (1), if [Li : K] is odd for some i, then

rk J(K) ≤ 2g#S +

m∑
i=1

dimF2
ClS(Li)[2]− 2 dimF2

ClS(K)[2].

(3) Assume that C contains an affine curve SpecK[x, y]/(y2 − f(x)) as an open subvariety, where f(x) ∈
OK [x] is a monic and square-free polynomial with discriminant ∆f ∈ OK and with deg f = 2g + 1.
Then

rk J(K) ≤ (
4

3
g +

1

2
) log2 |NK/Q∆f |+ (g +

1

2
) log2 |∆K/Q|+ (3g +

3

2
)d log2(2gd+ d) + (6g + 1)d.

(4) Assume that C contains an affine curve SpecK[x, y]/(y2 − f(x)) as an open subvariety, where f(x) ∈
OK [x] is a monic and square-free polynomial with discriminant ∆f ∈ OK and with deg f = 2g + 2.
Then

rk J(K) ≤ (
4

3
g +

5

2
) log2 |NK/Q∆f |+ (g +

3

2
) log2 |∆K/Q|+ (3g +

9

2
)d log2(2gd+ 2d) + (6g + 6)d+ 1.
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If all Weierstrass points are rational, then L1 = · · · = L2g+2 = K and the second bound becomes

rk J(K) ≤ 2g#S + 2g dimF2 ClS(K)[2],

which is just [OT89, Theorem 2]. If K = Q and C has a rational Weierstrass point, the second bound can
be derived from [Sto01, Lemma 4.10]. All these results are based on 2-descents, and a similar method also
leads to our general case. Since the bound is implicit in the loc. cit., we will present a proof later. Before
that, let us first prove Theorem 1.7.

Proof of Theorem 6.1. We first prove (1). Apply Theorem 6.2(3) to Theorem 5.1. Since(
1 +

3 log g

g

)g
≤ g3,

we have

#C(K) ≤ 1013g8 ·
(
1 +

5

4
√
g

) 1
2 log2 |NK/Q∆f |+ 1

2 log2 |∆K/Q|+ 3
2d log2(2gd+d)+d

·
(
1 +

3 log g

g

)g( 4
3 log2 |NK/Q∆f |+log2 |∆K/Q|+3d log2(2gd+d)+6d)

≤ 1013g8 · 2 1
2 log2 |NK/Q∆f |+ 1

2 log2 |∆K/Q|+ 3
2d log2(2gd+d)+d

· g4 log2 |NK/Q∆f |+3 log2 |∆K/Q|+9d log2(2gd+d)+18d

= 1013 · 2dg9d log2(2gd+d)+18d+8(2gd+ d)
3
2d · |NK/Q∆f |4 log2 g+

1
2 · |∆K/Q|3 log2 g+

1
2 .

This proves (1).
To prove (2), apply Theorem 6.2(4) to Theorem 5.1. We have

#C(K) ≤ 1013g8 · 2 5
2 log2 |NK/Q∆f |+ 3

2 log2 |∆K/Q|+ 9
2d log2(2gd+2d)+6d+1

· g4 log2 |NK/Q∆f |+3 log2 |∆K/Q|+9d log2(2gd+2d)+18d

= 1013 · 26d+1g9d log2(2gd+2d)+18d+8(2gd+ 2d)
9
2d · |NK/Q∆f |4 log2 g+

5
2 · |∆K/Q|3 log2 g+

3
2 .

This proves (2).

To prove Theorem 6.2, we need the following classical fact, for which we include a proof for lack of a
good reference.

Lemma 6.3. Let k be an algebraically closed field with char(k) 6= 2. Let C be a hyperelliptic curve of
genus g ≥ 2 over k. Let P0, . . . , P2g+1 be Weierstrass points of C. Then as an F2-vector space, Pic(C)[2] is
generated by {Pj − P0 : j = 1, . . . , 2g + 1} with the only relation

∑2g+1
j=1 (Pj − P0) = 0.

Proof. Denote by Div0W (C) the Z-module of divisors of C supported at Weierstrass points and of degree 0,
i.e. formal Z-linear combinations of Pj − P0 with j = 1, . . . , 2g + 1. Consider the natural map

Φ : Div0W (C) −→ Pic0(C).

Denote by P the subgroup of Div0W (C) generated by 2Div0W (C) and

D0 = (P1 + · · ·+ P2g+1)− (2g + 1)P0.

We claim that P = ker(Φ).
We first prove P ⊆ ker(Φ). Denote by π : C → P1 the finite morphism of degree 2. As 2Pj is linearly

equivalent to π∗O(1), we see that 2Div0W (C) lies in ker(Φ).
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As the extension k(C)/k(P1) has degree 2, we can write k(C) = k(P1)(
√
f) for some non-constant

f ∈ k(P1)×. We can further assume that P0 is over ∞ ∈ P1 and f is a square-free polynomial. Then
div(

√
f) = D0. As div(

√
f) and 2Div0W (C) are contained in ker(Φ), we see that P is contained in ker(Φ).

Now we prove ker(Φ) ⊆ P . For any D ∈ ker(Φ), write D = div(α) for some α ∈ k(C)×. Denote by
σ : C → C the non-trivial automorphism of C over P1. Then

div(σ∗α) = σ∗D = D = div(α), div(σ∗α/α) = 0.

It follows that σ∗α/α = c for some c ∈ k×. Apply a further action by σ∗. We have α/σ∗α = c. It
follows that c2 = 1. This gives σ∗(α2) = α2, and thus α2 ∈ k(P1)×. Comparing with the above expression
k(C) = k(P1)(

√
f), we have α = h

√
f or α = h for some h ∈ k(P1)×. Then D = div(α) lies in P. This

proves ker(Φ) ⊆ P .
Once ker(Φ) = P, we have an injection

Φ : Div0W (C)F2
/(F2D0) −→ Pic0(C)[2]

of F2-vector spaces. It is an isomorphism since both sides have dimension 2g.

Now we prove the bounds of the Mordell–Weil rank in Theorem 6.2.

Proof of Theorem 6.2(1)(2). We first prove (1). Let KS be the maximal extension of K which is unramified
outside S. Let G = Gal(KS/K) be the Galois group. The Kummer map

J(K)/2J(K) −→ H1(G, J [2](KS))

is injective, and thus
rk J(K) ≤ dimH1(G, J [2](KS)).

It suffices to prove the bound for dimH1(G, J [2](KS)).
Let Pj ∈ C(KS) for j = 0, 1, . . . , 2g + 1 be the Weierstrass points of C. Denote by DivW (CKS

) the
Z-module of divisors of CKS

supported at Weierstrass points. Denote by Div0W (CKS
) the subgroup of

DivW (CKS
) of divisors of degree 0. By tensor products, we also have DivW (CKS

)F2
and Div0W (CKS

)F2
.

By Lemma 6.3, the natural map
Div0W (CKS

) −→ Pic0(CK)

has an image Pic0(CK)[2] = J [2](K), and thus induces a surjection

Div0W (CKS
)F2

−→ J [2](KS).

The kernel of this map is generated by

D1 =

2g+1∑
i=0

Pi,

Here D1 is viewed as an element of

Div0W (CKS
)F2 = ker(deg : DivW (CKS

)F2 −→ F2),

since deg(D1) = 2g + 2 is 0 in F2. Hence, we have a G-equivariant exact sequence

0 −→ F2 −→ Div0W (CKS
)F2

−→ J [2](KS) −→ 0.

The definition also gives a G-equivariant exact sequence

0 −→ Div0W (CKS
)F2

−→ DivW (CKS
)F2

deg−→ F2 −→ 0.
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Fix an embedding of Li into KS for each i. Denote by Gi = Gal(KS/Li) the Galois group of KS over
Li. Then

DivW (CKS
)F2

=

m⊕
i=1

 ⊕
K(Pj)=Li

F2Pj

 ∼=
m⊕
i=1

IndGGi
F2.

By taking the group cohomology of the two short exact sequences, we get

dimH1(G, J [2](KS)) ≤ dimH1(G,Div0W (CKS
)F2) + dimH2(G,F2)

≤ dimH0(G,F2) + dimH1(G,DivW (CKS
)F2

) + dimH2(G,F2)

= 1 +

m∑
i=1

dimH1(Gi,F2) + dimH2(G,F2).

Let OS be the integral closure of OK,S in KS . We identify F2 with {±1} via the unique isomorphism.
Then the short exact sequence

0 −→ F2 −→ O×
S

[2]−→ O×
S −→ 0

implies
dimH1(G,F2) = dimH0(G,O×

S )⊗ F2 + dimH1(G,O×
S )[2],

dimH2(G,F2) = dimH1(G,O×
S )⊗ F2 + dimH2(G,O×

S )[2].

By [NSW08, Propostion 8.3.11],
H0(G,O×

S ) = O×
K,S ,

H1(G,O×
S ) = ClS(K),

H2(G,O×
S )[2] = ker(

⊕
v∈S
Kv ̸=C

F2
Σ−→ F2).

So we have
dimH1(G,F2) = dimO×

K,S/(O
×
K,S)

2 + dimClS(K)[2]

and
dimH2(G,F2) ≤ dimClS(K)/2ClS(K) + #S = dimClS(K)[2] + #S.

Here the last equality holds since ClS(K) is finite.
Note that KS is also the maximal extension of Li which is unramified outside S. Thus,

dimH1(Gi,F2) = dimO×
Li,S

/(O×
Li,S

)2 + dimClS(Li)[2]

≤ [Li : K] dimO×
K,S/(O

×
K,S)

2 + dimClS(Li)[2],

Here the inequality follows from the structure of the S-unit groups.
In summary,

dimH1(G, J [2](KS)) ≤ 1 +

m∑
i=1

(
[Li : K] dimO×

K,S/(O
×
K,S)

2 + dimClS(Li)[2]
)
+ dimClS(K)[2] + #S

= 1 + (2g + 2) dimO×
K,S/(O

×
K,S)

2 +

m∑
i=1

dimClS(Li)[2] + dimClS(K)[2] + #S

≤ 1 + (2g + 3)#S +

m∑
i=1

dimClS(Li)[2] + dimClS(K)[2].

This finishes the proof of Theorem 6.2(1).
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For Theorem 6.2(2), by assumption, [Li : K] is odd for some i, so we assume that [K(P0) : K] is odd.
We claim that in this case, both short exact sequences

0 −→ F2 −→ Div0W (CKS
)F2 −→ J [2](KS) −→ 0

and
0 −→ Div0W (CKS

)F2
−→ DivW (CKS

)F2

deg−→ F2 −→ 0

are G-split. Indeed, to split the first short exact sequence, we take the projection

Div0W (CKS
)F2 −→ F2,

2g+1∑
j=0

ajPj 7−→
∑

Pj∈Gal(KS/K)P0

aj .

To split the second short exact sequence, we take the injection

F2 −→ DivW (CKS
)F2
, a 7−→

∑
Pj∈Gal(KS/K)P0

aPj .

With the splittings, the estimate on the dimensions can be refined as

dimH1(G, J [2](KS)) = dimH1(G,Div0W (CKS
)F2)− dimH1(G,F2)

= dimH1(G,DivW (CKS
)F2

)− 2 dimH1(G,F2)

=

m∑
j=1

dimH1(Gi,F2)− 2 dimH1(G,F2).

The above computation further gives

dimH1(G, J [2](KS))

=

m∑
j=1

(
dimO×

Li,S
/(O×

Li,S
)2 + dimClS(Li)[2]

)
− 2

(
dimO×

K,S/(O
×
K,S)

2 + dimClS(K)[2]
)

≤
m∑
j=1

(
[Li : K] dimO×

K,S/(O
×
K,S)

2 + dimClS(Li)[2]
)
− 2

(
dimO×

K,S/(O
×
K,S)

2 + dimClS(K)[2]
)

= 2g dimO×
K,S/(O

×
K,S)

2 +

m∑
j=1

dimClS(Li)[2]− 2 dimClS(K)[2]

≤ 2g#S +

m∑
j=1

dimClS(Li)[2]− 2 dimClS(K)[2].

This proves Theorem 6.2(2).

To prove Theorem 6.2(3)(4), we need to bound the number of 2-torsions of ideal class groups of a number
field K. The Minkowski bound with a basic counting argument gives

#Cl(K) ≤ |∆K/Q|d.

Here d = [K : Q], and ∆K/Q is the discriminant of K over Q. This implies a rough bound of #Cl(K)[2]. For
a more delicate bound, [BSTTTZ20, Theorem 1.1] makes use of the information “2-torsion” and proves

#Cl(K)[2] = Od,ϵ(|∆K/Q|
1
2−

1
2d+ϵ).

We will apply the following effective version of [BSTTTZ20, Theorem 1.1].
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Theorem 6.4. Let K be a number field of degree d = [K : Q]. Then

#Cl(K)[2] ≤ 2dd
3
2d|∆K/Q|

1
2 .

Proof. Our proof follows the proof of [BSTTTZ20, Theorem 1.1], but we pay extra attention to get explicit
constants.

Define a norm ‖ · ‖ on K by
‖x‖2 =

∑
v∈MK,∞

εv|x|2v, x ∈ K.

Here εv = 1 for real places v; εv = 2 for complex places v. The norm extends to a norm on V = K ⊗Q R.
Denote by

B(r) = {x ∈ V : ‖x‖ ≤ r}

the ball of radius r > 0 in V . Let vol(·) be the unique Haar measure on V satisfying vol(B(1)) = 1. The
integer ring OK is a lattice in V . It is classical to have

vol(V/OK) = π− d
2Γ(

d

2
+ 1)|∆K/Q|

1
2 .

By [BSTTTZ20, Theorem 1.5], every ideal class in Cl(K)[2] is represented by an integral ideal I of OK
with I2 = xOK for some x ∈ OK satisfying that |x|v ≤ |∆K/Q|

1
d for all archimedean places v of K. Such x

lies in B(r1) with
r1 = d

1
2 |∆K/Q|

1
d .

It follows that
#Cl(K)[2] ≤ #(OK ∩B(r1)).

It is reduced to estimate the right-hand side.
Take a basis e0, e1, . . . , ed−1 ∈ OK of V achieving the successive minima of OK , that is, ei satisfies

‖ei‖ = min{‖x‖ : x ∈ OK \ SpanQ{e0, e1, . . . , ei−1}}.

Note that e0, e1, . . . , ed−1 do not necessarily form a Z-basis of OK . Since for any x ∈ OK \ {0}.

‖x‖2 ≥ d

 ∏
v∈MK,∞

|x|2ϵvv

 1
d

= d · |NK/Q(x)|
2
d ≥ d = ‖1‖2,

we may take e0 = 1. By the proof of [BSTTTZ20, Theorem 3.1], there exists a permutation σ of {1, . . . , d−2}
such that for i = 1, . . . , d− 2,

eieσ(i) /∈ SpanQ{e0, e1, . . . , ed−2}.

So
‖ed−1‖ ≤ ‖eieσ(i)‖ ≤ ‖ei‖ · ‖eσ(i)‖,

and thus

‖ed−1‖d ≤
d−1∏
i=1

‖ei‖2 ≤ 4dvol(V/OK)2

d
.

Here the last inequality follows from Minkowski’s second theorem, which asserts that

d−1∏
i=0

‖ei‖ ≤ 2dvol(V/OK).
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As a consequence,

‖e0‖ ≤ ‖e1‖ ≤ · · · ≤ ‖ed−1‖ ≤ 4vol(V/OK)
2
d

d
1
d

= 4π−1Γ(
d

2
+ 1)

2
d d−

1
d |∆K/Q|

1
d .

By the above bound, the subset

D =

{
d−1∑
i=0

aiei : −
1

2
< ai <

1

2

}

of V is contained in B(r2) with
r2 = 2π−1Γ(

d

2
+ 1)

2
d d1−

1
d |∆K/Q|

1
d .

Consider the natural map ∐
x∈OK∩B(r1)

(x+D) −→ B(r1 + r2).

Note that every point in B(r1 + r2) has at most [OK :
∑d−1
i=0 Zei] preimages. Comparing volumes gives

#(OK ∩B(r1)) ≤
vol(B(r1 + r2))

vol(D)
· [OK :

d−1∑
i=0

Zei] =
(r1 + r2)

d

vol(V/OK)
=

(
d

1
2 + 2π−1Γ(d2 + 1)

2
d d1−

1
d

)d
π− d

2Γ(d2 + 1)
|∆K/Q|

1
2 .

The d-th root of the coefficient on the right-hand side is just

d
1
2 + 2π−1Γ(d2 + 1)

2
d d1−

1
d

π− 1
2Γ(d2 + 1)

1
d

=
(dπ)

1
2

A
+

2d1−
1
d

π
1
2

A

with
A = Γ(

d

2
+ 1)

1
d .

We need to prove that it is at most 2d
3
2 . We may assume d ≥ 2. Then the above inequality is a direct

consequence of
1 ≤ A ≤

(d
2

) 1
2 .

Now we are ready to prove the remaining parts of Theorem 6.2, which can be viewed as effective versions
of [BSTTTZ20, Theorem 1.3(b)].

Proof of Theorem 6.2(3)(4). By Theorem 6.4, for any finite extension L/K,

dimClS(L)[2] ≤ dimCl(L)[2] ≤ 1

2
log2 |∆L/Q|+

3

2
[L : Q] log2[L : Q] + [L : Q].

Here the first inequality follows from the surjection Cl(L) → ClS(L). We also need the trivial bound

#S ≤ 2d+ log3 |NK/Q∆f | ≤ 2d+
2

3
log2 |NK/Q∆f |.

This follows from the fact that every non-archimedean place v ∈ S divides 2∆f .
Now we prove part (3) of the theorem. The point at infinity is a rational Weierstrass point. So we may

assume L1 = K. Denote di = [Li : Q]. For i = 1, . . . , 2g + 2, Li is isomorphic to K[T ]/(fi(T )) for some
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factor fi(x) ∈ OK [x] of f(x). As f(x) = f1(x) · · · f2g+2(x), we have ∆f1 · · ·∆f2g+2 divides ∆f . We also have
∆Li/K | ∆fi , and thus

log2 |∆Li/Q| = log2 |NK/Q∆Li/K |+ di
d
log2 |∆K/Q| ≤ log2 |NK/Q∆fi |+

di
d
log2 |∆K/Q|.

We get
dimClS(Li)[2] ≤

1

2
log2 |NK/Q∆fi |+

di
2d

log2 |∆K/Q|+
3

2
di log2 di + di.

Therefore, part (2) of the theorem implies that

rk J(K) ≤ 2g(2d+
2

3
log2 |NK/Q∆f |) +

m∑
i=2

(
1

2
log2 |NK/Q∆fi |+

di
2d

log2 |∆K/Q|+
3

2
di log2 di + di

)
≤ 4gd+ (

4

3
g +

1

2
) log2 |NK/Q∆f |+ (g +

1

2
) log2 |∆K/Q|+ (3g +

3

2
)d log2(2gd+ d) + (2g + 1)d

= (
4

3
g +

1

2
) log2 |NK/Q∆f |+ (g +

1

2
) log2 |∆K/Q|+ (3g +

3

2
)d log2(2gd+ d) + (6g + 1)d.

This proves Theorem 6.2(3).
The proof of part (4) is similar to that of (3), except that we apply part (1) instead of part (2). Then

we have

rk J(K) ≤ 1 + (2g + 3)(2d+
2

3
log2 |NK/Q∆f |) +

m∑
i=1

(
1

2
log2 |NK/Q∆fi |+

di
2d

log2 |∆K/Q|+
3

2
di log2 di + di

)
+

1

2
log2 |∆K/Q|+

3

2
d log2 d+ d

≤ 1 + (4g + 6)d+ (
4

3
g +

5

2
) log2 |NK/Q∆f |+ (g +

3

2
) log2 |∆K/Q|+ (3g + 3)d log2(2gd+ 2d)

+
3

2
d log2 d+ (2g + 3)d

≤ 1 + (6g + 6)d+ (
4

3
g +

5

2
) log2 |NK/Q∆f |+ (g +

3

2
) log2 |∆K/Q|+ (3g +

9

2
)d log2(2gd+ 2d).

This proves Theorem 6.2(4) and thus the whole theorem.

6.2 Average bounds
Let C be a hyperelliptic curve of genus g ≥ 2 over Q with a marked rational point P ∈ C(Q). Let JC the
Jacobian variety of C over Q. If P is a Weierstrass point, then the affine curve C \ {P} has an equation

y2 = x2g+1 + c2x
2g−1 + c3x

2g−2 + · · ·+ c2g+1, ci ∈ Q.

The point P is infinity under this equation. Moreover, these coefficients are unique if we require the equation
to be minimal over Z, i.e. ci ∈ Z and there is no prime p such that each ci is divided by p2i. Assume that
the equation is minimal, and define the height of (C,P ) as

h(C,P ) = logmax{1, |c2|
1
2 , . . . , |c2g+1|

1
2g+1 }.

By Bhargava–Gross [BG13], the average size of the 2-Selmer groups Sel2(JC) is 3 in that

lim
A→∞

∑
h(C,P )<A

#Sel2(JC)∑
h(C,P )<A

1
= 3.
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The Kummer map
JC(Q)/2JC(Q) −→ Sel2(JC)

is injective. So the result implies

lim sup
A→∞

∑
h(C,P )<A

2rk JC(Q)

∑
h(C,P )<A

1
≤ 3.

Note that 1 + 5
4
√
g ≤ 2 for g ≥ 2. By Theorem 5.1, the average number of rational points is at most

lim sup
A→∞

∑
h(C,P )<A

#C(Q)∑
h(C,P )<A

1
≤ 1013g8 · lim sup

A→∞

∑
h(C,P )<A

2rk JC(Q)

∑
h(C,P )<A

1
≤ 3 · 1013g8.

If P is not a Weierstrass point, denote by P ′ the image of P under the hyperelliptic involution. Then
the affine curve C \ {P, P ′} has an equation

y2 = x2g+2 + c2x
2g + c3x

2g−1 + · · ·+ c2g+2, ci ∈ Q.

The points P, P ′ are at infinity. Assume that the equation is minimal over Z as above. This determines
ci ∈ Z up to a sign. Define the height of (C,P ) as

h(C,P ) = logmax{1, |c2|
1
2 , . . . , |c2g+2|

1
2g+2 }.

In this case, Shankar–Wang [SW18] proved that the average size of the 2-Selmer group is at most 6. Then
the above argument gives

lim sup
A→∞

∑
h(C,P )<A

#C(Q)∑
h(C,P )<A

1
≤ 1013g8 · lim sup

A→∞

∑
h(C,P )<A

2rk JC(Q)

∑
h(C,P )<A

1
≤ 6 · 1013g8.

In summary, we have the following theorem.

Theorem 6.5 (Theorem 1.8). (1) For hyperelliptic curves of genus g ≥ 2 over Q with a marked rational
Weierstrass point, the average number of rational points is at most 3 · 1013g8.

(2) For hyperelliptic curves of genus g ≥ 2 over Q with a marked rational non-Weierstrass point, the
average of number of rational points is at most 6 · 1013g8.

We remark that the average relies on the order given by the height h(C,P ). This height can be viewed
as some positive combination of a height of C with a height of P . If P is a Weierstrass point, the height of
P should be bounded above by a multiple of the height of C, and thus h(C,P ) should be bounded above by
a multiple of the height of C. In this case, we might be able to convert the result in terms of the average
by the height of C. If P is not a Weierstrass point, the problem is much harder, since it is related to the
effective Mordell conjecture.
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Part II
Analytic Estimates
This part consists of complex analytic arguments of this paper. In Part I, we have proved our main theorem
(Theorem 1.2 or Theorem 5.1) assuming three analytic results: Theorem 3.5, Theorem 3.9, and Theorem
3.10. The main goal of this part is to prove these three results. In fact, their stronger froms are respectively
proved in Theorem 10.11, Theorem 11.7, and Theorem 9.19.

7 Preliminaries on hyperbolic geometry and Tian’s peak sections
In this section, we collect several preliminaries needed for analyzing the geometric structure of complex
curves of genus g ≥ 2. We begin by recalling some local Riemannian and Kähler geometric properties of
hyperbolic metrics. Then we review the basic setup of Tian’s peak section method following [Tia90a, Tia90b,
Tia13, Tia15]. See also [MM07, Definition 5.1.1]. Following the approach in [Zho24, Section 4], we construct
peak sections via bounded linear functionals on the space of sections equipped with the L2 inner product.
For simplicity, we restrict our attention to complex 1-dimensional manifolds and their cotangent bundles,
while allowing general smooth sections, not necessarily holomorphic.

Let C be a curve of genus g ≥ 2 over C, and denote by ωC its canonical bundle. Let µhyp denote the
unique Kähler metric on C with constant curvature 4π(1 − g) and volume 1, and let µKE = 4π(g − 1)µhyp

denote the unique Kähler metric on C with constant curvature −1. Since dimC = 1, we identify a Kähler
metric µ with its associated volume form and measure.

7.1 Local structure of hyperbolic metrics
Away from short geodesics, the local structure of a hyperbolic metric is modeled on the Poincaré disk. In a
neighborhood of a short geodesic, it is modeled on a hyperbolic cylinder, called a collar. We describe these
two local models in detail below.

Poincaré models and uniformization

Let C be a compact Riemann surface of genus g ≥ 2, equipped with a Riemannian metric ds2 of constant
curvature −1. Then the universal cover of (C, ds2) is isometric to the hyperbolic plane with constant
curvature −1.

Theorem 7.1. Let ρC̃ : C̃ → C be the universal covering map, and denote by d̃s2 = ρ∗
C̃
ds2 the pull-back of

ds2. Then the Riemannian manifold (C̃, d̃s2) is isometric to the real plane R2 equipped with the Riemannian
metric d̃s2 = dr2 + sinh2 rdθ2, where (r, θ) is the polar coordinate of R2.

Proof. This follows directly from the uniqueness of simply connected space forms of a given constant curva-
ture, up to isometry. See [Pet06, Example 1.4.6, Theorem 5.6.7].

The metric introduced above comes from a warped product metric and is not naturally associated with a
Kähler form. We now describe the Kähler structure on the universal covering space. Let D denote the unit
disc

D = {z ∈ C : |z| < 1},

and let H denote the upper half plane

H = {τ ∈ C : Im(τ) > 0}.

The Kähler structure on the universal covering space of C can be described as follows.
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Theorem 7.2 (Poincaré model). Let µKE be the unique Kähler metric on C with constant curvature −1.
Let ρC̃ : C̃ → C be the universal covering map, and µ̃KE = ρ∗

C̃
µKE be the pull-back of µKE. Then the Kähler

curve (C̃, µ̃KE) is isomorphic to each of the following two biholomorphically and isometrically equivalent
models.

• The Poincaré unit disk: (D, µD) =
(
D, 4µEuc

(1−|z|2)2

)
.

• The Poincaré upper half-plane: (H, µH) =
(
H, µEuc

(Im(τ))2

)
.

Here µEuc =
idz∧dz̄

2 is the standard Euclidean Kähler metric on C.

Proof. See [Pet06, Subsection 4.3.3, Theorem 5.6.7].

Since these two Poincaré models are explicit, we now present an isomorphism between them. Define

f : D −→ H, z 7−→ z + i

iz + 1
.

One can verify that f is an isomorphism from D onto H.
We next describe the hermitian metric on the canonical bundle of C. Let ωC be the canonical bundle

of C. There exists a unique hermitian metric ‖ · ‖hyp,C on ωC such that for any open subset U ⊂ C in the
classical topology and any holomorphic 1-form α on U ,

iα ∧ ᾱ =
‖α‖2hyp,C

2
µKE.

Let ρD : D → C and ρH : H → C be the universal covering maps from the unit disk and the upper
half-plane models, respectively. Then Ω1

D = ρ∗DωC and Ω1
H = ρ∗HωC are the line bundles of holomorphic

1-forms on the unit disk and the upper half-plane models, respectively.
Since ρD and ρH are universal covering maps, they induce hermitian metrics ‖ · ‖hyp,D and ‖ · ‖hyp,H such

that for any open subset U ⊂ C in the classical topology and any holomorphic 1-form α on U ,

‖α‖2hyp,C(ρD(z)) = ‖ρ∗Dα‖2hyp,D(z), ‖α‖2hyp,C(ρH(τ)) = ‖ρ∗Hα‖2hyp,H(τ),

where z ∈ ρ−1
D (U), and τ ∈ ρ−1

H (U). By the definition of ‖ · ‖hyp,C , we have

idz ∧ dz̄ =
‖dz‖2hyp,D

2
ρ∗DµKE =

2‖dz‖2hyp,DµEuc

(1− |z|2)2
=
i‖dz‖2hyp,D
(1− |z|2)2

dz ∧ dz̄,

idτ ∧ dτ̄ =
‖dτ‖2hyp,H

2
ρ∗HµKE =

‖dτ‖2hyp,HµEuc

2(Im(τ))2
=
i‖dτ‖2hyp,H
4(Im(τ))2

dτ ∧ dτ̄ .

It follows that
‖dz‖hyp,D = 1− |z|2, ‖dτ‖hyp,H = 2Im(τ),

and
‖f∗α‖hyp,D(z) = ‖α‖hyp,H(f(z)), ∀z ∈ D, α ∈ Γ(H,Ω1

H).

As the hyperbolic hermitian metric is invariant under automorphisms, we shall write ‖ · ‖hyp without
specifying the space whenever the context is clear.
Remark 7.3. Let µBK

hyp be the Kähler metric on C with constant bisectional curvature −1. Then µBK
hyp = 1

4µKE,
and

i

2
α ∧ ᾱ = ‖α‖2hyp,CµBK

hyp.

See also [Tia00, Section 1.2] for further details on bisectional curvature.
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Thick-thin decomposition of hyperbolic surfaces

It is a classical result that any compact hyperbolic surface admits a thick-thin decomposition: collars are
associated with sufficiently short geodesics, and the geometry of the complement is uniformly bounded. We
now state the collar theorem describing this structure.

Theorem 7.4 (Collar Theorem). Let C be a compact Riemann surface of genus g ≥ 2, equipped with
a Riemannian metric ds2 of constant curvature −1, and let γ1, · · · , γm be pairwise disjoint simple closed
geodesics on C. Then the following hold:

(1) m ≤ 3g − 3.

(2) There exist simple closed geodesics γm+1, · · · , γ3g−3 which, together with γ1, · · · , γm, decompose C into
pairs of pants, namely, connected surfaces of genus zero with three boundary components.

(3) The collars
C (γj) = {p ∈ C | distds2(p, γj) ≤ w(γj)}

of widths

w(γj) = arcsinh
(

1

sinh
ℓ(γj)
2

)
are pairwise disjoint for j = 1, · · · , 3g − 3, where `(γ) is the length of γ, and distds2 is the distance on
C induced by the Riemannian metric ds2.

(4) Each C (γj) is isometric to the cylinder [−w(γj), w(γj)] × (R/Z) with the Riemannian metric ds2 =
dr2 + `2(γj) cosh

2 rdt2 .

Moreover, let γ′1, · · · , γ′m′ be the set of all simple closed geodesics of length ≤ 2 arcsinh 1 on C. Then the
following hold:

(5) m′ ≤ 3g − 3.

(6) γ′1, · · · , γ′m′ are pairwise disjoint.

(7) The injectivity radius injds2(x) > arcsinh 1 for all x ∈ C \
(
∪m′

j=1C (γ′j)
)

.

(8) The injectivity radius injds2(x) satisfies

sinh injds2(x) = sinh

(
`(γ′j)

2

)
cosh dγ′

j
(x) = cosh

(
`(γ′j)

2

)
cosh d∂C (γ′

j)
(x)− sinh d∂C (γ′

j)
(x),

for all x ∈ C (γ′j), where dγ′
j
(x) = distds2(x, γ

′
j), and d∂C (γ′

j)
(x) = distds2(x, ∂C (γ′j)).

Remark 7.5. The injectivity radius injds2(x) at a point x ∈ C is, by definition, the supremum of radii r > 0

such that the metric ball Br(x̃) in the universal covering (C̃, d̃s2) of (C, ds2) projects isometrically onto its
image in C, where x̃ is a lift of x. In our setting, since (C, ds2) = (C, µKE) has negative sectional curvature,
injds2(x) is equivalently given by half the length of the shortest nontrivial geodesic loop based at x. See also
[Pet06, Lemma 5.7.12] for more details.

Proof. The proof is based on explicit calculations of the lengths of right-angled hexagons in the hyperbolic
plane, which arise naturally from the pants decomposition of the surface. Using these formulas, one can
construct the collars and verify their properties. For more details, see [Bus92, Theorem 4.1.1 and 4.1.6].

As a direct consequence of the Collar Theorem, we obtain the following corollary, which concerns the
relation of another closed geodesic to a short one.
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Corollary 7.6. Let C be a compact Riemann surface of genus g ≥ 2, equipped with a Riemannian metric
ds2 of constant curvature −1. Let γ be a simple closed geodesic on C of length `(γ) ≤ 2 arcsinh 1, and denote
by C (γ) its associated collar. Let c : S1 ∼= R/Z → C be a simple closed geodesic distinct from γ. Then:

(1) If c ∩ γ 6= ∅, then sinh( ℓ(γ)2 ) · sinh( ℓ(c)2 ) > 1, and the function P[−w(γ),w(γ)] ◦ c defined by composing c
with the natural projection P[−w(γ),w(γ)] : C (γ) → [−w(γ), w(γ)] is strictly monotone on any connected
component I ⊂ R/Z of c−1(C (γ)) that contains a point of c ∩ γ.

(2) If c ∩ γ = ∅, then for any x ∈ c ∩ C (γ), the injectivity radius satisfies injds2(x) > arcsinh
√
2
2 .

Remark 7.7. By the Collar Theorem, I 6= R/Z; hence it can be naturally identified with a closed interval
Ĩ in R. In addition, the same argument shows that if c : [0, 1] → C (γ) is a geodesic segment such that
c({0, 1}) = c([0, 1]) ∩ ∂C (γ), then the estimates in Corollary 7.6 remain valid.

Proof. We begin with (1). By Theorem 7.4, we have

sinh

(
`(γ)

2

)
sinh

(
`(c)

2

)
> sinh

(
`(γ)

2

)
sinh(w(γ)) = 1,

see also [Bus92, Corollary 4.1.2]. To prove the monotonicity, we consider the universal covering map ρH :

H → C and the lifts c̃ : R → C̃ ∼= H and γ̃ : R → C̃ ∼= H chosen so that γ̃ ∩ c̃ 6= ∅, and ρH(γ̃ ∩ c̃) ∈ c(I).
Note that γ̃ and c̃ are geodesics in H; in particular, #(γ̃ ∩ c̃) ≤ 1. Assume that γ̃(0) = c̃(0), and that I

is identified with a closed interval Ĩ ⊂ R containing 0. Let θγ̃,c̃ denote the angle between γ̃ and c̃ at γ̃(0).
Since c 6= γ, sin θγ̃,c̃ 6= 0. By the hyperbolic triangle formula (see [Bus92, Theorem 2.2.2]),

sinh distµH(c̃(t), γ̃) · | sin θγ̃,c̃| = sinh(|t|`(c)),

where µH = ρ∗HµKE. By the Collar Theorem, for t ∈ Ĩ, we have sinh distµKE
(c(t), γ) = sinh distµH(c̃(t), γ̃),

and the monotonicity follows. This completes the proof of (1).
We now turn to (2). Without loss of generality, assume that x ∈ C (γ)int, the interior of C (γ). Let cx

denote the connected component of c ∩ C (γ) containing x. Then cx ∩ ∂C (γ) consists of two points, which
we denote by y and y′. Hence cx is a geodesic connecting y and y′. Since c ∩ γ = ∅, the points y and
y′ lie in the same connected component of ∂C (γ). By the description of C (γ) (Theorem 7.4), the natural
projection [−w(γ), w(γ)] × (R/Z) → R/Z induces a map Pγ : C (γ) → γ. Since c is simple, the restriction
Pγ |cx

is injective. By applying the hyperbolic trirectangle formula (see [Bus92, Theorem 2.3.1 and (4.1.7)]),
we obtain

sinh (distds2(x, γ)) ≥ sinh(distds2(y, γ))√
1 + sinh2(

ℓ(Pγ(cx))
2 ) cosh2(distds2(y, γ))

≥ 1

sinh ℓ(γ)
2

· 1√
1 + sinh2( ℓ(γ)2 ) · (1 + 1

sinh2(
ℓ(γ)
2 )

)

=
1

sinh ℓ(γ)
2

· 1√
1 + cosh2( ℓ(γ)2 )

.

Applying the hyperbolic trirectangle formula once more,

sinh (injds2(x)) ≥ sinh

(
`(γ)

2

)
cosh (distds2(x, γ)) =

cosh2
(
ℓ(γ)
2

)
√

1 + cosh2
(
ℓ(γ)
2

) > √
2

2
.

This completes the proof.
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Let Γ ≤ Aut(H) ∼= PSL(2,R) be the deck transformation group associated with the uniformization of a
compact Riemann surface C of genus g ≥ 2. Then H/Γ ∼= C as a Kähler manifold. By the Collar Theorem
above, we obtain the following description of the local structure of the orbit Γz for z ∈ H.

Lemma 7.8. Let z ∈ H, and let σz ∈ Γ be an element satisfying

distH(z, σzz) = inf
σ∈Γ\{idH}

distH(z, σz),

where distH is the distance on H induced by the Kähler metric µH = idz∧dz̄
2(Im(z))2 . For r > 0 and y ∈ H, denote

Br(y) = {τ ∈ H | distH(y, τ) < r}. Then:

(1) B2 arcsinh 1(z) ∩ Γz ⊂
{
σkz z : k ∈ Z

}
.

(2) If B2 arcsinh 1(z) ∩ Γz 6= {z}, then there exists a simple closed geodesic γ of length at most 2 arcsinh 1,
such that ρH(z) ∈ C (γ). Moreover, for all k ≥ 0,

distH(z, σk+1
z z) ≥ distH(z, σkz z) + `(γ).

(3) Let ρH : H → C be the natural projection. If injµKE
(ρH(z)) = rz ≤ arcsinh 1 and distH(z, y) ≤ log 2,

then
#(Brz (τ) ∩ Γy) ≤ 2, ∀τ ∈ H.

Remark 7.9. In the unit disk model, the hyperbolic ball Barcsinh 1(0) of radius arcsinh 1 centered at 0 coincides
with the Euclidean disk D√

2−1(0).

Proof. We first prove (1). By Theorem 7.4, if B2 arcsinh 1(z) ∩ Γz 6= {z}, then ρH(z) ∈ C (γ) for some collar
C (γ) ⊂ C associated with a short simple closed geodesic γ ∈ C of length ≤ 2 arcsinh 1, and σz is the element
given by γ. Moreover, if a homotopic nontrivial closed loop c : S1 = R/Z → C satisfies c(0) = ρH(z) and
`(c) ≤ 2 arcsinh 1, then c ⊂ C (γ). It follows that B2 arcsinh 1(z) ∩ Γz ⊂

{
σkz z : k ∈ Z

}
.

We now prove (2). The existence of γ follows from the arguments in (1). Let γ̃ be the lift of γ and let
w ∈ γ̃ be the point on γ̃ closest to z. Then for any k ∈ Z, distH(w, σkzw) = |k|`(γ). By the hyperbolic
trirectangle formula [Bus92, Theorem 2.3.1 and (4.1.7)],

sinh

(
1

2
distH(z, σkz z)

)
= sinh

(
|k|`(γ)

2

)
· cosh (distH(z, w)) , ∀k ∈ Z.

For any k ≥ 0, define uk(t) = 2 arcsinh
(
t sinh |k|ℓ(γ)

2

)
. Then

d(uk+1 − uk)

dt
(t) =

2√
t2 +

(
sinh

( (k+1)ℓ(γ)
2

))−2
− 2√

t2 +
(
sinh

(kℓ(γ)
2

))−2
> 0.

Since distH(z, σkz z) = uk(cosh (distH(z, w))), we can conclude that

distH(z, σk+1
z z)− distH(z, σkz z) ≥ uk+1 (1)− uk (1) = `(γ).

Finally, we prove (3). By Theorem 7.4 again, if #(Brz (τ) ∩ Γy) ≥ 2 for some τ ∈ H, then injµKE
(ρH(y)) ≤

rz. Consequently, ρH(y) ∈ C (γ) for some collar C (γ) ⊂ C associated with a short simple closed geodesic γ
of length ≤ 2 arcsinh 1. Let σy ∈ Γ be the deck transformation corresponding to γ. Let γ̃ be a lift of γ and
let wy, wz ∈ γ̃ be the points on γ̃ closest to y and z, respectively. By the hyperbolic trirectangle formula
again,

sinh

(
`(γ)

2

)
· cosh (distH(z, wz)) = sinh

(
1

2
distH(z, σyz)

)
≥ sinh injµKE

(ρH(z)) = sinh rz,
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and for any k ∈ Z,

sinh

(
1

2
distH(z, σkyz)

)
= sinh

(
|k|`(γ)

2

)
· cosh (distH(y, wy)) .

Since distH(z, y) ≤ log 2, we have

cosh (distH(y, wy)) ≥ max{1, cosh (distH(z, wz)− log 2)} > 1

2
cosh (distH(z, wz)) .

Therefore, for any k ≥ 2,

sinh

(
1

2
distH(y, σkyy)

)
>

1

2
sinh

(
k`(γ)

2

)
· cosh (distH(z, wz)) > sinh

(
1

2
distH(z, σyz)

)
> sinh rz.

This shows that any ball of radius rz in H intersects the orbit Γy in at most two points, i.e.,

#(Brz (τ) ∩ Γy) ≤ 2, ∀τ ∈ H.

This completes the proof.

Metric structure on Kähler collars

For convenience, we restate the metric on collars by using the complex coordinates. It is easy to see that
the Kähler structures compatible with the Riemannian metric on C (γ) are equivalent.

Lemma 7.10 (Kähler Collar). Let C be a compact Riemann surface of genus g ≥ 2, equipped with a Kähler
metric µKE of constant curvature −1, and let γ be a simple closed geodesic of length `(γ) ≤ 2 arcsinh 1 on
C. Then the collar C (γ) is isometric to De−ν(γ)(0) \ D

e
ν(γ)− 2π2

ℓ(γ)
(0) equipped with the Kähler metric

µKE|C (γ) =
`2(γ)µEuc

4π2|z|2 sin2
(
ℓ(γ)
2π log |z|

) ,
where µEuc = idz∧dz̄

2 is the standard Euclidean metric on C, and ν(γ) ∈ (0, π
2ℓ(γ) ) satisfies ν(γ)`(γ) =

2π arcsin
(
tanh ℓ(γ)

2

)
. Moreover, the image of the short simple closed geodesic γ is the circle |z| = e−

π2

ℓ(γ) .

Proof. The argument is the same as in [Pet06, Subsection 4.3.3]. Since the hyperbolic metric on C (γ) can
be represented as a warped product, we only need to find a diffeomorphism (r, θ) 7→ (ς(r), θ) and a smooth
function Υ(ς) such that

Υ2(ς)(dς2 + ς2dθ2) = dr2 + `2(γ) cosh2 rdt2.

Note that dς = ς ′(r)dr and 2πdt = dθ. This yields the following system of equations:

ς ′(r)Υ(ς) = 1, 2πς(r) = ς ′(r)`(γ) cosh r.

One can verify that the following pair of functions is a particular solution to the system above:

ς(r) = e4π·
arctan er−π/2

ℓ(γ) , Υ(ς) =
−`(γ)

2πς sin
(
ℓ(γ)
2π log ς

) .
Clearly, z = ςeiθ is just the holomorphic coordinate we need.

Now we present some properties concerning the Riemannian and Kähler structure on the Kähler collar
(C (γ), µKE).
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Proposition 7.11. Let C be a compact Riemann surface of genus g ≥ 2, equipped with a Kähler metric µKE

of constant curvature −1, and let γ be a simple closed geodesic of length `(γ) ≤ 2 arcsinh 1 on C. Let C (γ)
and ν(γ) be defined as in Lemma 7.10. Then the following properties hold.

(1) π2

ℓ(γ) − ν(γ) and ν(γ) are decreasing functions of `(γ). Moreover, π2

4 arcsinh 1 ≤ ν(γ) < π.

(2) For any ς0 ∈ (e−
π2

ℓ(γ) , e−ν(γ)) and z0 ∈ Dς0(0) \ D
e
− π2

ℓ(γ)
(0), the distance

distµKE(z0, ∂Dς0(0)) = log

 tan
(
− ℓ(γ) log |z0|

4π

)
tan

(
− ℓ(γ) log ς0

4π

)
 ≥ log

(
log |z0|
log ς0

)
.

(3) For any z0 ∈ De−ν(γ)(0) \ De−2ν(γ)(0), the injectivity radius

injµKE
(z0) ≥ arcsinh

(
− ν(γ)

log |z0|

)
.

Proof. We first prove (1). By definition, ν(γ) = 2π arcsin(tanh ℓ(γ)
2 )

ℓ(γ) is a function of `(γ). To show that ν(γ) is
decreasing, set u1(t) = arcsin(tanh t)

t , ∀t > 0. Then

du1(t)

dt
=

1

t cosh t
− arcsin(tanh t)

t2
=

t
cosh t − arcsin(tanh t)

t2
,

and
d

dt

(
t

cosh t
− arcsin(tanh t)

)
= − t sinh t

cosh2 t
< 0.

Hence t
cosh t − arcsin(tanh t) is strictly decreasing for t > 0, and moreover it is negative. It follows that

du1

dt < 0 when t > 0. Since ν(γ) = πu1(
ℓ(γ)
2 ), we conclude that ν(γ) is strictly decreasing. Then

π = lim
t→0+

πu1(t) > πu1(
`(γ)

2
) = ν(γ) ≥ πu1(arcsinh 1) =

π2

4 arcsinh 1
.

Similarly, for any t > 0, we compute

d

dt

( π
2t

− u1(t)
)
= − π

2t2
− 1

t cosh t
+

arcsin(tanh t)

t2
<

−π + π

2t2
= 0.

It follows that π2

ℓ(γ) − ν(γ) = π

(
π
2 · 1

ℓ(γ)
2

− u1(
ℓ(γ)
2 )

)
is also decreasing in `(γ). This proves (1).

We now turn to (2). Since the metric µKE is invariant under the transformations z 7→ e−2π2ℓ−1(γ)z−1

and z 7→ eiθz, ∀θ ∈ [0, 2π), it follows that

distµKE
(z0, ∂Dρ0(0)) = distµKE

(z0, ρ0|z0|−1z0).

Set ς = |z| and z = ςeiθ. Then

µKE|C (γ) =
`2(γ)(dς2 + ς2dθ2)

4π2ς2 sin2( ℓ(γ)2π log ς)
.
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Since tan is convex and increasing on (0, π2 ), we obtain

distµKE
(z0, ∂Dς0(0)) =

ˆ ς0

|z0|

−`(γ)dς
2πς sin( ℓ(γ)2π log ς)

= log

 tan
(
ℓ(γ) log |z0|

−4π

)
tan

(
ℓ(γ) log ς0

−4π

)


≥ log

(
ℓ(γ) log |z0|

−4π − 0
ℓ(γ) log ς0

−4π − 0

)
= log

(
log |z0|
log ς0

)
.

This establishes (2).
Finally, we consider (3). For t ∈

(
0, ℓ(γ)ν(γ)2π

)
, define

u2(t) = cosh t cosh

(
log

(
tan ϑt

2

tan t
2

))
− sinh

(
log

(
tan ϑt

2

tan t
2

))
,

where ϑ = − log |z0|
ν(γ) ∈ [1, 2). By Theorem 7.4 and the previous properties, we have

sinh
(
injµKE

(z0)
)

= cosh

log

 tan
(
ϑℓ(γ)ν(γ)

4π

)
tan

(
ℓ(γ)ν(γ)

4π

)
 cosh

`(γ)

2

− sinh

log

 tan
(
ϑℓ(γ)ν(γ)

4π

)
tan

(
ℓ(γ)ν(γ)

4π

)


> u2

(
`(γ)ν(γ)

2π

)
.

Since
lim
t→0+

u2(t) = cosh 0 cosh(log(ϑ))− sinh(log(ϑ)) = ϑ−1,

it is sufficient to prove that u2(t) is increasing for t ∈
(
0, ℓ(γ)ν(γ)2π

)
. For ϑ ∈ [1, 2) and t ∈

(
0, ℓ(γ)ν(γ)2π

)
, one

checks that
0 <

sin(ϑt)

ϑ
= t

ˆ 1

0

cos(ϑtς)dς ≤ t

ˆ 1

0

cos(tς)dς = sin t.

A direct computation shows

du2(t)

dt
= cosh

(
log

(
tan ϑt

2

tan t
2

))(
sinh(t)− ϑ

sin(ϑt)
+

1

sin t

)

+cosh(t) sinh

(
log

(
tan ϑt

2

tan t
2

))(
ϑ

sin(ϑt)
− 1

sin t

)

≥ cosh

(
log

(
tan ϑt

2

tan t
2

))(
sinh(t)− ϑ

sin(ϑt)
+

1

sin t

)
.

Setting u3(t) = t − ϑ
sin(ϑt) +

1
sin t , the inequality u3(t) ≥ 0 implies du2(t)

dt ≥ 0. By the Taylor expansion
sin t = t− t3

6 + o(t4) as t→ 0+, we have

lim
t→0+

u3(t) = lim
t→0+

(
t− sin t

t sin t

)
− lim
t→0+

(
ϑt− sin(ϑt)

t sin(ϑt)

)
= 0.
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A further computation shows du3(t)
dt = 1 + ϑ2 cos(ϑt)

sin2(ϑt)
− cos t

sin2 t
, and

d2u3(t)

dt2
=

ϑ3

sin(ϑt)
− 2ϑ3

sin3(ϑt)
− 1

sin t
+

2

sin3 t
.

Setting u4(t) = t3
(

2
sin3 t

− 1
sin t

)
, t ∈ (0, π/2). If tan t

t ≥ 2, a direct calculation yields

du4(t)

dt
=
t3 cos t

sin2 t

(
3 tan t

t
− 5 +

6

tan2 t

(
tan t

t
− 1

))
>
t3 cos t

sin2 t
> 0.

Now assume tan t
t ∈ [1, 2]. In this case, the function t2

tan2 t ·
(
tan t
t − 1

)
is increasing with respect to tan t

t . Since
tan t > t+ t3

3 + 2t5

15 holds for all ∀t ∈ (0, π/2), it follows that

du4(t)

dt
=

t3 cos t

sin2 t

(
3 tan t

t
− 5 +

6

t2
· t2

tan2 t
·
(
tan t

t
− 1

))
≥ t3 cos t

sin2 t

(
t2 +

2t4

5
− 2 +

2 + 4t2

5(
1 + t2

3 + 2t4

15

)2
)

=
t3 cos t

sin2 t
· t

2(525 + 350t2 + 525t4 + 230t6 + 60t8 + 8t10)

5(15 + 5t2 + 2t4)2
> 0.

Hence, d2u3(t)
dt2 = t−3 (u4(t)− u4(ϑt)) < 0, ∀t ∈

(
0, π2ϑ

)
. Therefore, for any t ∈

(
0, π4

)
,

u3(t) > min

{
lim
t→0+

u3(t), lim
t→(π

4 )
−
u3(t)

}
= min

{
0,
π

4
− ϑ

sin πϑ
4

+
1

sin π
4

}

≥ min

{
0,
π

4
− 2 +

1

sin π
4

}
= 0.

Since ν(γ)`(γ) = 2π arcsin
(
tanh ℓ(γ)

2

)
, we can conclude that

`(γ)ν(γ)

2π
= arcsin

(
tanh

`(γ)

2

)
≤ arcsin (tanh (arcsinh 1)) =

π

4
.

Then du2(t)
dt > 0, ∀t ∈

(
0, ℓ(γ)ν(γ)2π

)
, and (3) is proven.

7.2 L2 inner product and Hodge decomposition
To prepare for the construction of peak sections, we recall the notion of the L2 inner product on differential
forms and the corresponding Hodge decomposition.

Let C be a connected compact smooth complex curve equipped with the classical topology, and µ be a
Kähler metric on C. Denote by A k

C,R the sheaf of smooth k-forms with coefficients in R, and set A k
C,C =

A k
C,R ⊗R C, where k ∈ {0, 1, 2}. One can verify that A 0

C,R naturally forms a sheaf of rings and is isomorphic
to the sheaf of smooth R-valued functions on C. Consequently, for any k ∈ {0, 1, 2} and K ∈ {R,C}, A k

C,K

inherits a natural A 0
C,R-module structure. Hence the sheaf of smooth differential forms with coefficients in

K, AC,K =
⊕2

k=0 A k
C,K , is also an A 0

C,R-module. Furthermore, for any classical open subset U ⊂ C, the
canonical map

α 7→ α⊗R 1, ∀α ∈ AC,R(U),

defines an A 0
C,R(U)-homomorphism AC,R → AC,C. In this way, the sheaf AC,R naturally regarded as a

A 0
C,R-submodule of AC,C.
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We now introduce the Hodge ?-operator associated with the Kähler metric µ on C. Let x ∈ C, and let
Ux be a classical open neighborhood of x with local coordinate z : Ux → C. Denote by u ∈ A 0

C,C(Ux) a
smooth C-valued function on Ux. Then the Hodge ?-operator

? ∈ HomA 0
C,R

(AC,C,AC,C)

is an isomorphism, and locally it is determined by the following relations

?(u) = ūµ, ?(uµ) = ū, ?(udz) = iūdz̄, ?(udz̄) = −iūdz,

where µ is the Kähler form on C. One can verify that the restrictions

?|AC,R ∈ HomA 0
C,R

(AC,R,AC,R) , ?2|A k
C,C

= (−1)kIdA k
C,C
,

where IdA k
C,C

: A k
C,C → A k

C,C is the identity morphism. See also [Huy05, Section 1.2] for more details about
Hodge ?-operators.

In particular, the restriction ?|A k
C,C

: A k
C,C → A 1−k

C,C is conjugate-linear, and for k = 1, the composition
of the Hodge ?-operator with complex conjugation defines a C-linear operator

?̄ : A 1
C,C(C) → A 1

C,C(C), α 7→ ?α,

with eigenvalues −i and i. The corresponding eigenspaces yield an L2-orthogonal decomposition:

A 1
C,C(C) = A 1,0

C,C(C)⊕ A 0,1
C,C(C).

For any α ∈ A 1
C,C(C), let α1,0 and α0,1 denote the projections of α onto A 1,0

C,C(C) and A 0,1
C,C(C), respectively.

The differential operators ∂ and ∂̄ are then defined by

∂u = (du)1,0, ∂̄u = (du)0,1, ∂α = dα0,1, ∂̄α = dα1,0,

for any u ∈ A 0
C,C(C), and α ∈ A 1

C,C(C).
For any open subset U ⊂ C (in the classical topology) and any αU ∈ AC,C(U), there exists a smooth

nonnegative function ηαU
: U → [0,∞) ⊂ R such that

αU ∧ ?αU = ηαU
µ ≥ 0.

This allows us to define a Hermitian inner product on AC,C(U) by

〈αU , βU 〉L2;U =
1

2

ˆ
U

αU ∧ ?βU , ∀αU , βU ∈ AC,C(U).

We denote by ‖ · ‖L2;U the associated L2-norm. Clearly, 〈αU , βU 〉L2,U ∈ R if αU , βU ∈ AC,R(U), so the
restriction of the Hermitian inner product to AC,R(U)× AC,R(U) is a real inner product.

Next, we recall the Hodge decomposition. As before, we restrict to the case of Riemann surfaces for
simplicity.

Theorem 7.12 (Hodge decomposition). Let C be a connected compact smooth complex curve equipped with
the classical topology, and µ be a Kähler metric on C. Then for k ∈ {0, 1, 2} and K ∈ {R,C}, the space of
smooth k-forms with coefficients in K, A k

C,K(C), has the following L2-orthogonal decomposition:

A k
C,K(C) = dA k−1

C,K (C)⊕ H k
C,K(C)⊕ ?dA 1−k

C,K (C),

where A j
C,K = 0 for j /∈ {0, 1, 2}, and H k

C,K denotes the sheaf of harmonic k-forms with coefficients in K
defined by

H k
C,K(U) =

{
α ∈ A k

C,K(U) : dα = d ? α = 0
}
,
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for any classical open subset U ⊂ C. In particular, dimK H k
C,K(C) <∞. Moreover, in the case K = C and

k = 1, the composition of the Hodge ?-operator with complex conjugation defines a C-linear operator

?̄ : H 1
C,C(C) → H 1

C,C(C), α 7→ ?α,

with eigenvalues −i and i. The corresponding eigenspaces yield an L2-orthogonal decomposition:

H 1
C,C(C) = Γ(C,ωC)⊕ Γ(C,ωC),

where
Γ(C,ωC) = H 1

C,C(C) ∩ A 1,0
C,C(C) = {α ∈ H 1

C,C(C) : ?̄(α) = −iα}

is the space of holomorphic 1-forms on C.

Proof. See [War83, Theorem 6.8] and [Huy05, Theorem 3.2.8].

Let Z k
C,K denote the sheaf of closed k-forms with coefficients in K, defined by

Z k
C,K(U) =

{
α ∈ A k

C,K(U) : dα = 0
}
,

for any classical open subset U ⊂ C and K ∈ {R,C}. The de Rham cohomology with coefficients in K is
then given by

Hk
dR(U ;K) = Z k

C,K(U)/dA k−1
C,K (U).

As a consequence of Theorem 7.12, the space of harmonic k-forms is naturally isomorphic to the k-th de
Rham cohomology group.

Corollary 7.13. Let C be a connected compact smooth complex curve equipped with the classical topology,
and µ be a Kähler metric on C. Then the embedding H k

C,K(C) → Z k
C,K(C) gives an isomorphism H k

C,K(C) ∼=
Hk

dR(C;K).

Proof. For any α ∈ Z k
C,K(C) and β ∈ A 1−k

C,K (C), we have

〈α, ?dβ〉L2;C =

ˆ
C

α ∧ ?2dβ = (−1)k
ˆ
C

α ∧ dβ = −
ˆ
C

dα ∧ β = 0.

Hence Z k
C,K(C) and ?dA 1−k

C,K (C) are L2-orthogonal. By Theorem 7.12, we have

Z k
C,K(C) = dA k−1

C,K (C)⊕ H k
C,K(C).

It follows that H k
C,K(C) ∼= Z k

C,K(C)/dA k−1
C,K (C) = Hk

dR(C;K).

Now we focus on the case k = 1. By the definition of the Hodge ?-operator, the restriction ?|A 1
C,C(C)

depends only on the complex structure of C, and not on the particular choice of Kähler metric. As a real
vector space, H 1

C,C(C) admits two natural R-linear decompositions. One is given by separating real and
imaginary parts:

H 1
C,C(C) = H 1

C,R(C)⊕ iH 1
C,R(C),

and the other is the decomposition into eigenspaces of the complex-linear involution ?̄, with eigenvalues −i
and i:

H 1
C,C(C) = Γ(C,ωC)⊕ Γ(C,ωC).

In the following, we compare these two decompositions and clarify their relation.
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Corollary 7.14. Let C be a connected compact smooth complex curve equipped with the classical topology,
and µ be a Kähler metric on C. Then the R-linear map

H 1
C,R(C) −→ H 1

C,C(C),

α 7−→ α+ i ? α,

gives an isomorphism H 1
C,R(C)

∼= Γ(C,ωC) between R-vector spaces.

Proof. Let α ∈ H 1
C,R(C). Since ? preserves harmonic forms and α is real-valued, the form α + i ? α lies in

H 1
C,C(C). Moreover, we compute:

?̄(α+ i ? α) = ?̄α+ i?̄ ? α = ?α+ i ?2 α = ?α− iα = −i(α+ i ? α),

so α + i ? α is an eigenvector of ?̄ with eigenvalue −i, hence lies in Γ(C,ωC). This map is clearly R-linear
and injective. To show surjectivity, we compare dimensions:

dimR H 1
C,R(C) = dimC H 1

C,C(C) = 2 dimC Γ(C,ωC) = dimR Γ(C,ωC) <∞.

Hence the map gives an isomorphism H 1
C,R(C)

∼= Γ(C,ωC).

7.3 Holomorphic 1-forms on Kähler collars
Motivated by the local L2 analysis developed for complex hyperbolic cusps in [AMM21, AMM22, Zho24],
we now carry out a similar study for Kähler collars. In this subsection, we give an explicit computation of
the local L2 inner product on a Kähler collar, which serves as an important example for later use. Such a
local description of L2-integrable holomorphic 1-forms is essential for the geometric localization arguments.

Let C (γ)int denote the interior of C (γ), and let Ω1
C (γ)int denote the line bundle of holomorphic 1-forms

on C (γ)int. We next construct an L2-orthonormal basis of Γhol
L2 (C (γ)int,Ω1

C (γ)int), the Hilbert space of
L2-integrable holomorphic 1-forms on C (γ)int, equipped with the local L2-inner product

〈α, β〉L2;C (γ)int =
i

2

ˆ
C (γ)int

α ∧ β̄.

Lemma 7.15. Let C be a compact Riemann surface of genus g ≥ 2, equipped with a Kähler metric µKE of
constant curvature −1, and let γ be a simple closed geodesic of length `(γ) ≤ 2 arcsinh 1 on C. Let C (γ) and
ν(γ) be defined as in Lemma 7.10. Then {akzk}k∈Z forms an L2 orthonormal basis of Γhol

L2 (C (γ)int,Ω1
C (γ)int),

where

|ak|2 =



1

4π
(
π2

ℓ(γ) − ν(γ)
) , k = −1;

(k + 1)e2(k+1)ν(γ)

π
(
1− e4(k+1)(ν(γ)− π2

ℓ(γ)
)
) , k 6= −1.

Proof. From the Laurent series expansion, it follows that
Γhol
L2 (C (γ)int,Ω1

C (γ)int) = ⊕k∈ZCzkdz,

where the closure is taken with respect to the L2-inner product defined above. A straightforward computation
yields

〈zkdz, zkdz〉L2;C (γ)int =
i

2

ˆ
C (γ)

|z|2kdz ∧ dz̄ = 2π

ˆ e−ν(γ)

e
ν(γ)− 2π2

ℓ(γ)

t2k+1dt

=


4π3

`(γ)
− 4πν(γ), k = −1;

π

k + 1

(
e−2(k+1)ν(γ) − e2(k+1)(ν(γ)− 2π2

ℓ(γ)
)

)
, k 6= −1,
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and the lemma follows.

We now present some explicit estimates for Γhol
L2 (C (γ)int,Ω1

C (γ)int).

Proposition 7.16. Let C be a compact Riemann surface of genus g ≥ 2, equipped with a Kähler metric µKE

of constant curvature −1, and let γ be a simple closed geodesic of length `(γ) ≤ 2 arcsinh 1 on C. Let C (γ)
and ν(γ) be defined as in Lemma 7.10, and let Γhol

L2 (C (γ)int,Ω1
C (γ)int) be the Hilbert space defined above.

Let α ∈ Γhol
L2 (C (γ)int,Ω1

C (γ)int) satisfy ‖α‖L2;C (γ)int = 1. Then the following properties hold.

(1) Assume that
´
γ
α = 0. Then for any z ∈ C (γ)int, we have the pointwise estimate

iα ∧ ᾱ ≤ 2e2ν(γ)

π(1− e−3π)

 1(
1− |z|2e2ν(γ)

)2 +
|z|−4e−

4π2

ℓ(γ)(
1− |z|−2e

2
(
ν(γ)− 2π2

ℓ(γ)

))2

µEuc.

(2) Assume that
´
γ
α = 0. Then for any two points z0, z1 ∈ C (γ)int and any piecewise smooth curve

c : [0, 1] → C (γ)int with c(0) = z0 and c(1) = z1, the integral
´
c
α =

´ 1

0
c∗α depends only on z0 and z1.

Furthermore, if |z0| ≤ |z1|, we have

∣∣∣∣ˆ
c

α

∣∣∣∣2 ≤ e2ν(γ)

π(1− e−3π)

 |z1 − z0|2(
1− |z1|2e2ν(γ)

)2 +
|z−1

1 − z−1
0 |2e−

4π2

ℓ(γ)(
1− |z0|−2e

2
(
ν(γ)− 2π2

ℓ(γ)

))2


(3) For any two points z0, z1 ∈ C (γ)int, there exists a piecewise smooth curve c : [0, 1] → C (γ)int such that

c(0) = z0, c(1) = z1, and

∣∣∣∣ˆ
c

Re(α)

∣∣∣∣ ≤

− log

((
1− e2ν(γ)|z1|2

)(
1− e2(ν(γ)−

2π2

ℓ(γ)
)|z0|−2

))
π(1− e−3π)

(
1 +

∣∣∣ z0z1 ∣∣∣)−2


1
2

+
1

2π

∣∣∣∣ˆ
γ

Im(α)

∣∣∣∣ ∣∣∣∣log ∣∣∣∣z1z0
∣∣∣∣∣∣∣∣+ 1

2

∣∣∣∣ˆ
γ

Re(α)

∣∣∣∣ ,
where α = Re(α) + iIm(α) is the decomposition of α into its real part and imagine part.

Proof. Let {ajzjdz}j∈Z be the L2-orthonormal basis of Γhol
L2 (C (γ)int,Ω1

C (γ)int) constructed in Lemma 7.15.
By the Laurent series expansion, there exist constants bj ∈ C such that

∑
j∈Z

|bj |2 = 1, and α =
∑
j∈Z

ajbjz
jdz.

We now consider estimate (1). Since b−1 = 0, the Cauchy–Schwarz inequality yields

iα ∧ ᾱ = 2

∣∣∣∣∣∣
∑
j∈Z

ajbjz
j

∣∣∣∣∣∣
2

µEuc ≤ 2

∑
j ̸=−1

|bj |2
∑

j ̸=−1

∣∣ajzj∣∣2
µEuc

= 2

 ∞∑
j=0

|aj |2 |z|2j +
∞∑
j=0

|a−2−j |2 |z|−4−2j

µEuc.

Since Proposition 7.11 implies ν(γ) < π, we see that

4

π

(
π2

`(γ)
− ν(γ)

)
> 4

( π

2 arcsinh 1
− 1
)
≈ 3.1288559 · · · > 3.
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By Lemma 7.15, it follows that
∞∑
j=0

|aj |2 |z|2j =

∞∑
j=0

(j + 1)e2(j+1)ν(γ)|z|2j

π
(
1− e4(j+1)(ν(γ)− π2

ℓ(γ)
)
)

<
e2ν(γ)

π
(
1− e4(ν(γ)−

π2

ℓ(γ)
)
) ∞∑
j=0

(j + 1)
(
e2ν(γ)|z|2

)j
≤ e2ν(γ)

π (1− e−3π)
(
1− e2ν(γ)|z|2

)2 ,
and similarly,

∞∑
j=0

|a−2−j |2 |z|−4−2j ≤ |z|−4e2(ν(γ)−
2π2

ℓ(γ)
)

π (1− e−3π)
(
1− e2(ν(γ)−

2π2

ℓ(γ)
)|z|−2

)2 .
This completes the proof of (1).

We next turn to estimate (2). The invariance of the integral
´
c
α follows from the Poincaré lemma

[BT82b, Proposition 4.7] and Poincaré duality [BT82b, (5.4)] for de Rham cohomology. Since our setting is
explicit, however, we provide a constructive proof and estimate its value.

Set u(z) =
∑
j ̸=−1

ajbjz
j+1

j+1 . Then u is holomorphic on C (γ)int, and satisfies

du =
∑
j∈Z

ajbjz
jdz = α.

For any piecewise smooth real curve c : [0, 1] → C (γ)int with c(0) = z0 and c(1) = z1, we have
´
c
α =

u(z1)− u(z0), so the integral depends only on z0 and z1. By the Cauchy-Schwarz inequality,

∣∣∣∣ˆ
c

α

∣∣∣∣2 =

∣∣∣∣∣∣
∑
j ̸=−1

ajbj(z
j+1
1 − zj+1

0 )

j + 1

∣∣∣∣∣∣
2

≤

∑
j ̸=−1

|bj |2
∑

j ̸=−1

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2


≤

∞∑
j=0

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2
+

∞∑
j=0

|a−2−j |2|z−j−1
1 − z−j−1

0 |2

(j + 1)2
.

As in the argument for (i), Lemma 7.15 yields:
∞∑
j=0

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2
= |z1 − z0|2

∞∑
j=0

|aj |2|
∑j
k=0 z

k
1z
j−k
0 |2

(j + 1)2

≤ |z1 − z0|2
∞∑
j=0

|aj |2|z1|2j

<
|z1 − z0|2e2ν(γ)

π (1− e−3π)
(
1− e2ν(γ)|z1|2

)2 ,
and similarly,

∞∑
j=0

|a−2−j |2|z−j−1
1 − z−j−1

0 |2

(j + 1)2
<

∣∣z−1
0 − z−1

1

∣∣2 e2(ν(γ)− 2π2

ℓ(γ)
)

π(1− e−3π)
(
1− e2(ν(γ)−

2π2

ℓ(γ)
)|z0|−2

)2 ,
which gives (2).
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Finally, we address estimate (3). Without loss of generality, assume z0 = |z0|, and z1 = |z1|eiθ1 with
θ1 ∈ [−π, π]. Let c : [0, 1] → C (γ)int be the piecewise smooth curve given by

c(t) =


2t|z1|+ (1− 2t)|z0|, t ∈ [0,

1

2
],

|z1|ei(2t−1)θ1 , t ∈ [
1

2
, 1],

It remains to estimate the integral |
´
c
α|. Set α′ = α − a−1b−1z

−1dz. Then
´
γ
α′ = 0, and

´
γ
α =

a−1b−1

´
γ
z−1dz = 2πa−1b−1i. Write a′−1 = a−1b−1, the Cauchy–Schwarz inequality gives

∣∣∣∣ˆ
c

α′
∣∣∣∣ ≤

∑
j ̸=−1

|bj |2
 1

2
∑
j ̸=−1

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2

 1
2

≤

∑
j ̸=−1

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2

 1
2

.

Moreover, a direct computation yields

Re

(
a′−1

ˆ
c

z−1dz

)
= Re

(
a′−1

)
log

∣∣∣∣z1z0
∣∣∣∣− Im

(
a′−1

)
θ1.

Hence ∣∣∣∣ˆ
c

Re(α)

∣∣∣∣ ≤
∣∣∣∣ˆ

c

α′
∣∣∣∣+ ∣∣∣∣ˆ

c

Re(α− α′)

∣∣∣∣
≤

∑
j ̸=−1

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2

 1
2

+

∣∣∣∣Re (a′−1

)
log

∣∣∣∣z1z0
∣∣∣∣∣∣∣∣+ ∣∣Im (a′−1

)
θ1
∣∣ ,

where z = ςeiθ is the polar coordinate.
As in (1), Lemma 7.15 implies the desired estimates for the sums, leading to

∞∑
j=0

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2
=

∞∑
j=0

∣∣∣∣∣1− zj+1
0

zj+1
1

∣∣∣∣∣
2
|aj |2|z1|2(j+1)

(j + 1)2

≤

(
1 +

∣∣∣ z0z1 ∣∣∣)2
π(1− e−3π)

∞∑
j=0

e2(j+1)ν(γ)|z1|2(j+1)

j + 1

=
− log

(
1− e2ν(γ)|z1|2

)
π(1− e−3π)

(
1 +

∣∣∣∣z0z1
∣∣∣∣)2

,

and similarly,

∞∑
j=0

|a−2−j |2|z−j−1
1 − z−j−1

0 |2

(j + 1)2
≤

− log

(
1− e2(ν(γ)−

2π2

ℓ(γ)
)|z0|−2

)
π(1− e−3π)

(
1 +

∣∣∣∣z0z1
∣∣∣∣)2

.
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It follows that

∣∣∣∣ˆ
c

Re(α)

∣∣∣∣ ≤

∑
j ̸=−1

|aj |2|zj+1
1 − zj+1

0 |2

(j + 1)2

 1
2

+

∣∣∣∣Re (a′−1

)
log

∣∣∣∣z1z0
∣∣∣∣∣∣∣∣+ ∣∣Im (a′−1

)
θ1
∣∣

≤

− log

((
1− e2ν(γ)|z1|2

)(
1− e2(ν(γ)−

2π2

ℓ(γ)
)|z0|−2

))
π(1− e−3π)

(
1 +

∣∣∣ z0z1 ∣∣∣)−2


1
2

+
1

2π

∣∣∣∣ˆ
γ

Im(α)

∣∣∣∣ ∣∣∣∣log ∣∣∣∣z1z0
∣∣∣∣∣∣∣∣+ 1

2

∣∣∣∣ˆ
γ

Re(α)

∣∣∣∣ ,
as claimed.

7.4 Tian’s peak sections
We are now in a position to introduce Tian’s peak section for Riemann surfaces.

Basic properties of Tian’s peak sections

Let C be a connected compact smooth complex curve equipped with the classical topology, and let µ be
a Kähler metric on C. Denote by AC,K(C) the space of smooth differential forms on C with coefficients
in K ∈ {R,C}, endowed with the L2-inner product 〈·, ·〉L2;C . Let X ⊂ AC,K(C) be a nonzero K-linear
subspace, and let TX : X → K be a bounded K-linear functional.

An element α ∈ X is called the peak section of TX if and only if it satisfies ‖α‖L2;C = 1 and attains the
operator norm of the functional: TX(α) = ‖TX‖.

We next present some fundamental properties of peak sections. While these follow from classical func-
tional analysis, we include brief sketches of the proofs.

Proposition 7.17. Let C, µ,K,AC,K(C),X and TX be as above. Then the following properties hold.

(1) If TX = 0, then α ∈ X is a peak section of TX if and only if ‖α‖L2;C = 1.

(2) If TX 6= 0, then
inf
{
‖α‖L2;C : α ∈ X, |TX(α)| = ‖TX‖

}
= 1.

(3) If TX 6= 0, then TX admits at most one peak section.

(4) If TX 6= 0 and α ∈ X is the peak section of TX, then X admits the L2-orthogonal decomposition:

X = Kα⊕ kerTX.

Proof. The propositions (1) and (2) follow directly from the definition of ‖TX‖. We thus begin with property
(3).

Let α, α′ ∈ X be two peak sections of TX. It suffices to show that α = α′. By definition, we have
TX( 12 (α + α′)) = 1

2 (TX(α) +TX(α′)) = ‖TX‖. Hence, the L2-norm satisfies
∥∥ 1
2 (α+ α′)

∥∥
L2;C

≥ 1. On the
other hand, we compute:∥∥∥∥12(α+ α′)

∥∥∥∥2
L2;C

=
1

2
‖α‖2L2;C +

1

2
‖α′‖2L2;C −

∥∥∥∥12(α− α′)

∥∥∥∥2
L2;C

= 1−
∥∥∥∥12(α− α′)

∥∥∥∥2
L2;C

.
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It follows that
∥∥ 1
2 (α+ α′)

∥∥
L2;C

= 1 and
∥∥ 1
2 (α− α′)

∥∥
L2;C

= 0. Therefore, α = α′.
We now turn to property (4).
By definition, TX(α) = ‖TX‖ > 0, and hence X admits the decomposition:

X = Kα⊕ kerTX.

It remains to show that this is an L2-orthogonal decomposition.
Let β ∈ kerTX \ {0}. Then,

TX

(
α−

〈α, β〉L2;C

〈β, β〉L2;C
β

)
= TX (α) = ‖TX‖.

By property (ii), we must then have
∥∥∥α− ⟨α,β⟩L2;C

⟨β,β⟩L2;C

∥∥∥
L2;C

≥ 1. However, a straightforward calculation shows:

∥∥∥∥α−
〈α, β〉L2;C

〈β, β〉L2;C
β

∥∥∥∥2
L2;C

= ‖α‖2L2;C −
∣∣〈α, β〉L2;C

∣∣2
〈β, β〉L2;C

= 1−
∣∣〈α, β〉L2;C

∣∣2
〈β, β〉L2;C

.

Therefore, we must have 〈α, β〉L2;C = 0. This shows that the decomposition is indeed L2-orthogonal, which
completes the proof.

In general, it is not easy to determine whether a given linear functional is bounded. Moreover, since
the space AC,K(C) is not complete, a given bounded functional does not necessarily admit a peak section.
However, if the linear functional can be reduced to a finite-dimensional linear subspace, then its boundedness
and the existence of a peak section follow automatically.

Proposition 7.18. Let C, µ,K,AC,K(C) and X be as above. Let TX : X → K be a K-linear functional
(not necessarily bounded). Assume that X admits an L2-orthogonal decomposition X = X1 ⊕X2 such that
dimK X1 <∞ and the restriction TX2 := TX|X2 = 0. Then TX is a bounded K-linear functional, and there
exists a peak section α ∈ X1 ⊂ X of TX.

Proof. Without loss of generality, we can assume that TX 6= 0. Since dimK X1 < ∞, the restriction
TX1

:= TX|X1
is a bounded K-linear functional on X1. By the Riesz representation theorem, there exists a

unique element α ∈ X1 such that ‖α‖L2,C = 1 and TX1
(α) = ‖TX1

‖. Hence, α is the peak section of TX1
.

By Proposition 7.17, the space X1 admits the L2-orthogonal decomposition X1 = Kα⊕ kerTX1 . Since the
restriction TX2 = 0, we have kerTX = kerTX1 ⊕X2, and thus X admits the L2-orthogonal decomposition
X = Kα⊕ kerTX. It follows that ‖TX‖ = ‖TX1

‖ = TX(α), and hence α is the peak section of TX.

As a corollary, we see that in certain special cases relevant to our setting, a peak section always exists.

Corollary 7.19. Let C be a connected compact smooth complex curve equipped with the classical topology.
Denote by AC,K(C) the space of smooth differential forms on C with coefficients in K ∈ {R,C}, endowed
with the L2-inner product 〈·, ·〉L2,C . Let X ⊂ AC,K(C) be a nonzero K-linear subspace, and let TX : X → K
be a K-linear functional (not necessarily bounded).

Then, in each of the following two settings, TX is a bounded K-linear functional, and there exists a peak
section α ∈ X of TX:

(1) The field K = C, the space X ⊂ Γ(C,ωC) ⊂ A 1
C,C(C), and there exists a point x ∈ C together with a

holomorphic local coordinate z : Ux → C defined on an open neighborhood Ux ⊂ C of x, such that

α(x) = TX(α)dz, ∀α ∈ X,

where α(x) is the evaluation of α at x.
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(2) The space X ⊂ Z 1
C,C(C), and there exists a form β ∈ Z 1

C,C(C) such that

TX(α) =

ˆ
C

α ∧ β, ∀α ∈ X.

Proof. In the first setting, since C is compact, we have dimC X ≤ dimC Γ(C,ωC) < ∞. Thus, Proposition
7.18 applies, yielding the boundedness of TX and the existence of a peak section.

Now consider the second setting. By Corollary 7.13, we have the L2-orthogonal decomposition

Z 1
C,K(C) = dA 0

C,K(C)⊕ H 1
C,K(C),

and the assumption on TX implies that TX|dA 0
C,K(C) = 0. Since dimK H 1

C,K(C) < ∞ by Theorem 7.12,
Proposition 7.18 applies again, and the result follows.

Two cases of peak sections: at a point and along a cycle

The next step is to further analyze the two settings described in Corollary 7.19.
We now turn to a more detailed study of the first setting in Corollary 7.19.
Let C be a connected compact smooth complex curve equipped with the classical topology, and let µ

be a Kähler metric on C. Denote by Γ(C,ωC) the space of holomorphic 1-forms on C, endowed with the
L2-inner product

〈α, β〉L2;C =
1

2

ˆ
C

α ∧ ?β =
1

2

ˆ
C

α ∧ β̄, ∀α, β ∈ Γ(C,ωC).

We say that α is a peak section in X ⊂ Γ(C,ωC) at a point x ∈ C, if there exists a holomorphic
local coordinate z : Ux → C defined on an open neighborhood Ux ⊂ C of x, such that β(x) = TX(β)dz,
∀β ∈ X, where β(x) denotes the evaluation of β at the point x. The relation above is equivalent to
TX(β) = β(x)( ∂∂z |x), ∀β ∈ X. The set of peak sections in X at a given point x ∈ C can be described as
follows.

Lemma 7.20. Let C,Γ(C,ωC) and X be as above. Let α0 ∈ X satisfy ‖α0‖L2;C = 1 and α0(x) 6= 0 for
some x ∈ C. Then α0 is a peak section in X at x if and only if α0 is L2-orthogonal to the subspace of X
consisting of sections vanishing at x:

X(x) = {α ∈ X : α(x) = 0}.

Moreover, if α0 and α1 are both peak sections in X at x, then there exists a constant θ ∈ [0, 2π) such that
α1 = eiθα0.

Proof. We begin with the “only if” direction. Suppose that α0 is a peak section in X at x. Then there
exists a holomorphic local coordinate z : Ux → C defined on an open neighborhood Ux ⊂ C of x such that
α0 is the peak section corresponding to the functional TX,0 : X → C defined by TX,0(α) = α(x)( ∂∂z |x),
∀α ∈ X. It is clear that kerTX,0 = X(x). By Proposition 7.17, the peak section α0 must be L2-orthogonal
to kerTX,0 = X(x), which proves the “only if” direction.

Now we turn to the “if” direction. Let z : Ux → C be a holomorphic local coordinate on a neighborhood
Ux ⊂ C of x. Since α0(x) 6= 0, we may write α0(x) = a0dz for some a0 ∈ C∗. Define a new local coordinate
w = a0z on Ux, so that dw(x) = a0dz(x). Now consider the C-linear functional TX,1 : X → C defined by
requiring α(x) = TX,1(α)dw, ∀α ∈ X. Then TX,1(α0) = 1, and again kerTX,0 = X(x). By assumption,
X = Cα0 ⊕X(x) is an L2-orthogonal decomposition. Then, by Proposition 7.18, there exists a peak section
α′
0 ∈ Cα0 of TX,1. By definition, we have ‖α′

0‖L2;C = 1 = ‖α0‖L2;C , and TX,1(α0),TX,1(α
′
0) ∈ (0,∞) ⊂ R.

It follows that α0 = α′
0 is the peak section of TX,1. This proves the “if” direction.

Finally, suppose that both α0 and α1 are peak sections in X at x. Then, by a similar argument, α1 ∈ Cα0

and ‖α0‖L2;C = ‖α1‖L2;C = 1. Hence, α1 = eiθα0 for some θ ∈ [0, 2π).
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By the above lemma, if there exists an element α ∈ X that does not vanish at the given point x, then all
peak sections at x ∈ C are equivalent up to a complex rotation eiθ. However, to compare peak sections at
different points, we need to use the Kähler metric µ.

Let {αj}dimC X
j=1 be an L2-orthonormal basis of X. Then there exists a non-negative, R-valued function

bX,µ on C such that
i

2

dimC X∑
j=1

αj ∧ ᾱj = bX,µ · µ.

It is clear that bX,µ is independent of the choice of the L2-orthonormal basis. This function bX,µ is called
the Bergman kernel function associated with (X, µ). A point x ∈ C is called a peak point of (X, µ), if it
satisfies bX,µ(x) = ‖bX,µ‖L∞ .

We now record some basic properties of the Bergman kernel function.

Lemma 7.21. Let C, µ,Γ(C,ωC),X and bX,µ be as above. Then the following properties hold.

(1) Let α ∈ X be a peak section at x ∈ C. Then at x,

i

2
α(x) ∧ ᾱ(x) = bX,µ(x)µ(x).

(2) The L∞-norm ‖bX,µ‖L∞ = sup
C

|bX,µ| satisfies

‖bX,µ‖L∞ ≥ dimC X´
C
µ

.

Proof. Let x ∈ C, and let α ∈ X be a peak section at x. Without loss of generality, we assume α(x) 6= 0.
Choose an L2-orthonormal basis {αj}dimC X

j=1 of X such that α1 = α. Then by Lemma 7.20, we have αj(x) = 0
for all j ≥ 2. Therefore, at x,

i

2
α(x) ∧ ᾱ(x) = i

2

dimC X∑
j=1

αj ∧ ᾱj = bX,µ(x)µ(x),

which proves (1).
To prove (2), note that by the definition of bX,µ, we have

‖bX,µ‖L∞ ·
ˆ
C

µ ≥
ˆ
C

bX,µ · µ =

ˆ
C

i

2

dimC X∑
j=1

αj ∧ ᾱj = dimC X,

which gives (2).

Our attention now shifts to the second setting described in Corollary 7.19.
Let C be a connected compact smooth complex curve equipped with the classical topology, and let µ be

a Kähler metric on C. Denote by A 1
C,K(C) the space of smooth 1-forms on C, endowed with the L2-inner

product
〈α, β〉L2;C =

1

2

ˆ
C

α ∧ ?β, ∀α, β ∈ A 1
C,K(C),

where K = R or C.
Let X ⊂ Z 1

K(C) ⊂ A 1
K(C) be a subspace of closed 1-forms, where K = R or C. Given a singular 1-cycle

σ ∈ Z1(C;K), we define a linear functional TX,σ : X → K by

TX,σ(α) =

N∑
j=1

aj

ˆ
γ′
j

α =

ˆ
C

α ∧ β,
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where σ =
∑N
j=1 ajγ

′
j is a K-linear combination of smooth oriented loops representing the homology class

[σ] ∈ H1(C;K), and [β] ∈ H1
dR(C;K) is its Poincaré dual. The functional TX,σ is well-defined on X, since

both expressions depend only on the cohomology class of α and the homology class of σ.
We say that a form α ∈ X is a peak section along the cycle σ if it is the peak section of the functional

TX,σ. Moreover, if there exists α ∈ X such that
´
C
α ∧ β 6= 0, then the peak section in X along the cycle σ

is unique.
We now consider the explicit form of the peak sections in certain natural subspaces of closed differential

forms.

Lemma 7.22. Let C and µ be as above. Let σ ∈ Z1(C;K) be a cycle, and [β] ∈ H1
dR(C;K) its Poincaré

dual, where K = R or C. Let βH be the harmonic 1-form corresponding to [β]. Assume that [β] 6= 0. Let α
be the peak section in X ⊂ Z 1

C,K(C) along the cycle σ. Then the following properties hold.

(1) Assume that H 1
C,K(C) ⊂ X. Then α = − 1

∥βH ∥L2;C
? βH .

(2) Assume that K = R and X = Γ(C,ωC). Then

α = −
√
2

2‖βH ‖L2;C
? βH +

√
2i

2‖βH ‖L2;C
βH .

Proof. We first prove (1).
By the Cauchy-Schwarz inequality, for any α′ ∈ X, we have

ˆ
C

α′ ∧ β =

ˆ
C

α′ ∧ βH = 2〈α′,− ? βH 〉L2;C

≤ 2‖α′‖L2;C · ‖ ? βH ‖L2;C = 2‖α′‖L2;C · ‖βH ‖L2;C ,

with equality if and only if α′ = −a(?βH ) for some a ∈ (0,∞). Since ?βH ∈ H 1
C,K(C) ⊂ X, it follows that

α = − 1
∥βH ∥L2;C

? βH . Note that ‖α‖L2 = 1. This gives (1).
We now turn to (2).
By the Cauchy-Schwarz inequality again, for any α′′ ∈ X, we have

ˆ
C

α′′ ∧ β =

ˆ
C

Re(α′′) ∧ βH = 2〈Re(α′′),− ? βH 〉L2

≤ 2‖Re(α′′)‖L2;C · ‖ ? βH ‖L2;C = 2‖Re(α′′)‖L2;C · ‖βH ‖L2;C

= ‖α′′‖L2;C · ‖βH ‖L2;C ,

with equality if and only if Re(α′′) = −a(?βH ) for some a ∈ (0,∞). Since ‖α‖L2;C = 1, we have

α = −
√
2

2‖βH ‖L2;C
? βH +

√
2i

2‖βH ‖L2;C
βH .

This completes the proof of (2).

8 Hyperbolic eigenvalues and eigenfunctions
Let C be a curve of genus g ≥ 2 over C, and let ωC denote its canonical bundle. Let µhyp be the unique
Kähler metric on C with constant curvature 4π(1 − g) and volume 1, and let µKE be the unique Kähler
metric on C with constant curvature −1. In particular, µKE = 4π(g − 1)µhyp. Since dimC = 1, we identify
a Kähler metric µ with its associated volume form and measure.
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For any Kähler metric µ, the associated Laplacian is given by

∆µ =
ddc

µ
=

i

π

∂∂̄

µ
=

1

2π
?µ d ?µ d,

where dc = 1
2πi (∂ − ∂̄), and ?µ is the Hodge ?-operator associated with (C, µ).

The spectrum of ∆µ consists of eigenvalues

0 = λµ,0 < λµ,1 ≤ λµ,2 ≤ · · · ,

listed with multiplicities. Correspondingly, there exists an L2-orthonormal basis {φµ,l}∞l=0 of the L2-
completion of A 0

C,R(C), L2(C, µ;R), such that

∆µφµ,l + λµ,lφµ,l = 0.

For (x, y) ∈ C × C and t > 0, we introduce the kernels

Gµ(x, y; t) =

∞∑
l=1

e−tλµ,l

λµ,l
φµ,l(x)φµ,l(y),

Kµ(x, y; t) =

∞∑
l=1

e−tλµ,lφµ,l(x)φµ,l(y).

By construction, for any fixed y0 ∈ C, the functions (x, t) 7→ Gµ(x, y0; t) and (x, t) 7→ Kµ(x, y0; t) satisfy the
heat equation ∂u(x,t)

∂t = ∆µu(x, t). Moreover, we have the weak limits (in the sense of distributions)

lim
t→0+

Gµ(x, y0; t) = Gµ(x, y0) and lim
t→0+

Kµ(x, y0; t) = δy0 − µ(C)−1,

where Gµ(x, y0) is the µ-admissable Green function of the diagonal ∆ ⊂ C×C, and δy0 is the Dirac measure
at y0. Hence Gµ(x, y; t) can be regarded as an extension of the Green function Gµ(x, y) to positive times.
Furthermore,

∂Gµ
∂t

(x, y; t) = ∆µ,xGµ(x, y; t) = ∆µ,yGµ(x, y; t) = −Kµ(x, y; t).

Letting t→ 0+, we obtain in the sense of distributions

∆µ,xGµ(x, y0) = −δy0 + µ(C)−1.

In particular, by the Poincaré–Lelong formula [MM07, Theorem B.2.19], for any holomorphic coordinate z
centered at y0, the Green function Gµ(x, y0) admits the local expansion

Gµ(x, y0) = − log |z(x)|+ o(1).

When µ = µAr, the Green function GµAr
(x, y) coincides with the Green function Ga defined in §2.5.

By the maximum principle for the heat equation, we obtain

Kµ(x, y; t) ≥ −µ(C)−1,

and consequently,
Gµ(x, y; t) ≤ tµ(C)−1 +Gµ(x, y), if x 6= y.

See also [Li12, Theorem 10.1] for further details.
When µ = µAr, µhyp or µKE, we omit the µ in the subscript. For example, we write the corresponding

Laplacians as ∆Ar, ∆hyp and ∆KE.
In this section, we establish estimates for the eigenvalues and eigenfunctions associated with ∆KE and

∆hyp. Our approach is to control the larger eigenvalues and eigenfunctions via the heat kernel, while
estimating the smaller ones individually. In particular, a result of [OR09, Théorème 2] shows that there are
at most 2g − 3 positive eigenvalues ≤ 1

8π . Note that our normalization of the Laplacian differs from the
classical convention by a factor of 2π.
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8.1 An explicit upper bound of hyperbolic heat kernel
Let ρH : H → C be the universal covering map, where H is the Poincaré upper half-plane equipped with
the metric µ̃KE = µEuc

(Im(τ))2 , with µEuc =
idz∧dz̄

2 being the standard Euclidean metric on C. See also Theorem
7.2. Then the deck transformation group π1(C) embeds into Aut(H) ∼= PSL(2,R), and C is isomorphic, as a
Kähler curve, to the quotient H/Γ, where Γ is the image of π1(C). Moreover, ρH corresponds to the natural
projection H → H/Γ.

We now identify C with the quotient H/Γ and compute the heat kernel on C via the Γ-action on H.

Lemma 8.1. Let C, ρH, H and Γ be as above. Then for any z, w ∈ H and t > 0, we have

Khyp(ρH(z), ρH(w); t) = 4π(g − 1)KKE(ρH(z), ρH(w); 4π(g − 1)t)

= −1 + 4π(g − 1)
∑
σ∈Π

KH(z, σw; 2(g − 1)t),

where

KH(z, w; t) =

√
2e−

t
4

(4πt)
3
2

ˆ ∞

distH(z,w)

ςe−
ς2

4t

(cosh ς − cosh(distH(z, w)))
1
2

dς,

and distH denote the hyperbolic distance on H determined by µEuc

(Im(τ))2 .

Proof. The first equality follows directly from µKE = 4π(g − 1)µhyp, while the second one requires a more
detailed argument.

Let KΓ(ρH(z), ρH(w); t) =
∑
σ∈ΓKH(z, σw; t). By [Bus92, Theorem 7.5.11], KΓ is the fundamental

solution of the heat equation ∂u
∂t = (?KEd)

2u = 2π∆KEu. Hence for any y0 ∈ H/Γ, we have the weak limit
lim
t→0+

KΓ(x, y0; t) = δy0 . Define K ′
KE(ρH(z), ρH(w); t) = KΓ(ρH(z), ρH(w); t

2π )−
1

4π(g−1) . One can verify that

for any y0, (x; t) 7→ K ′
KE(x, y0; t) satisfies the heat equation ∂u

∂t = ∆KEu together with the initial condition
lim
t→0+

K ′
KE(x, y0; t) = δy0 − 1

4π(g−1) . By the uniqueness of the heat kernel [Li12, Theorem 10.2], we conclude
that KKE(x, y; t) = K ′

KE(x, y; t), which completes the proof.

Before estimating the hyperbolic heat kernel Khyp(x, x; t), we provide the following estimate for KH.

Lemma 8.2. Set u(a, t) =
´∞
a

ςe−
ς2

4t

(cosh ς−cosh a)
1
2
dς, a > 0, t > 0. Then

u(a, t) <
3
√
2

4
ae−

a2

4t +
5
√
2πt

3
e−

25a2

64t ≤ 3
√
t√

2e
· e− a2

8t +
5
√
2πt

3
e−

25a2

64t

In particular, for a ≥ 2 arcsinh 1 and t ∈ (0, 1
20 ], it holds that

1

t
3
2

ˆ ∞

a

ςe−
ς2

4t

(cosh ς − cosh a)
1
2

dς <
3

100000
.

Proof. The proof follows the argument of [Bus92, Lemma 7.4.6].
Since cosh ς − cosh a =

´ ς
a
sinhϑdϑ >

´ ς
a
ϑdϑ = 1

2 (ς
2 − a2), we obtain

ˆ ∞

5a
4

ςe−
ς2

4t

(cosh ς − cosh a)
1
2

dς <
√
2

ˆ ∞

5a
4

ς

(ς2 − a2)
1
2

· e−
ς2

4t dς <
5
√
2

3

ˆ ∞

0

e−
(ς+5a

4
)2

4t dς

<
5
√
2

3
e−

25a2

64t

ˆ ∞

0

e−
ς2

4t dς =
5
√
2πt

3
e−

25a2

64t .

Similarly, ˆ 5a
4

a

ςe−
ς2

4t

(cosh ς − cosh a)
1
2

dς <
√
2

ˆ 5a
4

a

ςe−
a2

4t

(ς2 − a2)
1
2

dς =
3
√
2

4
ae−

a2

4t .
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It follows that ˆ ∞

a

ςe−
ς2

4t

(cosh ς − cosh a)
1
2

dς <
3
√
2

4
ae−

a2

4t +
5
√
2πt

3
e−

25a2

64t .

The second inequality in the statement of the lemma then follows directly from the elementary estimate
re−

r2

2 ≤ e−
1
2 .

When a ≥ 2 arcsinh 1 and t ≤ 1
20 , one checks that the sum 3

√
2

4t
3
2
ae−

a2

4t + 5
√
2π

3t e−
25a2

64t is increasing in t. In
particular, for a = 2 arcsinh 1 and t = 1

20 , the sum is approximately 0.0000299 · · · < 3
100000 , which proves the

lemma.

In the following, we establish an upper bound for the hyperbolic heat kernel Khyp(x, x; t) on the diagonal.

Lemma 8.3. Let
Khyp(x, y; t) =

∞∑
l=1

e−tλhyp,lφhyp,l(x)φhyp,l(y)

be the hyperbolic heat kernel on C ∼= H/Γ. Let sys(C) denote the systole of (C, µKE).
Then for any x ∈ C and t ∈

(
0, 1

40(g−1)

]
, the following inequality holds:

1 +Khyp(x, x; t) ≤
1

2t
+

6
√
g − 1√

t · sys(C)
+
g − 1

100
·
(
1 +

4 arcsinh 1

sys(C)

)
.

Proof. Combining Lemma 8.1 and Lemma 8.2, it follows that for every point z ∈ H and every t > 0,

1 +Khyp(ρH(z), ρH(z); t) = 4π(g − 1)
∑
σ∈Γ

KH(z, σz; 2(g − 1)t)

=
∑
σ∈Γ

4
√
2π(g − 1)e−

(g−1)t
2

(8π(g − 1)t)
3
2

ˆ ∞

distH(z,σz)

ςe−
ς2

8(g−1)t

(cosh ς − cosh(distH(z, σz)))
1
2

dς.

By selecting a maximal disjoint family of hyperbolic balls of radius arcsinh 1, centered at points in Γz,
we obtain a sequence SΓ = {σj}∞j=0 ⊂ Γ satisfying the following properties:

• σ0 = idH, and the sequence dj = distH(σjz, z) is non-decreasing with respect to j.

• distH(σjz, σkz) ≥ 2 arcsinh 1 for all j 6= k.

• For every σ ∈ Γ, there exists a σj ∈ SΓ such that distH(σjz, σz) < 2 arcsinh 1.

We now estimate Khyp(ρH(z), ρH(z); t).
By definition, we have the following decomposition:

Γz = {z}
⋃

(Γz ∩B0 \ {z})
⋃ ∞⋃

j=1

(Γz ∩ (Bj \B0)) ,

where Bj = B2 arcsinh 1(σjz), and Br(w) = {w′ ∈ H : distH(w,w′) < r}.
Arguing as in Lemma 8.2, we have

4π(g − 1)KH(z, z; 2(g − 1)t) =
4
√
2π(g − 1)e−

(g−1)t
2

(8π(g − 1)t)
3
2

ˆ ∞

0

ςe−
ς2

8(g−1)t

(cosh ς − 1)
1
2

dς

<
4
√
2π(g − 1)e−

(g−1)t
2

(8π(g − 1)t)
3
2

·
√
2 ·

ˆ ∞

0

e−
ς2

8(g−1)t dς

=
e−

(g−1)t
2

2t
<

1

2t
,
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and this gives the estimate for the first part.
For the second part, choose σz ∈ Γ such that

distH(z, σzz) = inf {distH(z, σz), σ ∈ Γ \ {idH}} .

By Lemma 7.8, if σ′ ∈ Bj , then σ−1
j σ′ ∈ 〈σz〉. Moreover, for any k ≥ 0, it follows that

distH(z, σk+1
z z) ≥ distH(z, σkz z) + sys(C).

Hence there exists an integer kz ≥ 0 such that σkz z ∈ B0 if and only if |k| ≤ kz. If Γz ∩B0 \ {z} 6= ∅, then
kz ≥ 1, and

4π(g − 1)
∑

σz∈Γz∩B0\{z}

KH(z, σz; 2(g − 1)t)

<
1

t

∑
σz∈Γz∩B0\{z}

(
3

4
√
eπ

· e−
distH(z,σz)2

16(g−1)t +
5

6
· e−

25·distH(z,σz)2

128(g−1)t

)

<
2

t

kz∑
k=1

´ distH(z,σk
z z)

distH(z,σk−1
z z)

(
3

4
√
eπ

· e−
ϑ2

16(g−1)t + 5
6 · e−

25·ϑ2

128(g−1)t

)
dϑ

distH(z, σkz z)− distH(z, σk−1
z z)

<
2

sys(C) · t

ˆ ∞

0

(
3

4
√
eπ

· e−
ϑ2

16(g−1)t +
5

6
· e−

25·ϑ2

128(g−1)t

)
dϑ

=
(9 + 4

√
2eπ)

√
g − 1

3
√
e · sys(C)

√
t

<
6
√
g − 1√

t · sys(C)
.

Hence we obtain the claimed estimate for the second part.
It remains to consider the last part. By the construction, we have

k⋃
j=0

Barcsinh 1(σjz) ⊂ Bdk+arcsinh 1(z).

It follows that for any k ≥ 1,

2(k + 1)π
(√

2− 1
)

=

k∑
j=0

volH (Barcsinh 1(σjz)) ≤ volH (Bdk+arcsinh 1(z))

= 2π (cosh (dk + arcsinh 1)− 1)

≤ π

((√
2 + 1

)
edk +

(√
2− 1

)3
− 2

)
.

Hence for all k ≥ 1, dk ≥ min {log (2k)− 2 arcsinh 1, 2 arcsinh 1}. Moreover, for any σz ∈ Γz ∩ (Bk \B0),
the distance

distH(z, σz) ≥ min{log(2k)− 4 arcsinh 1, 2 arcsinh 1}.
By Lemma 7.8, #(Γz ∩ (Bj \B0)) ≤ 1 + 4 arcsinh 1

sys(C) . Then Lemma 8.2 implies that for any k ≥ 1, t ∈(
0, 1

40(g−1)

]
, and σz ∈ Γz ∩ (Bk \B0),

1

(2(g − 1)t)
3
2

ˆ ∞

distH(z,σz)

ςe−
ς2

8(g−1)t√
cosh ς − cosh(distH(z, σz))

dς ≤ 3

100000
,

and hence

4π(g − 1)KH(z, σz; 2(g − 1)t) <
(g − 1)e−

(g−1)t
2

√
2π

· 3

100000
<

g − 1

80000
.
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It follows that

4π(g − 1)
∑

σz∈Γz∩(Bk\B0)
1≤k≤400

KH(z, σz; 2(g − 1)t) <
g − 1

200
·
(
1 +

4 arcsinh 1

sys(C)

)
.

Now we consider the case k ≥ 401. By Lemma 8.2 again, for any k ≥ 401, t ∈
(
0, 1

40(g−1)

]
, and

σz ∈ Γz ∩ (Bk \B0),

1√
2(g − 1)t

ˆ ∞

distH(z,σz)

ςe−
ς2

8(g−1)t√
cosh ς − cosh(distH(z, σz))

dς

≤ 3√
2e

· e−
distH(z,σ(z))2

16(g−1)t +
5
√
2π

3
e−

25distH(z,σ(z))2

128(g−1)t

≤

(
3√
2e

+
5
√
2π

3
e−

85
4 (arcsinh 1)2

)
e−

distH(z,σ(z))2

16(g−1)t <
3

2
· e−

distH(z,σ(z))2

16(g−1)t ,

and hence

4π(g − 1)KH(z, σz; 2(g − 1)t) <
1

2t
√
2π

· 3
2
· e−

distH(z,σ(z))2

16(g−1)t
− (g−1)t

2

<
20(g − 1)√

2π
· 3
2
· e−

5·distH(z,σ(z))2

2

< 20(g − 1) · e−
5·(log(2k)−4 arcsinh 1)2

2 .

It follows that

4π(g − 1)
∑

σz∈Γz∩(Bk\B0)
k≥401

KH(z, σz; 2(g − 1)t)

<

∞∑
k=401

(
1 +

4 arcsinh 1

sys(C)

)
· 20(g − 1) · e−

5·(log(2k)−4 arcsinh 1)2

2

<

(
1 +

4 arcsinh 1

sys(C)

)
· 20(g − 1) ·

ˆ ∞

400

e−
5·(log(2ς)−4 arcsinh 1)2

2 dς

=

(
1 +

4 arcsinh 1

sys(C)

)
· 20(g − 1) · e

4 arcsinh 1+ 1
10

√
10

ˆ ∞

√
10
2 (log(800)−4 arcsinh 1− 1

10 )

e−ς
2

dς

<

(
1 +

4 arcsinh 1

sys(C)

)
· 2
√
10(g − 1) · e4 arcsinh 1+ 1

10

ˆ ∞

0

e−
5
2 ·(log(800)−4 arcsinh 1− 1

10 )
2−ς2dς

<
g − 1

200
·
(
1 +

4 arcsinh 1

sys(C)

)
.

Here we used the formula
ˆ ∞

ς0

e−a(log(2ς)−b)
2

dς =
eb+

1
4a

2
√
a

ˆ ∞

√
a(log(2ς0)−b− 1

2a )

e−ς
2

dς, ∀a, b, ς0 > 0.

Now we can conclude that

4π(g − 1)
∑

σz∈Γz∩(Bk\B0)
k≥1

KH(z, σz; 2(g − 1)t) <
g − 1

100
·
(
1 +

4 arcsinh 1

sys(C)

)
.
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Combining the three parts, we conclude that

1 +Khyp(ρH(z), ρH(z); t) ≤ 1

2t
+

6
√
g − 1√

t · sys(C)
+
g − 1

100
·
(
1 +

4 arcsinh 1

sys(C)

)
, ∀z ∈ H.

This completes the proof.

8.2 First eigenvalue and decompositions of hyperbolic surfaces
Let C be a connected compact Riemann surface of genus g ≥ 2, and let µKE = 4π(g − 1)µhyp denote the
Kähler metric on C with constant curvature −1.

Recall that a separating multicurve on C is a finite collection of disjoint simple closed geodesics whose
union separates C into at least two connected components. Let `Σ(C, µ) denote the infimum of the total
length of all geodesics in a separating multicurve. By definition, there exists a separating multicurve {γj}mj=1

such that `Σ(C, µ) =
m∑
j=1

`(γj).

A classical result due to Schoen–Wolpert–Yau [SWY80] states that the quotient λKE,1

ℓΣ(C,µ) admits a positive
lower bound depending only on the genus g; see also Dodziuk–Randol [DR86] for a different proof. Recently,
Wu–Xue [WX22a] proved that the lower bound can be taken to be the reciprocal of a quadratic polynomial
in g. In this subsection, we present an improvement of this estimate, and our method is different from that
of Wu–Xue. More precisely, our approach is based on combining conformal transformations with Cheeger’s
inequality. Similar conformal techniques have been used in related estimates [GLN24].

We start with Cheeger’s inequality for surfaces.

Theorem 8.4 (Cheeger’s inequality for surfaces). Let C be a connected compact Riemann surface equipped
with a Kähler metric µ, and let λRm

µ,1 > 0 be the first eigenvalue of the Riemannian Laplacian ∆Rm
µ = ?µd?µd.

Then we have
λRm
µ,1 ≥ 1

4
· inf
U⊂C

`2µ(∂U)

min {µ(U), µ(C \ U)}2
,

where U ranges over the set of all connected open subsets of C with connected complement C \U and smooth
boundary ∂U , `µ(∂U) is the length of ∂U , and µ(U) is the measure of U .

Proof. See [Bus92, Theorem 8.3.3, Lemma 8.3.6].

The following weighted version of Cheeger’s inequality is well known to experts. For completeness, we
derive it from the classical Cheeger’s inequality.

Corollary 8.5. Let C be a connected compact Riemann surface equipped with a Kähler metric µ, let
u : C → [1,∞) be a continuous function, let µu = u · µ be the weighted measure, and let λµ,1 > 0 denote the
first eigenvalue of the Laplacian ∆µ = ddc

µ . Then we have

λµ,1 ≥ 1

8π
· inf
U⊂C

`2µu
(∂U)

min {µu(U), µu(C \ U)}2
,

where U ranges over the set of all connected open subsets of C with connected complement C \U and smooth
boundary ∂U , `µu(∂U) is the weighted length of ∂U , and µu(U) is the weighted measure of U .

Remark 8.6. Note that ∆µ = 1
2π∆

Rm
µ , and hence λµ,1 = 1

2πλ
Rm
µ,1 .

Proof. First, assume that u is smooth. Then µu is also a Kähler metric, and hence the classical Cheeger’s
inequality implies that

λµu,1 ≥ 1

8π
· inf
U⊂C

`2µu
(∂U)

min {µu(U), µu(C \ U)}2
.
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Now we will prove that λµ,1 ≥ λµu,1. Since u ≥ 0, we have µu ≥ µ. For any smooth function η, set
ηaver = µ(C)−1

´
C
η dµ and ηaver,u = µu(C)

−1
´
C
η dµu. By the Rayleigh principle for eigenvalues [Bus92,

Theorem 8.2.1], we have

λµu,1 = inf
η∈C∞(C;R)\R

−
´
C
η ∧ ddcη´

C
(η − ηaver,u)

2
dµu

≤ inf
η∈C∞(C;R)\R

−
´
C
η ∧ ddcη´

C
(η − ηaver,u)

2
dµ

≤ inf
η∈C∞(C;R)\R

−
´
C
η ∧ ddcη´

C
(η − ηaver)

2
dµ

= λµ,1.

In general, approximate the continuous function u by a sequence of smooth functions uj converging
uniformly to u on C, with uj ≥ 1, ∀j ∈ N. By the argument above, λµ,1 ≥ λµuj

,1 for all j ∈ N. Thus, for
every j ∈ N,

λµ,1 ≥ 1

8π
· inf
U⊂C

`2µuj
(∂U)

min
{
µuj

(U), µuj
(C \ U)

}2 .
Because uj → u uniformly on C, we obtain

lim
j→∞

(
inf
U⊂C

`2µuj
(∂U)

min
{
µuj

(U), µuj
(C \ U)

}2
)

= inf
U⊂C

`2µu
(∂U)

min {µu(U), µu(C \ U)}2
,

which completes the proof.

The following elementary isoperimetric inequalities are well known to experts.

Lemma 8.7. Let C be a connected smooth complex curve of genus g ≥ 2, equipped with the unique Kähler
metric µKE of constant curvature −1, and let U ⊂ C be a connected open subset with smooth boundary ∂U .
Assume that the complement C \ U is also connected. If ∂U has a null-homotopic connected component, or
two connected components that are freely homotopic, then `(∂U) ≥ µKE(U), where `(∂U) = `µKE

(∂U) is the
length of ∂U in (C, µKE). Combining this with Theorem 8.4, we obtain

λKE,1 ≥ min

{
1

8π
,
(`Σ(C, µKE))

2

32π3(g − 1)2

}
.

Proof. See [WX22a, (25)] and [WX22b, Lemma 8, Lemma 9].

Now assume that `Σ(C, µKE) ≤ 1. In this case, we construct a suitable conformal perturbation of µKE

and then apply Corollary 8.5.
Let {γj}mj=1 be the set of all simple closed geodesics on (C, µKE) of length ≤ 1. Set εj = max{`(γj), `Σ(C, µKE)},

where `(γj) is the length of γj in (C, µKE). Now we use the structure of Kähler collars C (γj) to construct
the weight function. By Lemma 7.10, each γj admits a Kähler collar C (γj) with holomorphic coordinate

zj : C (γj) → D
e−ν(γj)(0) \ D

e
ν(γj)−

2π2

ℓ(γj)
(0)

such that
z∗j (µKE) =

`2(γj)µEuc

4π2|zj |2 sin2( ℓ(γj)2π log |zj |)
,

where µEuc = idz∧dz̄
2 is the standard Euclidean metric on C, and ν(γj) ∈ (0, π2

2ℓ(γj)
) is determined by
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ν(γj)`(γj) = 2π arcsin
(
tanh

ℓ(γj)
2

)
. On each collar C (γj), we write

uj(zj) = max

1,
sin2

(
ℓ(γj)
2π log |zj |

)
εj


=


1,

∣∣∣∣log |zj |+ π2

`(γj)

∣∣∣∣ > π2 − 2π arcsin
√
εj

`(γj)
;

sin2
(
ℓ(γj)
2π log |zj |

)
εj

,

∣∣∣∣log |zj |+ π2

`(γj)

∣∣∣∣ ≤ π2 − 2π arcsin
√
εj

`(γj)
,

and

u(x) =


uj(zj(x)), x ∈ C (γj);

1, x ∈ C \
m⋃
j=1

C (γj).

Thus u ≥ 1 on C, and u is Lipschitz continuous with respect to µKE.
Let µKE;u = uµKE be the weighted measure. Then µKE;u gives a Lipschitz Riemannian metric on C.

Now we list some basic properties of the weighted measure µKE;u.
Lemma 8.8. Let C, µKE, {γj}mj=1, uj, u, and µKE;u be as above. Then the following properties hold:
(1) µKE;u ≥ µKE and µKE;u|C\

⋃m
j=1 C (γj) = µKE|C\

⋃m
j=1 C (γj).

(2) µKE;u(C (γj)) < µKE(C (γj)) + π, j = 1, · · · ,m.

(3) The distance distµKE

(
{u 6= 1}, C \

⋃m
j=1 C (γj)

)
≥ log 2.

Proof. (1) is immediate from the definition of u. We now prove (2).
By the construction,

{u 6= 1} ∩ C (γj) =

{∣∣∣∣log |zj |+ π2

`(γj)

∣∣∣∣ ≤ π2 − 2π arcsin
√
εj

`(γj)

}
,

so that

µKE;u(C (γj))− µKE(C (γj)) =

ˆ
C (γj)

(uj − 1)µKE <

ˆ
{u ̸=1}∩C (γj)

ujµKE

=

ˆ{∣∣∣log |zj |+ π2

ℓ(γj)

∣∣∣≤π2−2π arcsin
√

ϵj

ℓ(γj)

} `(γj)
2µEuc

4π2|zj |2εj

=
(π − 2 arcsin

√
εj) · `(γj)

εj
< π.

For (3), it suffices to check the distance distµKE
({u 6= 1} ∩ C (γj), ∂C (γj)) ≥ log 2. By Proposition 7.11,

we have

distµKE ({u 6= 1} ∩ C (γj), ∂C (γj)) ≥ log

(
2π arcsin

√
εj

`(γj)ν(γj)

)
≥ log

(
arcsin

√
`(γj)

arcsin (tanh (`(γj)/2))

)

> log

(
2√
`(γj)

)
≥ log 2.
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This proves (3), and hence the lemma.

Building on the previous analysis, we now consider the isoperimetric inequalities on (C, µKE;u).

Lemma 8.9. Let C, µKE, {γj}mj=1, uj, u, and µKE;u be as in Lemma 8.8. Let U ⊂ C be an open subset of C
with smooth boundary ∂U . Assume that `Σ(C, µKE) ≤ 1, `KE;u(∂U) ≤ 2 log 2, and that U is homeomorphic
to an open disk or a cylinder. Then `KE;u(∂U) ≥ 2

√
ℓΣ(C,µKE)

π µKE;u(U), where `KE;u(∂U) is the length of
∂U in (C, µKE;u).

Proof. We first assume that ∂U ⊈ C (γj) for any γj . Since arcsinh 1 > log 2, Theorem 7.4 shows that
each connected component of ∂U is null-homotopic. By Lemma 8.8, this implies ∂U ⊂ {u = 1}. Hence
U ⊂ {u = 1}. In this case, the inequality follows from Lemma 8.7.

Now assume that ∂U ⊂ C (γj) for some γj . Then either U ⊂ C (γj) or C \ U ⊂ C (γj). Since both C (γj)
and U have first Betti number ≤ 1, whereas C has first Betti number 2g ≥ 4, the latter case is impossible.
Hence U ⊂ C (γj). Set

Ψ(zj) =


− log

(
− sin

(
`(γj)

2π
log |zj |

))
, zj ∈ {uj = 1};

`2(γj) tan θj
8π2θj

·
(
log |zj |+

π2

`(γj)

)2

+ ϑj , zj ∈ {uj 6= 1},

where θj = π
2 − arcsin

√
εj , and ϑj = − log

√
εj − θj tan θj

2 . Since

{uj 6= 1} =

{∣∣∣∣log |zj |+ π2

`(γj)

∣∣∣∣ < 2πθj
`(γj)

}
,

we have

dΨ(zj) =



−`(γj) (z̄jdzj + zjdz̄j)

4π|zj |2 tan
(
ℓ(γj)
2π log |zj |

) , zj ∈ {uj = 1};

`2(γj)
(
log |zj |+ π2

ℓ(γj)

)
tan θj

8π2θj |zj |2
· (z̄jdzj + zjdz̄j) , zj ∈ {uj 6= 1}.

Thus Ψ and dΨ are Lipschitz continuous on C (γj). Moreover,

d ? dΨ(zj) =


µKE, zj ∈ {uj = 1};

`2(γj) tan θj
4π2θj |zj |2

µEuc, zj ∈ {uj 6= 1},

where ? denotes the Hodge ?-operator. Note that on 1-forms its action depends only on the complex
structure.

Since cos θj =
√
εj , for zj ∈ {uj 6= 1}, we obtain

d ? dΨ(zj) =
`2(γj) tan θj
4π2θj |zj |2

µEuc =
εj tan θj

θj
µKE;u

=

√
εj sin θj

θj
µKE;u ≥

2
√
εj

π
µKE;u.

Applying the argument in Lemma 8.7 then yields

`KE;u(∂U) ≥
2
√
εj

π
µKE;u(U) ≥

2
√
`Σ(C, µKE)

π
µKE;u(U),

which is our assertion.
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By combining the arguments above, we obtain the following estimate:

Proposition 8.10. Let C be a connected smooth complex curve of genus g ≥ 2, and let µKE denote the
unique Kähler metric on C with constant curvature −1. Then at least one of the following holds:

(1) `Σ(C, µKE) ≥ 1 and λKE,1 ≥ min
{

1
8π ,

(ℓΣ(C,µKE))2

32π3(g−1)2

}
.

(2) `Σ(C, µKE) ≤ 1 and λKE,1 ≥ min
{
ℓΣ(C,µKE)

2π3 , 1
52π3(g−1)2

}
.

(3) `Σ(C, µKE) ≤ 1 and there exists a minimal separating multicurve {γj}m
′

k=1 splitting C in to two parts C1,
C2, such that

λKE,1 ≥
∑m′

j=1 `(γj)

8π3
· 1

min
{
7(g1 − 1) + 5m′, 7(g2 − 1) + 5m′, 7(g−1)

2

}2 ,

where g1, g2 are the genera of C1 and C2, respectively.

Remark 8.11. As a direct consequence of Proposition 8.10, we obtain λRm
KE,1 ≥ ℓΣ(C,µKE)

49π2(g−1)2 . Note that the
classical estimate for Bers’ constant [Bus92, Theorem 5.1.4] yields the upper bound `Σ(C, µKE) ≤ 78(g − 1)
[WX22a, Lemma 6]. Moreover, an improved bound of the form `Σ(C, µKE) ≤ 38 log g was obtained in [HW25,
Proposition 5].

Proof. If `Σ(C, µKE) ≥ 1, then property (1) follows directly from Lemma 8.7. Now we assume that
`Σ(C, µKE) ≤ 1.

Let {γj}mj=1, uj , u, and µKE;u be as in Lemma 8.8. By Theorem 7.4, we have

µKE;u(C) < µKE(C) +mπ ≤ 7(g − 1)π.

Let U ⊂ C be a connected open subset with smooth boundary ∂U , such that C \ U is also connected.
First, consider the case `µKE;u(∂U) ≥ 2 log 2. In this case,

1

8π
·

`2µKE;u
(∂U)

min {µKE;u(U), µKE;u(C \ U)}2
≥ (2 log 2)2

2π · (7π(g − 1))2

=
(2 log 2)2

98π3(g − 1)2
>

1

52π3(g − 1)2
.

Now suppose that `µKE;u(∂U) ≤ 2 log 2. If ∂U has a null-homotopic connected component, or two
connected components that are freely homotopic, then Lemma 8.9 implies

1

8π
·

`2µKE;u
(∂U)

min {µKE;u(U), µKE;u(C \ U)}2
≥ 1

8π
·
`2µKE;u

(∂U)

µKE;u(U)2

≥ 1

8π
· 4`Σ(C, µKE)

π2
=
`Σ(C, µKE)

2π3
.

Otherwise, every connected component of ∂U is not null-homotopic, and no two connected components
of ∂U are homotopically equivalent.

Let {cj}m
′

j=1 denote the set of connected components of ∂U . Since `µKE;u(∂U) ≤ 2 log 2 < 2 arcsinh 1, it
follows that, after reordering the short closed geodesics {γj}mj=1, for each j = 1, · · · ,m′, we have cj ⊂ C (γj).
Thus {γj}m

′

j=1 separates C into two domains C1 and C2. Let g1, g2 denote the genera of C1 and C2,
respectively. By the Gauss-Bonnet formula, µKE(C1) = 2π(2g1 +m′ − 2), and µKE(C2) = 2π(2g2 +m′ − 2).
Moreover, by Theorem 7.4, we have #{γj : γj ⊂ C1, 1 ≤ j ≤ m} ≤ 3(g1 − 1) +m′, and #{γj : γj ⊂ C2, 1 ≤
j ≤ m} ≤ 3(g2 − 1) +m′.
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A straightforward computation shows that

µKE(C (γj) ∩ C1) = µKE(C (γj) ∩ C2)

=

ˆ w(γj)

0

`(γj) cosh rdr =
`(γj)

sinh
ℓ(γj)
2

< 2,

where w(γj) > 0 satisfies sinh(w(γj)) sinh
(
ℓ(γj)
2

)
= 1. It follows that

min {µKE;u(U), µKE;u(C \ U)}

≤ min

µKE;u

C1

⋃m′⋃
j=1

C (γj)

 ,

µKE;u

C2

⋃m′⋃
j=1

C (γj)

 ,
1

2
µKE;u(C)


≤ min

µKE (C1) +

m′∑
j=1

µKE(C (γj) ∩ C2) + (3(g1 − 1) + 2m′)π,

µKE (C2) +

m′∑
j=1

µKE(C (γj) ∩ C1) + (3(g2 − 1) + 2m′)π,
1

2
µKE;u(C)


≤ min

{
(7(g1 − 1) + 5m′)π, (7(g2 − 1) + 5m′)π,

7(g − 1)π

2

}
.

We now consider `µKE;u
(∂U). By the construction, we have

∑m′

j=1 `(γj) ≥ `Σ(C, µKE). Moreover, if
`(γj) ≤ 1, we have `µKE;u(γj) =

ℓ(γj)

max{
√
ℓΣ(C,µKE),

√
ℓ(γj)}

.
Suppose `(γj) ≤ `Σ(C, µKE) for all j = 1, · · · ,m′. Then

`2µKE;u
(∂U) =

 m′∑
j=1

`µKE;u
(cj)

2

≥

 m′∑
j=1

`µKE;u
(γj)

2

≥

( ∑m′

j=1 `(γj)√
`Σ(C, µKE)

)2

≥

 ∑m′

j=1 `(γj)√∑m′

j=1 `(γj)

2

=

m′∑
j=1

`(γj).

If there exists some j with `(γj) > `Σ(C, µKE), then we have `µKE;u
(γj) ≥

√
`(γj) ≥

√
`Σ(C, µKE).

Without loss of generality, we may assume that `(γj) > `Σ(C, µKE) if and only if m′′ ≤ j ≤ m′ for some
index m′′ with 1 ≤ m′′ ≤ m′ − 1. Hence

`2µKE;u
(∂U) =

 m′∑
j=1

`µKE;u
(cj)

2

≥

 m′∑
j=1

`µKE;u
(γj)

2

≥

∑m′′−1
j=1 `(γj)√
`Σ(C, µKE)

+

m′∑
j=m′′

√
`(γj)

2

>

√
`(γm′)

`Σ(C, µKE)
·
m′′−1∑
j=1

`(γj) +

m′∑
j=m′′

`(γj) ≥
m′∑
j=1

`(γj).
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It follows that for any ε > 0, the estimates in this proposition hold if λKE,1 is replaced by λKE,1 + ε.
Letting ε→ 0, the estimates also hold for λKE,1. Note that there are only finitely many minimal separating
multicurves on C. This completes the proof.

8.3 Eigenfunctions of small eigenvalues
Let C be a connected smooth complex curve of genus g ≥ 2, and let µKE denote the unique Kähler metric
on C with constant curvature −1.

We consider the sup-norm of a R-valued eigenfunction Φ associated with a small eigenvalue λ = ε ∈ (0, 1
10 )

of the Riemannian Laplacian
∆Rm

KE = ?KE d ?KE d = 2π∆KE.

The following lemma provides a local estimate for an eigenfunction on the universal covering, which in
turn yields an estimate for Φ on the thick part.

Lemma 8.12. Let (D, µD) denote the Poincaré disk (see Theorem 7.2), and Φ be a R-valued function on D
satisfying ∆Rm

KEΦ = −εΦ for some ε ∈ (0, 1). Then for any r ∈ (0, arcsinh 1], we have

|Φ(0)|2 ≤ 1

2π(cosh r − 1)
· 1(

1− ε log
(
1+cosh r

2

))2 ˆ
Br(0)

|Φ(z)|2dµD,

where Br(0) = {z ∈ D : distµD(z, 0) < r} =
{
z ∈ D : |z| < tanh r

2

}
.

Proof. Let Φ0(z) =
1
2π

´ 2π

0
Φ(zeiθ)dθ denote the circular average of Φ around the origin. Then Φ0(0) = Φ(0),

dΦ0(0) = 0, ∆Rm
KEΦ0 = −εΦ0, and Φ0(z) depends only on |z|, that is, Φ0 is radial. Write r(z) = distµD(z, 0) =

2arctanh(|z|). Then on the polar coordinates (r, ϑ), Theorem 7.1 yields µD = sinh rdr ∧ dϑ. Set Φ1(r) =
Φ0(tanh

r
2 ). Since Φ0 depends only on r, the Laplacian reduces to the radial operator

∆Rm
KEΦ0 =

∂2Φ1

∂r2
+

cosh r

sinh r
· ∂Φ1

∂r
= −εΦ0.

Without loss of generality, assume that Φ0(0) = Φ(0) > 0. Then we have ∂2Φ1

∂r2 (0) = −εΦ0(0) < 0, so there
exists an open neighborhood U of 0 such that Φ0(z) < Φ0(0), ∀z ∈ U \ {0}. For any r > 0, a straightforward
calculation shows that

∂

∂r

(
sinh r · ∂Φ1

∂r
(r)

)
= −ε sinh r · Φ1(r).

Hence, if Φ1(r) ≥ 0 for r ∈ (0, r0), then ∂Φ1

∂r

∣∣∣∣
r=r0

< 0, and consequently Φ1(r0) < Φ1(0).

By the Cauchy-Schwarz inequality, for any r > 0, we have
ˆ
Br(0)

|Φ(z)|2dµD =

ˆ r

0

sinh r

ˆ 2π

0

|Φ(tanh(r)eiϑ)|2dϑdr

≥
ˆ r

0

sinh r

ˆ 2π

0

|Φ0(tanh r)|2dϑdr =

ˆ
Br(0)

|Φ0(z)|2dµD.

It remains to prove that

|Φ0(0)|2 ≤ 1

2π(cosh r − 1)
· 1(

1− ε log
(
1+cosh r

2

))2 ˆ
Br(0)

|Φ0(z)|2dµD.

Set u(t) = log
(
1+cosh t

2

)
. Then u(0) = u′(0) = 0, and a direct computation shows

u′′(t) +
cosh t

sinh t
· u′(t) = 1

1 + cosh t
+

cosh t

1 + cosh t
= 1.
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Write Φu(z) = (1 − εu(r(z)))Φ0(0) and Φu,1(r) = Φu(tanh
r
2 ). Then we have Φu(0) = Φ0(0), dΦu(0) =

dΦ0(0) = 0, and

∆Rm
KEΦu =

∂2Φu,1
∂r2

+
cosh r

sinh r
· ∂Φu,1

∂r
= −εΦ0(0).

We now show that Φ0(0) ≥ Φ0(z) ≥ Φu(z), ∀z ∈ Br(0). Since ε ∈ (0, 1) and r ∈ (0, arcsinh 1], we obtain
for any z ∈ Br(0),

Φ0(0) ≥ Φu(z) = Φ0(0) · (1− εu(r(z))) > Φ0(0) · (1− log 2) > 0.

For any r > 0, a straightforward calculation gives

∂

∂r

(
sinh r · ∂Φ1

∂r
− sinh r · ∂Φu,1

∂r

)
= ε sinh r ·

(
Φ0(0)− Φ0

(
tanh

r

2

))
.

Thus, if Φ0(0) ≥ Φ0

(
tanh r

2

)
for r ∈ (0, r0), then ∂(Φ0−Φu)

∂r (r0) > 0, which implies Φu
(
tanh r0

2

)
<

Φ0

(
tanh r0

2

)
.

Let rmax be the largest radius in [0,∞) such that Φ0(0) ≥ Φ0(z) ≥ Φu(z), ∀z ∈ Brmax
(0). Since there

exists an open neighborhood U of 0 such that Φ0(z) < Φ0(0), ∀z ∈ U \{0}, one can find r1 ∈ (0, r) such that
Φu
(
tanh r

2

)
< Φ0

(
tanh r

2

)
, ∀r ∈ (0, r1). Hence rmax ≥ r1 > 0. Since Φ0 > 0 on Br(0), if rmax < r, then

∂(Φ1 − Φu,1)

∂r

∣∣∣∣
r=rmax

> 0 >
∂Φ1

∂r

∣∣∣∣
r=rmax

implies that Φ0(0) ≥ Φ0(z) ≥ Φu(z) on an open neighborhood of B̄rmax
(0), contradicting the definition of

rmax. Hence rmax ≥ r, and Φ0(0) ≥ Φ0(z) ≥ Φu(z), ∀z ∈ Br(0).
Finally, combining the estimates above gives

ˆ
Br(0)

|Φ(z)|2dµD ≥
ˆ
Br(0)

|Φ0(z)|2dµD ≥
ˆ
Br(0)

|Φu(z)|2dµD

=

ˆ r

0

2π sinh ς · |Φ0(0)|2 · (1− εu(ς))2dς

≥ 2π|Φ0(0)|2 ·
ˆ r

0

sinh ς ·
(
1− ε log

(
1 + cosh r

2

))2

dς

= 2π (cosh r − 1) ·
(
1− ε log

(
1 + cosh r

2

))2

|Φ(0)|2,

which completes the proof.

Before estimating the sup-norm of local eigenfunctions on collars, we recall the following fundamental
comparison principle for ordinary differential equations.

Lemma 8.13. Let T ∈ (0,∞), let a1(t) ≥ a2(t) ≥ 0 be smooth functions on [0, T ), and let u1(t), u2(t) be
smooth functions on [0, T ) satisfying the following equations:{

u′′j (t) = aj(t)uj(t), ∀t ∈ [0, T ), ∀j ∈ {1, 2};
u1(0) ≥ u2(0) ≥ 0, u′1(0) ≥ u′2(0) ≥ 0.

Then we have u1(t) ≥ u2(t), u′1(t) ≥ u′2(t), ∀t ∈ [0, T ).

Proof. Although this result is well known to experts, we include a proof here for completeness. The argu-
ment essentially follows the standard proof of existence and uniqueness for solutions of ordinary differential
equations.
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For j ∈ {1, 2}, set uj,0,1(t) = uj(0), and uj,0,2(t) = u′j(0). We then define two sequences of functions
{uj,k,1}∞k=1 and {uj,k,2}∞k=1 inductively by:

uj,k,1(t) = uj(0) +

ˆ t

0

uj,k−1,2(κ)dκ ,

uj,k,2(t) = u′j(0) +

ˆ t

0

aj(κ)uj,k−1,1(κ)dκ .

By induction on k, one checks that u1,k,1 ≥ u2,k,1 and u1,k,2 ≥ u2,k,2, ∀k ∈ N. Since uj(t) = lim
k→∞

uj,k,1(t),
j ∈ {1, 2}, we obtain u1(t) ≥ u2(t), ∀t ∈ [0, T ). A similar argument yields u′1(t) ≥ u′2(t) on [0, T ), completing
the proof.

As an application of Lemma 8.13, we have the following estimates.
Lemma 8.14. Let ` ∈ (0,∞) and ε ∈ (0, 14 ) be constants. For any k ∈ Z, j ∈ {1, 2}, let uk,j(t) denote the
unique solution to the initial value problem:

u′′k,j(t) =

(
1

4
− ε+

1

4 cosh2 t
+

4k2π2

`2 cosh2 t

)
· uk,j(t)

with initial conditions {
uk,1(0) = 1, u′k,1(0) = 0;

uk,2(0) = 0, u′k,2(0) = 1.

Then the following properties hold:
(1) The functions uk,1(t) are even functions, and uk,2(t) are odd functions.

(2) For any T ∈ (0,∞), the function uk,j(t)

cosh( 2kπt
ℓ coshT )

is increasing on [0, T ].

(3) cosh
(√

1−4ϵ
2 t

)
≤ u0,1(t) ≤

√
cosh t, ∀t ∈ [0,∞).

(4) 2√
1−4ϵ

sinh
(√

1−4ϵ
2 t

)
≤ u0,2(t) ≤ 2

(
arctan et − π

4

)√
cosh t, ∀t ∈ [0,∞).

Proof. The property (1) follows immediately from the symmetry of the differential equation together with
the given initial conditions and uniqueness of solutions.

The next step is to prove (2). By definition, we have

1

4
− ε+

1

4 cosh2 t
+

4k2π2

`2 cosh2 t
>

(
2kπ

` coshT

)2

, ∀t ∈ [0, T ].

Then Lemma 8.13 implies that uk,j(t) > 0 and u′k,j(t) > 0, ∀t ∈ (0, T ]. A straightforward calculation shows
that for any t ∈ (0, T ],

d

dt

(
u′k,j(t) cosh

(
2kπt

` coshT

)
− 2kπ

` coshT
sinh

(
2kπt

` coshT

)
uk,j(t)

)
= cosh

(
2kπt

` coshT

)(
u′′k,j(t)−

(
2kπ

` coshT

)2

uk,j(t)

)
> 0,

and hence

d

dt

(
uk,j(t)

cosh( 2kπt
ℓ coshT )

)
=

u′k,j(t) cosh(
2kπt

ℓ coshT )−
2kπ

ℓ coshT sinh( 2kπt
ℓ coshT )uk,j(t)

cosh2( 2kπt
ℓ coshT )

> u′k,j(0) ≥ 0.

This proves (2).
The properties (3) and (4) follow directly from Lemma 8.13.
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Now we are ready to consider the sup-norm of local eigenfunctions on collars.

Lemma 8.15. Let γ ⊂ (C, µKE) be a short simple closed geodesic such that the length `(γ) = ` ∈ (0, arcsinh 1
4 ],

and let
(C (γ), ds2) ∼=

(
[−w,w]× (R/Z), dr2 + `2 cosh2 rdt2

)
be the collar of γ, where w = arcsinh{1/ sinh( ℓ2 )}. Let Φ be a R-valued function on C (γ) satisfying ∆Rm

KEΦ =
−εΦ for some ε ∈ (0, 1

10 ). Then for any r ∈ (0, w − log 2), t ∈ R/Z, we have

|Φ(r, t)|2 ≤ (2`−4ϵ + 1)

ˆ
C (γ)

|Φ|2dµKE,

Proof. Without loss of generality, we can assume that
´

C (γ)
|Φ|2µKE = 1.

For any k ∈ Z and j ∈ {1, 2}, set

Φk,1(r) =

ˆ 1

0

Φ(r, t) cos(2kπt)dt and Φk,2(r) =

ˆ 1

0

Φ(r, t) sin(2kπt)dt.

Then by the Fourier expansion of Φ, we obtain

Φ(r, t) = Φ0(r) + 2

∞∑
k=1

Φk,1(r) cos(2kπt) + 2

∞∑
k=1

Φk,2(r) sin(2kπt).

Since Φ is smooth on C, it follows that the Fourier expansion converges in the C∞ sense. By definition,

∆Rm
KEΦ =

∂2Φ

∂r2
+ tanh r · ∂Φ

∂r
+

1

`2 cosh2 r
· ∂

2Φ

∂t2
.

Hence for any k ∈ Z and j ∈ {1, 2}, the function Φk,j(r) satisfies the ordinary differential equation:

Φ′′
k,j(r) + tanh r · Φ′

k,j(r) =

(
4π2k2

`2 cosh2 r
− ε

)
· Φk,j(r).

A straightforward calculation shows that the functions Φk(r) ·
√
cosh r satisfy

d2

dr2

(
Φk,j(r)

√
cosh r

)
Φk,j(r)

√
cosh r

=

(
1

4
− ε+

1

4 cosh2 r
+

4π2k2

`2 cosh2 r

)
.

For each k ∈ Z and m ∈ {1, 2}, let uk,m denote the unique solution of the initial value problem:

u′′k,m(t) =

(
1

4
− ε+

1

4 cosh2 t
+

4k2π2

`2 cosh2 t

)
· uk,m(t)

with initial conditions {
uk,1(0) = 1, u′k,1(0) = 0;

uk,2(0) = 0, u′k,2(0) = 1.

Then for any k ∈ Z and j,m ∈ {1, 2}, there exists a constant ak,j,m such that

Φk,j(r)
√
cosh r = ak,j,1uk,1(r) + ak,j,2uk,2(r).

Hence we obtain the following L2-orthogonal decomposition:

Φ(r, t)
√
cosh r =

2∑
m=1

a0,1,mu0,m(r) + 2

∞∑
k=1

2∑
m=1

ak,1,muk,m(r) cos(2kπt)

+2

∞∑
k=1

2∑
m=1

ak,2,muk,m(r) sin(2kπt).
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Since
´
C
|Φ|2µKE = 1, we have

1 =

ˆ w

−w

(ˆ 1

0

|Φ(r, t)|2 ` cosh rdt
)
dr

= `

2∑
m=1

|a0,1,m|2
ˆ w

−w
|u0,m(r)|2dr + 2`

∞∑
k=1

2∑
m=1

|ak,1,m|2
ˆ w

−w
|uk,m(r)|2dr

+2`

∞∑
k=1

2∑
m=1

|ak,2,m|2
ˆ w

−w
|uk,m(r)|2dr.

By the Cauchy-Schwarz inequality, it follows that

|Φ(r, t)|2 cosh(r) =

∣∣∣∣∣
2∑

m=1

a0,1,mu0,m(r) + 2

∞∑
k=1

2∑
m=1

ak,1,muk,m(r) cos(2kπt)

+2

∞∑
k=1

2∑
m=1

ak,2,muk,m(r) sin(2kπt)

∣∣∣∣∣
2

≤
2∑

m=1

|u0,m(r)|2

`
´ w
−w |u0,m(ς)|2dς

+

∞∑
k=1

2∑
m=1

2|uk,m(r)|2 cos2(2kπt)
`
´ w
−w |uk,m(ς)|2dς

+

∞∑
k=1

2∑
m=1

2|uk,m(r)|2 sin2(2kπt)
`
´ w
−w |uk,m(ς)|2dς

=

2∑
m=1

|u0,m(r)|2

`
´ w
−w |u0,m(ς)|2dς

+

∞∑
k=1

2∑
m=1

2|uk,m(r)|2

`
´ w
−w |uk,m(ς)|2dς

.

Now we estimate the terms in the above inequality using Lemma 8.14.
By Lemma 8.14, we have cosh

(√
1−4ϵ
2 r

)
≤ u0,1(r) ≤

√
cosh r, and hence

|u0,1(r)|2

` cosh r
´ w
−w |u0,1(ς)|2dς

≤ 1

`
´ w
−w cosh2

(√
1−4ϵ
2 ς

)
dς

=
2

`
´ w
−w
(
cosh

(√
1− 4ε · ς

)
+ 1
)
dς

≤
√
1− 4ε

`
(
sinh

(√
1− 4ε · w

)
+
√
1− 4ε · w

) .
Since

√
1− 4ε · w ≥

√
3

5
· arcsinh

{
1

sinh( arcsinh 1
8 )

}
≈ 2.246232 · · · > 2,

we conclude that 2
√
1− 4ε · w > e−

√
1−4ϵ·w, and

2
√
1− 4ε · we−

√
1−4ϵ·w + e−2

√
1−4ϵ·w ≤ 0.486 · · · < 1

2
.

Hence

|u0,1(r)|2

` cosh r
´ w
−w |u0,1(ς)|2dς

≤
√
1− 4ε

`
(
sinh

(√
1− 4ε · w

)
+
√
1− 4ε · w

)
< 2`−1e−

√
1−4ϵ·w.
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Similarly, by Lemma 8.14, for any r ∈ (0, w], we have

2√
1− 4ε

sinh

(√
1− 4ε

2
r

)
≤ u0,2(r) ≤ 2

(
arctan er − π

4

)√
cosh(r).

Hence

|u0,2(r)|2

` cosh(r)
´ w
−w |u0,2(t)|2dt

≤
(
arctan e|r| − π

4

)2
`
´ w
−w

1
1−4ϵ sinh

2
(√

1−4ϵ
2 ς

)
dς

<
π2(1− 4ε)

16`
´ w
−w sinh2

(√
1−4ϵ
2 ς

)
dς

=
π2(1− 4ε)

3
2

16`
(
sinh

(√
1− 4ε · w

)
−

√
1− 4ε · w

)
≤ π2

4`
· e−

√
1−4ϵ·w.

It follows that
2∑

m=1

|u0,m(r)|2

`
´ w
−w |u0,m(ς)|2dς

≤
(
2 +

π2

4

)
· `−1e−

√
1−4ϵ·w

=

(
2 +

π2

4

)
· `−1 ·

(
tanh

(
`

4

))√
1−4ϵ

<

(
2 +

π2

4

)
· 2−2

√
3
5 · `−1+

√
1−4ϵ

< 2`−4ϵ.

If k ≥ 1, Lemma 8.14 implies that uk,j(r)

cosh( 2kπr
ℓ coshw )

is increasing on [0, w]. It follows that

ˆ w

−w
|uk,m(ς)|2dς ≥ 2

ˆ w

w−log 2

|uk,m(ς)|2dς

> 2

ˆ w

w−log 2

|uk,m(w − log 2)|2 cosh2(3kς)
cosh2(3k(w − log 2))

dς

≥ 2|uk,m(w − log 2)|2
ˆ w

w−log 2

e6k(ς−w+log 2)

(1 + e−6(w−log 2))2
dς

≥ 2|uk,m(w − log 2)|2

(1 + e−6)2
· 1

6k
·
(
26k − 1

)
≥ (1− 2−6)3

3k
· 26k · |uk,m(w − log 2)|2.
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Hence for any r ∈ [−w + log 2, w − log 2],

∞∑
k=1

2∑
m=1

2|uk,m(r)|2

` cosh r
´ w
−w |uk,m(ς)|2dς

≤
∞∑
k=1

2∑
m=1

2|uk,m(w − log 2)|2

` cosh(w − log 2)
· 1´ w

−w |uk,m(ς)|2dς

≤
∞∑
k=1

2∑
m=1

2

2−1` coshw
· 3k · 2−6k

(1− 2−6)3

=

∞∑
k=1

2∑
m=1

2 tanh ℓ
2

`
· 6k · 2−6k

(1− 2−6)3

≤
∞∑
k=1

24k · 2−6k =
3

8
· 1

(1− 1
64 )

2
<

1

2
.

Combining the estimates above, we conclude that

|Φ(r, t)|2 ≤
2∑

m=1

|u0,m(r)|2(cosh r)−1

`
´ w
−w |u0,m(ς)|2dς

+

∞∑
k=1

2∑
m=1

2|uk,m(r)|2(cosh r)−1

`
´ w
−w |uk,m(ς)|2dς

< 2`−4ϵ + 1.

This completes the proof.

Combining the estimates on the thick part and the collars, we obtain the following global estimate.

Proposition 8.16. Let γ ⊂ (C, µKE) be a shortest simple closed geodesic, and let Φ be a R-valued function
on C (γ) satisfying ∆KEΦ = −εΦ for some ε ∈ (0, 1

20π ). Then we have

sup
C

|Φ|2 ≤ max

{
2`−8πϵ + 1,

16

5

}
·
ˆ
C

|Φ|2dµKE,

where ` = `(γ) denotes the length of γ.

Proof. Let γ0, γ1, · · · , γm be the simple closed geodesics of length `(γj) ≤ arcsinh 1
4 , and let

(C (γj), ds
2) ∼=

(
[−wj , wj ]× (R/Z), dr2j + `(γj)

2 cosh2 rjdt
2
j

)
be the collar of γj , where wj = arcsinh{1/ sinh(`(γj)/2)}.

Set U =
m⋃
j=1

{x ∈ C(γj) : |rj(x)| ≤ w − log 2}. By Lemma 8.15, we have

sup
U

|Φ|2 ≤ (2`−8πϵ + 1)

ˆ
C

|Φ|2dµKE.

Note that ∆Rm
KE = 2π∆KE.

Now consider the sup-norm of Φ on C \ U . For any x ∈ C \ U , take the covering map ρD : D → C from
the Poincaré disk such that ρD(0) = x. By Lemma 7.8, we have

#
(
Barcsinh 1(0) ∩ ρ−1

D (x′)
)
≤ max

{
2 arcsinh 1
1
4 arcsinh 1

, 2

}
= 8, ∀x′ ∈ C,
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where Br(y) is the metric ball in (D, µD) of radius r and center at y. Lemma 8.12 then yields

sup
C\U

|Φ|2 ≤ 8 · 1

2π(
√
2− 1)

· 1(
1− 1

10 log
(

1+
√
2

2

))2 ·
ˆ
C

|Φ|2dµKE

=
4

π(
√
2− 1)

· 1(
1− 1

10 log
(

1+
√
2

2

))2 ·
ˆ
C

|Φ|2dµKE

≤ 16

5

ˆ
C

|Φ|2dµKE.

Hence
sup
C

|Φ|2 ≤ max

{
2`−8πϵ + 1,

16

5

}ˆ
C

|Φ|2µKE,

which proves this proposition.

9 Lower bounds of Zhang’s φ-invariant
In this section, we derive an explicit estimate for Zhang’s ϕ-invariant for curves over C. Let C be a curve of
genus g ≥ 2 over C, and let ωC denote its canonical bundle. Let µKE be the unique Kähler metric on C with
constant curvature −1. Let {αj}gj=1 be an L2-orthonormal basis of Γ(C,ωC). The Arakelov Kähler metric
is defined by

µAr =
i

2g

g∑
k=1

αk ∧ ᾱk,

and is independent of the choice of basis. The ϕ-invariant is defined as

ϕ(C) = −
ˆ
C2

GAr c1(∆, GAr)
∧2,

where GAr : C
2 \∆ −→ R denotes the Arakelov Green function and ∆ ⊂ C2 is the diagonal.

9.1 Equivalent formulations of the invariant
Before starting to estimate Zhang’s ϕ-invariant, we first reformulate it into a form more suitable for analysis.

We begin by recalling the spectral decomposition of the Laplacian ∆Ar associated with the Arakelov
Kähler metric µAr. The eigenvalues of ∆Ar, counted with multiplicities, form an increasing sequence

0 = λAr,0 < λAr,1 ≤ λAr,2 ≤ · · · .

Corresponding to these eigenvalues, there exists an L2-orthonormal basis {φAr,l}∞l=0 of L2(C, µAr;R), the
L2-completion of A 0

C,R(C), such that

∆ArφAr,l + λAr,lφAr,l = 0.

The following formula is due to Zhang [Zha10].

Proposition 9.1 ([Zha10, Proposition 2.5.3]). With notation as above, the ϕ-invariant is given by

ϕ(C) =

∞∑
l=1

g∑
j=1

g∑
k=1

1

2λAr,l

∣∣∣∣ˆ
C

φAr,l · αj ∧ ᾱk
∣∣∣∣2
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Proof. This follows from the L2-expansion of GAr together with the identity

c1(∆, GAr) = ddcGAr + δ∆ = p∗1µAr + p∗2µAr −
i

2

g∑
j=1

(p∗1αj ∧ p∗2ᾱj + p∗2αj ∧ p∗1ᾱj),

where pk denotes the projection C × C → C onto the k-th component. Note that i
2

´
C
αj ∧ ᾱk = δjk. For

more details, see [Zha10, Proposition 2.5.3].

We now reformulate the above expression in preparation for estimating the ϕ-invariant.
By the classical theory of elliptic differential equations, for each pair of indices j, k, there exists a unique

function uj,k ∈ A 0
C,C(C) satisfying

´
C
uj,kµAr = 0 and

ddcuj,k = iαj ∧ ᾱk −
(ˆ

C

iαj ∧ ᾱk
)
µAr.

Moreover, when j = k, uj,k is R-valued, i.e., uj,j ∈ A 0
C,R(C). This also follows from the ∂∂̄-lemma [Tia00,

Lemma 2.1].
These functions uj,k provide an alternative expression for the ϕ-invariant.

Proposition 9.2. Let C, µAr and uj,k be as above. Then the ϕ-invariant of C satisfies

ϕ(C) =
1

2

g∑
j,k=1

ˆ
C

duj,k ∧ dcūj,k =
1

2π

g∑
j,k=1

‖duj,k‖2L2;C ,

where dc = 1
2πi (∂ − ∂̄), and ‖·‖L2;C is the L2-norm defined on the space A 1

C,C(C) of smooth 1-forms on C
with coefficients in C.
Proof. Let {λAr,l}∞j=0, {φAr,l}∞j=0 be the eigenvalues and eigenfunctions of ∆Ar with respect to µAr. Then
for any j, k, we can expand

uj,k =

∞∑
l=0

aj,k,lφAr,l,

where aj,k,l =
´
C
uj,kφAr,lµAr ∈ C. Since

´
C
uj,k µAr = 0, we have aj,k,0 = 0. By definition of uj,k, for each

l ≥ 1 we obtain ˆ
C

φAr,lαj ∧ ᾱk =

ˆ
C

φAr,ldd
cuj,k =

ˆ
C

uj,kdd
cφAr,l = −λAr,laj,k,l.

Since
´
C
φAr,lµAr = 0 for all l ≥ 1, we obtain

ϕ(C) =

∞∑
l=1

g∑
j=1

g∑
k=1

1

2λAr,l

∣∣∣∣ˆ
C

φAr,lαj ∧ ᾱk
∣∣∣∣2 =

∞∑
l=1

g∑
j=1

g∑
k=1

λAr,l

2
|aj,k,l|2 .

On the other hand,
∞∑
l=1

λAr,l |aj,k,l|2 = −
ˆ
C

uj,kdd
cūj,k =

ˆ
C

duj,k ∧ dcūj,k.

Hence

ϕ(C) =
1

2

g∑
j,k=1

ˆ
C

duj,k ∧ dcūj,k =
1

2π

g∑
j,k=1

‖duj,k‖2L2;C ,

where the last equality follows from ‖duj,k‖2L2;C = 1
2

´
C
duj,k ∧ ?duj,k and

dcūj,k =
1

2πi
(∂ūj,k − ∂̄ūj,k) =

1

2π
? (∂uj,k + ∂̄uj,k) =

1

2π
? duj,k.

This completes the proof.
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9.2 On the thick part
In this subsection, we derive an explicit estimate for Zhang’s ϕ-invariant for curves over C on the thick
part of the moduli space. By the above preparation, we proceed to estimate the ϕ-invariant by considering
the pull-backs of holomorphic 1-forms on C to the unit disk D. For this purpose, we require the following
auxiliary estimate on small disks.

Lemma 9.3. Let f be a holomorphic function on D√
2−1(0) with |f(0)| = 1, and let a ∈ [0, 2

√
2 − 2] be a

non-negative constant. Suppose u is a smooth R-valued function on D√
2−1(0) satisfying

ddcu ≥
(
|f(z)|2 − a

(1− |z|2)2

)
µEuc,

where dc = 1
2πi (∂ − ∂̄), and µEuc =

idz∧dz̄
2 is the standard Euclidean metric. Then

ˆ
D√

2−1(0)

du ∧ ?du ≥ 2π3

ˆ √
2−1

0

t3
(
1− a

1− t2

)2

dt = 2π3I1 − 4π3aI2 + 2π3a2I3,

where

I1 =

ˆ √
2−1

0

t3dt =
(
√
2− 1)4

4
≈ 0.0073593 · · · ,

I2 =

ˆ √
2−1

0

t3

1− t2
dt =

1

2

(
2
√
2− 3 + log

(√
2 + 1

2

))
≈ 0.0083267 · · · ,

I3 =

ˆ √
2−1

0

t3

(1− t2)2
dt =

1

4

(
√
2− 1− 2 log

(√
2 + 1

2

))
≈ 0.0094402 · · · .

Proof. Let u0(z) = 1
2π

´ 2π

0
u(zeiθ1)dθ1 denote the circular average of u around the origin. Then u0 is a

smooth, R-valued, radially symmetric function on D√
2−1(0). Since µEuc is invariant under the rotations

z 7→ zeiθ1 , ∀θ1 ∈ R, we obtain

ddcu0 ≥
(

1

2π

ˆ 2π

0

|f(zeiθ1)|2dθ1 −
a

(1− |z|2)2

)
µEuc.

By the Cauchy-Schwarz inequality and the holomorphicity of f ,

1

2π

ˆ 2π

0

|f(zeiθ1)|2dθ1 ≥
(

1

2π

ˆ 2π

0

f(zeiθ1)dθ1

)2

= f(0) = 1.

Hence
ddcu0 ≥

(
1− a

(1− |z|2)2

)
µEuc.
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Now switch to polar coordinates z = ςeiθ with ς = |z|. Then ?dς = ςdθ, and ?dθ = − 1
ς dς. Therefore,

ˆ
D√

2−1(0)

du ∧ ?du =

ˆ
D√

2−1(0)

(
ς

∣∣∣∣∂u∂ς
∣∣∣∣2 + 1

ς

∣∣∣∣∂u∂θ
∣∣∣∣2
)
dς ∧ dθ

≥
ˆ √

2−1

0

(
ς

ˆ 2π

0

∣∣∣∣∂u∂ς (ςeiθ)
∣∣∣∣2 dθ

)
dς

≥
ˆ √

2−1

0

(
ς

2π

∣∣∣∣ˆ 2π

0

∂u

∂ς
(ςeiθ)dθ

∣∣∣∣2
)
dς

=

ˆ
D√

2−1(0)

(
ς

∣∣∣∣ 12π
ˆ 2π

0

∂u

∂ς
(ςeiθ+iθ1)dθ1

∣∣∣∣2
)
dς ∧ dθ

=

ˆ
D√

2−1(0)

ς

∣∣∣∣∂u0

∂ς

∣∣∣∣2 dς ∧ dθ = ˆ
D√

2−1(0)

du0 ∧ ?du0.

Since u0 is radial, we have lim
ς→0+

∂u0

∂ς (ς) = 0. A direct computation gives

ddcu0(ςe
iθ) =

1

2πς

∂

∂ς

(
ς
∂u0

∂ς

)
(ςeiθ)µEuc, ∀ς ∈ (0,

√
2− 1), θ ∈ [0, 2π).

Hence
∂

∂ς

(
ς
∂u0

∂ς

)
(ςeiθ) ≥ 2π

(
ς − aς

(1− ς2)2

)
, ∀ς ∈ (0,

√
2− 1), θ ∈ [0, 2π).

Integrating in ς yields

ς
∂u0

∂ς
(ςeiθ) ≥ 2π

ˆ ς

0

t− at

(1− t2)2
dt = πς2

(
1− a

1− ς2

)
≥ πς2

(
1− a

2(
√
2− 1)

)
≥ 0,

and thus ∣∣∣∣∂u0

∂ς
(ςeiθ)

∣∣∣∣ ≥ πς

∣∣∣∣1− a

1− ς2

∣∣∣∣ .
Substituting back into the integral, we find

ˆ
D√

2−1(0)

du0 ∧ ?du0 =

ˆ
D√

2−1(0)

ς

∣∣∣∣∂u0

∂ς

∣∣∣∣2 dς ∧ dθ ≥ 2π3

ˆ √
2−1

0

ς3
(
1− a

1− ς2

)2

dς.

This proves the lemma.

We now proceed to establish estimates for the ϕ-invariant. In the following lemma, two cases are consid-
ered according to whether the L∞ norm of the Bergman kernel is large or small.

Lemma 9.4. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric µKE

of constant curvature −1 and total volume 4π(g − 1). Denote by sys(C) the systole of (C, µKE), and by b0

the Bergman kernel function associated with (Γ(C,ωC), µKE). Then the following estimates hold:

(1) For any g ≥ 2, (
1 +

2 arcsinh 1

sys(C)

)
ϕ(C) ≥ 32π2g‖b0‖2L∞

g − 1

(
I1 −

2

g
I2 +

1

g2
I3

)
,

where I1, I2 and I3 are the constants defined in Lemma 9.3.
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(2) For any g ≥ 3 and k ∈ {1, · · · , g − 1}, if ‖b0‖L∞ ≤ (
√
2−1)g(g−k)
2π(g−1) , then(

1 +
2 arcsinh 1

sys(C)

)
ϕ(C) ≥ k(k + 1)(2k + 1)

3(g − 1)2
I1.

Proof. Let X0 = Γ(C,ωC) ∼= Cg. We construct, by induction on j, a sequence of data (xj , αj ,Xj) for
j = 1, . . . , g, satisfying:

• xj is a peak point of (Xj−1, µKE).

• αj ∈ Xj−1 is a peak section in Xj−1 at xj .

• Xj is the L2-orthogonal complement of Cαj in Xj−1.

For each j, let uj ∈ A 0
C,R(C) be the unique solution to

ddcuj = iαj ∧ ᾱj − 2µAr,

ˆ
C

ujµAr = 0.

Next, we lift the data to the unit disk D to obtain explicit estimates. Let ρD,j : D → C be a universal
covering mapping with ρD,j(0) = xj . Set α̃j = ρ∗D,jαj and ũj = uj ◦ ρD,j . Then there are holomorphic
functions fj on D such that the pullback α̃j = ρ∗D,jαj = fjdz. Let bj denote the Bergman kernel function
associated with (Xj , µKE). By Lemma 7.21, we have

ddcũj = 2|fj |2µEuc −
2

g
(b0 ◦ ρD,j)ρ∗D,jµKE ≥

(
2|fj |2 −

8‖b0‖L∞

g(1− |z|2)2

)
µEuc,

and |fj(0)|2 = 4bj−1(xj) = 4‖bj−1‖L∞ . To estimate the L2-norm of duj , Lemma 7.8 gives
ˆ
C

duj ∧ ?duj ≥
ˆ
ρD,j(D√

2−1(0))

duj ∧ ?duj

≥ sys(C)

2 arcsinh 1 + sys(C)

ˆ
D√

2−1(0)

dũj ∧ ?dũj .

We are now ready to establish the claimed estimates.
We begin by proving (1). For j = 1, we have

ddcũ1 ≥ 8‖b0‖L∞

(
|f1|2

4‖b0‖L∞
− 1

g(1− |z|2)2

)
µEuc,

|f1(0)|2

4‖b0‖L∞
= 1.

Then Lemma 9.3 yields
ˆ
D√

2−1(0)

dũ1 ∧ ?dũ1 ≥ 128π2‖b0‖2L∞

ˆ √
2−1

0

t3
(
1− 1

g(1− t2)

)2

dt.

Since ddc(
∑g
j=1 uj) = 0, we have

∑g
j=1 uj = 0, and by Proposition 9.2:

ϕ(C) ≥ 1

4π

ˆ
C

du1 ∧ ?du1 +
1

4π(g − 1)

ˆ
C

d

 g∑
j=2

uj

 ∧ ?d

 g∑
j=2

uj


=

g

4π(g − 1)

ˆ
C

du1 ∧ ?du1

≥ 32π2g‖b0‖2L∞ · sys(C)
(g − 1)(2 arcsinh 1 + sys(C))

(
I1 −

2

g
I2 +

1

g2
I3

)
,
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where I1, I2 and I3 are the constants defined in Lemma 9.3. This proves (1).
Now we consider the estimate (2).
Since ‖bj−1‖L∞ ≥ dimXj−1

µKE(C) = g−j+1
4π(g−1) , we have

ddcũj ≥ 8‖bj−1‖L∞

(
|fj |2

4‖bj−1‖L∞
− ‖b0‖L∞

g‖bj−1‖L∞(1− |z|2)2

)
µEuc

≥ 2(g − j + 1)

π(g − 1)

(
|fj |2

4‖bj−1‖L∞
− 2(

√
2− 1)(g − k)

(g − j + 1)(1− |z|2)2

)
µEuc

and |fj(0)|2
4∥bj−1∥L∞ = 1. The same argument as in (1) gives

ϕ(C) ≥ sys(C)

4π(2 arcsinh 1 + sys(C))

k+1∑
j=1

ˆ
D√

2−1(0)

dũj ∧ ?dũj

≥ 32π2 · sys(C)
2 arcsinh 1 + sys(C)

k∑
j=0

ˆ √
2−1

0

t3
(

g − j

4π(g − 1)
− g − k

4π(g − 1)

)2

dt

=
k(k + 1)(2k + 1)sys(C)

3(g − 1)2(2 arcsinh 1 + sys(C))
I1,

where I1 is the constant defined in Lemma 9.3. This is our assertion.

For any g ≥ 3 and k ∈ {1, · · · , g − 1}, let I4(g, k) denote

I4(g, k) = min

{
k(k + 1)(2k + 1)

3(g − 1)2
I1,

8(
√
2− 1)2(g − k)2g3

(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)}
,

where I1, I2 and I3 are the constants defined in Lemma 9.3. As a corollary of Lemma 9.4, we obtain the
following estimate.

Corollary 9.5. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Let sys(C) denote the systole of (C, µKE). Then, for any k ∈ {1, · · · , g − 1},
we have (

1 +
2 arcsinh 1

sys(C)

)
ϕ(C) ≥ max

{
I4(g, k),

2 · g3

(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)}
.

Proof. Since ‖b0‖L∞ ≥ dimX0

µKE(C) =
g

4π(g−1) , we can apply Lemma 9.3 to deduce that(
1 +

2 arcsinh 1

sys(C)

)
ϕ(C) ≥ 2 · g3

(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)
.

Moreover, if ‖b0‖L∞ ≥ (
√
2−1)g(g−k)
2π(g−1) , then Lemma 9.3 further yields(

1 +
2 arcsinh 1

sys(C)

)
ϕ(C) ≥ 8(

√
2− 1)2(g − k)2g3

(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)
.

On the other hand, if ‖b0‖L∞ ≤ (
√
2−1)g(g−k)
2π(g−1) , then Lemma 9.3 implies(

1 +
2 arcsinh 1

sys(C)

)
ϕ(C) ≥ k(k + 1)(2k + 1)

3(g − 1)2
I1.

This completes the proof.
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Now we are ready to prove the following estimate for the ϕ-invariant.

Proposition 9.6. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Denote by sys(C) the systole of (C, µKE). Then the ϕ-invariant satisfies(

1 +
2 arcsinh 1

sys(C)

)
ϕ(C) ≥ I5(g),

where I5(g) is defined as follows:

g 2 3 4 5 6 7 8 9 10 11 12 ≥ 13

I5(g)
11
495

1
52

1
56

3
175

7
400

7
312

17
625

4
125

1
27

1
24

2
47

g
400

.

Proof. By Lemma 9.4, for any g ≥ 2,(
1 +

2 arcsinh 1

sys(C)

)
ϕ(C) ≥ 2g3

(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)
,

where I1, I2 and I3 are the constants defined in Lemma 9.3. For g ∈ {2, 3, 4, 5}, the right-hand side is given
by:

g expression numerical value
2 16

(
I1 − I2 +

1
4I3
)

0.02228 · · · > 11
495

3 27
4

(
I1 − 2

3I2 +
1
9I3
)

0.01928 · · · > 1
52

4 128
27

(
I1 − 1

2I2 +
1
16I3

)
0.01794 · · · > 1

56

5 125
32

(
I1 − 2

5I2 +
1
25I3

)
0.01721 · · · > 3

175

By Lemma 9.4, for any g ≥ 2 and k ∈ {1, · · · , g − 1},(
1 +

2 arcsinh 1

sys(C)

)
ϕ(C) ≥ I4(g, k),

where

I4(g, k) = min

{
k(k + 1)(2k + 1)

3(g − 1)2
I1,

8(
√
2− 1)2(g − k)2g3

(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)}
.

For g = 6, · · · , 12, define k(g) as follows:

g 6 7 8 9 10 11 12

k(g) 4 5 6 7 8 9 10
.

A direct calculation shows that I4(g, k(g)) > I5(g) for all 6 ≤ g ≤ 12.
We now turn to the case g ≥ 13. Let k(g) be the unique integer in[

g −
(
√
2 + 1)

√
g

2
√
3

− 1

3
, g −

(
√
2 + 1)

√
g

2
√
3

+
2

3

)
.

Define p(x) = 1 −
√
2+1

2
√
3x

+ 2
3x . Since p′(x) =

√
2+1

4x
√
3x

− 2
3x2 > 0 for x ≥ 4, it follows that p(g) is an

increasing function of g. Similarly, for g ≥ 13, the quantity g3

(g−1)3

(
I1 − 2

g I2 +
1
g2 I3

)
is decreasing in g,

while (
√
2+1)

2
√
3

− 2
3
√
g is increasing in g.
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Hence

k(k + 1)(2k + 1)

3g(g − 1)2
I1 ≥ 2I1

3
· p(13)

(
p(13)− 1

26

)(
p(13)− 1

13

)
≈ 0.0026945 · · · > 1

400
,

and

8(
√
2− 1)2(g − k)2g3

g(g − 1)3

(
I1 −

2

g
I2 +

1

g2
I3

)
≥ 8(

√
2− 1)2(g − k)2I1

g

≥ 8(
√
2− 1)2 ·

(
(
√
2 + 1)

2
√
3

− 2

3
√
13

)2

· (
√
2− 1)4

4

≈ 0.0026482 · · · > 1

400
.

Therefore I4(g, k(g)) > I5(g) for all g ≥ 13, which proves the proposition.

9.3 Separating case
As above, let C be a curve of genus g ≥ 2 over C, and let ωC denote its canonical bundle. Write µKE for
the unique Kähler metric on C with constant curvature −1.

In this subsection we estimate the ϕ-invariant in the case where a finite collection of short geodesics
separates C into two components. A finite collection of disjoint simple closed geodesics is called a separating
multicurve if it divides C into at least two connected components. Such a multicurve is minimal if no proper
subset of it is separating.

As a corollary of Poincaré duality, a collection {γj}mj=1 of disjoint simple closed geodesics is separating if
and only if the C-span

∑m
j=1 C[γj ] ⊂ H1(C;C) has dimension at most m − 1. Note also that for any open

subset U ⊂ C with smooth boundary ∂U , the chain ∂U is a nontrivial linear combination of its connected
components, yet its homology class in H1(C;C) vanishes.

We begin with the following topological lemma.

Lemma 9.7. Let C be a compact Riemann surface of genus g ≥ 2, and let γ1, . . . , γm be pairwise disjoint
simple closed geodesics on C. Suppose {γj}mj=1 forms a minimal separating multicurve. Then C \

⋃m
j=1 γj

has exactly two connected components, say C1 and C2. Their closures C1, C2 are compact surfaces with
common boundary

⋃m
j=1 γj, and if gk denotes the genus of Ck, then g1 + g2 +m− 1 = g.

Moreover, there exists a collection of smooth loops {cj}2(g1+g2)j=1 on C such that:

(1) cj ⊂ C1 for 1 ≤ j ≤ 2g1, and cj ⊂ C2 for 2g1 + 1 ≤ j ≤ 2(g1 + g2);

(2) {cj}g1j=1 ∪ {cj}2g1+g2j=2g1+1 consists of pairwise disjoint loops;

(3) {[cj ]}2(g1+g2)j=1 are C-linearly independent in H1(C;C);

(4)
⋃m
j=1 γj lies in a single connected component of both C1 \

⋃2g1
j=1 cj and C2 \

⋃2(g1+g2)
j=2g1+1 cj.

Proof. This is a purely topological fact and follows directly from the classification theorem of compact
surfaces with boundary (see [AS60, Chapter I, 41A]). We therefore omit the proof.

To apply Tian’s peak section method, we need the following lemma, which may be regarded as an analogue
of Hörmander’s L2 estimate appearing in Tian’s original paper [Tia90a]. Recall that harmonic 1-forms are
precisely the peak sections along cycles defined earlier.
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Lemma 9.8. Let C be a compact Riemann surface of genus g ≥ 2, and let {γj}mj=1 be a minimal separating
multicurve on C with total length

∑m
j=1 `(γj) ≤

1
4 . For any piecewise smooth loop c : R/Z → C, denote by

Tc the linear functional on Z 1
C,C(C) given by β 7→

´
c
β. Let K ∈ {R, C} and set X ⊂ H 1

C,K(C) to be the
subspace of harmonic 1-forms β satisfying Tγj(β) = Tγj(?β) = 0, j = 1, · · · ,m. Let C1 be one of the two
connected components of C \

(⋃m
j=1 γj

)
, and let {cj}2(g1+g2)j=1 be the system of smooth loops constructed in

Lemma 9.7.
Then there exists a linear operator

ΨC1,loc : X −→ Z 1
C;K(C),

satisfying:

(1) The image of ΨC1,loc satisfies

ΨC1,loc(X) ⊂

2(g1+g2)⋂
j=2g1+1

kerTcj

⋂ m⋂
j=1

kerTγj

 .

(2) The deviation from identity satisfies

(ΨC1,loc − idX) (X) ⊂
2g1⋂
j=1

kerTcj
,

where idX is the identity map of X.

(3) For any β ∈ X,

‖ΨC1,loc(β)‖2L2;C ≤ ‖β‖2L2;C1
+ 200e

− π2∑m
j=1

ℓ(γj) ‖β‖2L2;C ,

where ‖β‖2L2;C1
= 1

2

´
C1
β ∧ ?β.

Proof. Without loss of generality, we assume K = R. We will use the local structure of the Kähler collars
C (γj) to construct the linear operator ΨC1,loc. By Lemma 7.10, there exist holomorphic coordinates

zj : C (γj) → D
e−ν(γj)(0) \ D

e
ν(γj)−

2π2

ℓ(γj)
(0)

such that zj (C (γj) ∩ C1) = D
e−ν(γj)(0) \ D

e
− π2

ℓ(γj)
(0), where ν(γj) ∈ (0, π

2ℓ(γj)
) satisfies

ν(γj)`(γj) = 2π arcsin

(
tanh

`(γj)

2

)
.

Fix xj ∈ γj for j = 1, · · · ,m. Then |zj(xj)| = e
− π2

ℓ(γj) . Let β be a harmonic 1-form on C satisfying
Tγj(β) = Tγj(?β) = 0 for all j. For each j, there exists a unique function uβ,j on C (γj) such that
duβ,j = β + i ? β and uβ,j(xj) = 0. Note that π2

ℓ(γj)
≥ 4π2 > 6ν(γj). Since β + i ? β is holomorphic,
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Proposition 7.16 implies that for any x ∈ C (γj) ∩ C1 with |zj(x)| ≤ e−2ν(γj), we have

|uβ,j(x)|2 ≤
e2ν(γj)‖β + i ? β‖2L2;C (γj)

π(1− e−3π)
· |zj(x)− zj(xj)|2(

1− |zj(x)|2e2ν(γj)
)2

+
e2ν(γj)‖β + i ? β‖2L2;C (γj)

π(1− e−3π)
· |zj(x)

−1 − zj(xj)
−1|2e−

4π2

ℓ(γj)(
1− e

2
(
ν(γj)− π2

ℓ(γj)

))2

≤
2e2ν(γj)‖β‖2L2;C (γj)

π(1− e−3π)


(
|zj(x)|+ e

− π2

ℓ(γj)

)2

(
1− |zj(x)|2e2ν(γj)

)2 +
4e

− 2π2

ℓ(γj)

(1− e−4π2)2

 .

Here we used

‖β + i ? β‖2L2;C (γj)
=

1

2

ˆ
C (γj)

(β + i ? β) ∧ ?(β + i ? β) =

ˆ
C (γj)

β ∧ ?β = 2‖β‖2L2;C (γj)
.

There are two subcases to consider.
If |zj(x)|2e2ν(γj) ≤ e−3π, then 1 − |zj(x)|2e2ν(γj) ≥ 1 − e−3π. By the Cauchy–Schwarz inequality, we

obtain

|uβ,j(x)|2 ≤
4e2ν(γj)‖β‖2L2;C (γj)

π(1− e−3π)3

(
|zj(x)|2 + 3e

− 2π2

ℓ(γj)

)
.

If e−3π ≤ |zj(x)|2e2ν(γj) ≤ e−2ν(γj), then(
|zj(x)|+ e

− π2

ℓ(γj)

)2

(
1− |zj(x)|2e2ν(γj)

)2 ≤

(
1 + e

3π
2 −

(
π2

ℓ(γj)
−ν(γj)

))2

(
1− e−2ν(γj)

)2 · |zj(x)|2

≤ (1 + e−2π2

)2

(1− e−4)2
· |zj(x)|2 < 2|zj(x)|2.

Consequently, for any x ∈ z−1
j

(
D
e−2ν(γj)(0) \ D

e
− π2

ℓ(γj)
(0)

)
⊂ C (γj) ∩ C1, we obtain the bound

|uβ,j(x)|2 ≤
4e2ν(γj)‖β‖2L2;C (γj)

π(1− e−3π)3

(
|zj(x)|2 + 3e

− 2π2

ℓ(γj)

)
.

Next, let ηj,0 ∈ C0,1(R; [0, 1]) be a cut-off function defined by

ηj,0(r) =



0, r < e
− π2

ℓ(γj) ;

2 log 2− log

(
1 + 3r−2e

− 2π2

ℓ(γj)

)
2 log 2− log

(
1 + 3e

4ν(γj)− 2π2

ℓ(γj)

) , e
− π2

ℓ(γj) ≤ r ≤ e−2ν(γj);

1, r ≥ e−2ν(γj).
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It is straightforward to check that η′j,0 ∈ L∞(R; [0,∞)). Then uβ,jd(ηj,0(|zj |)) is an 1-form with L∞-
coefficients on C (γj), whose L2-norm can be estimated using Proposition 7.16:

‖Re(uβ,j)d(ηj,0(|zj |))‖2L2;C (γj)
≤ 1

2

ˆ
e
− π2

ℓ(γj) ≤|zj |≤e−2ν(γj)
|uβ,j |2|η′j,0(|zj |)|2dµEuc

≤
4e2ν(γj)‖β‖2L2;C (γj)

(1− e−3π)3

ˆ e−2ν(γj)

e
− π2

ℓ(γj)
t

(
t2 + 3e

− 2π2

ℓ(γj)

)
|η′j,0(t)|2dt

≤
4e2ν(γj)‖β‖2L2;C (γj)

(1− e−3π)3
· 6e

− 2π2

ℓ(γj)

2 log 2− 3e−6π
≤ 240e

2π− 2π2

ℓ(γj)

13
‖β‖2L2;C (γj)

.

Note that
(
1− e−3π

)4
> 1− 1

1000 and 2 log 2 ≈ 1.386 · · · > 13
10 · (1 + 3

50 ). Hence the sum can be bounded by

‖Re(uβ,j)d(ηj,0(|zj |))‖2L2;C (γj)
+ 2‖β‖L2;C (γj) ‖Re(uβ,j)d(ηj,0(|zj |))‖L2;C (γj)

≤

240e
2π− 2π2

ℓ(γj)

13
+ 2

√
240e

2π− 2π2

ℓ(γj)

13

 ‖β‖2L2;C (γj)

≤

(
240e2π−4π2

13
+ 2

√
240e2π

13

)
e
− π2

ℓ(γj) ‖β‖2L2;C (γj)
≤ 199e

− π2

ℓ(γj) ‖β‖2L2;C (γj)
.

Note that
(

240e2π−4π2

13 + 2
√

240e2π

13

)
≈ 198.8567 · · · < 199. Therefore,

‖d ((ηj,0(|zj |))Re(uβ,j))‖2L2;C (γj)
≤ ‖Re(uβ,j)d(ηj,0(|zj |))‖2L2;C (γj)

+2‖β‖L2;C (γj) ‖Re(uβ,j)d(ηj,0(|zj |))‖L2;C (γj)
+ ‖β‖2L2;C (γj)∩C1

≤ ‖β‖2L2;C (γj)∩C1
+ 199e

− π2

ℓ(γj) ‖β‖2L2;C (γj)
.

To obtain smooth cut-off functions, we mollify ηj,0. For any ε > 0, there exists ηj,ϵ ∈ C∞(R; [0, 1]) such
that

ηj,ϵ = 0 on
(
−∞, e

− π2

ℓ(γj)
]
, ηj,ϵ = 1 on

[
e−2ν(γj),∞

)
,

and

sup |ηj,ϵ − ηj,0|2 +
ˆ e−ν(γj)

e
−ν(γj)−

π2

ℓ(γj)
|η′j,ϵ(t)− η′j,0(t)|2dt ≤ ε.

It follows that ∥∥∥∥d((ηj,0(|zj |)− ηj,ϵ(|zj |))Re(uβ,j)
)∥∥∥∥2

L2;C (γj)

≤ 100ε‖β‖2L2;C (γj)
.

Then for any ε > 0, we can define a linear operator

ΨC1,loc;ϵ : X −→ Z 1
C;K(C)

by

ΨC1,loc;ϵ(β) =



0, on C \

C1

⋃ m⋃
j=1

C (γj)

;

d

(
ηj,ϵ(|zj |)Re(uβ,j)

)
, on C (γj);

β, on C1 \

 m⋃
j=1

C (γj)

.
127



By the construction, one can easily see that for any ε > 0, ΨC1,loc;ϵ satisfies (1) and (2). Now we
consider the estimate (3). By the above argument, we can conclude that there exists a small constant
0 < ε ≤ e

−
∑m

j=1
100π2

ℓ(γj) such that for any β ∈ X,

‖ΨC1,loc;ϵ(β)‖L2;C =
1

2

ˆ
C1\(

⋃m
j=1 C (γj))

β ∧ ?β +

m∑
j=1

‖d (ηj,ϵ(|zj |)Re(uβ,j))‖2L2;C (γj)

≤ 1

2

ˆ
C1\(

⋃m
j=1 C (γj))

β ∧ ?β

+

m∑
j=1

(
‖d (ηj,0(|zj |)Re(uβ,j))‖L2;C (γj)

+ e
− 50π2

ℓ(γj) ‖β‖L2;C (γj)

)2

≤ 1

2

ˆ
C1\(

⋃m
j=1 C (γj))

β ∧ ?β +

m∑
j=1

(
‖β‖2L2;C (γj)∩C1

+ 200e
− π2

ℓ(γj) ‖β‖2L2;C (γj)

)

≤ ‖β‖2L2;C1
+ 200e

− π2∑m
j=1

ℓ(γj) ‖β‖2L2;C .

This completes the proof.

By combining the above lemma with Tian’s peak section method, we obtain the following lemma, which
may be regarded as a version of the geometric localization principle for certain holomorphic 1-forms. For
related results concerning the geometric localization principle, see [MM07, Zho24].

Lemma 9.9. Let C be a compact Riemann surface of genus g ≥ 2, and let {γj}mj=1 be a minimal separating
multicurve on C such that

∑m
j=1 `(γj) ≤

1
4 . Let C1, C2 be the two connected components of C \

(⋃m
j=1 γj

)
,

and let g1 and g2 denote the genera of C1 and C2, respectively. Set g′1 = max{g1 − (m − 1), 0} and
g′2 = max{g2 − (m− 1), 0}. Then there exists an L2 orthonormal basis of Γ(C,ωC), {αj}gj=1, such that:

(1). ‖αj‖2L2;C2
≤ 200e

− π2∑m
j=1

ℓ(γj) , 1 ≤ j ≤ g′1.

(2). ‖αj‖2L2;C1
≤ 2000e

− π2∑m
j=1

ℓ(γj) , g′1 + 1 ≤ j ≤ g′1 + g′2.

Proof. Let {cj}2(g1+g2)j=1 be the system of smooth loops constructed in Lemma 9.7. For each j, let βj ∈
H 1
C,R(C) be the unique harmonic 1-form whose cohomology class is the Poincaré dual of [cj ] ∈ H1(C;R),

and let βγj ∈ H 1
C,R(C) be the unique harmonic 1-form whose cohomology class is the Poincaré dual of γj .

Define the following R-subspaces of H 1
C,R(C):

X1 = spanR{βj}
g1
j=1, X2 = spanR{βj}

2g1+g2
j=2g1+1, X3 = spanR{βγj}m−1

j=1 .

Next, consider the subspaces

X′
1 = (X1 +X3)

⋂(
m⋂
k=1

?kerTγk

)
⊂ H 1

C,R(C),

X′
2 = (X2 +X3)

⋂(
m⋂
k=1

?kerTγk

)
⊂ H 1

C,R(C),

where ? is the Hodge ?-operator, and Tc is the linear functional on Z 1
C,C(C) defined by β 7→

´
c
β. Note that

the Poincaré duality implies that X3

⋂( m⋂
k=1

?kerTγk

)
= 0, and hence X′

1 ∩X′
2 = 0. Since the subspace of
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H1(C;R) generated by the homology classes {[γj ]}mj=1 is isomorphic to Rm−1, it follows that dimRX
′
1 ≥ g1

and dimRX
′
2 ≥ g2. Let ΨC1,loc : X′

1 −→ Z 1
C;R(C) be the linear operator constructed in Lemma 9.8. Since

X1 +X3 ⊂
(

m⋂
k=1

kerTγk

)⋂(2(g1+g2)⋂
j=2g1+1

kerTcj

)
, we have

(
ΨC1,loc − idX′

1

)
(X′

1) ⊂

(
m⋂
k=1

kerTγk

)⋂2(g1+g2)⋂
j=1

kerTcj

 ,

where idX′
1

is the identity map of X′
1. It follows that

(ΨC1,loc − idX1
) (X′

1)(
ΨC1,loc − idX′

1

)
(X′

1) ∩ dA 0
C,R(C)

⊂

(
m⋂
k=1

kerTγk

)⋂(2(g1+g2)⋂
j=1

kerTcj

)
(

m⋂
k=1

kerTγk

)⋂(2(g1+g2)⋂
j=1

kerTcj

)⋂
dA 0

C,R(C)

∼= Rm−1,

and hence (
ΨC1,loc − idX′

1

)−1
(dA 0

C,R(C)) ≥ max{dimRX
′
1 − (m− 1), 0}

≥ max{g1 − (m− 1), 0} = g′1.

Set X′′
1 = (ΨC1,loc − idX1

)
−1

(dA 0
C,R(C)). Then for any β ∈ X′′

1 , we have

‖β‖2L2;C = ‖ΨC1,loc(β)‖2L2;C ≤ ‖β‖2L2;C1
+ 200e

− π2∑m
j=1

ℓ(γj) ‖β‖2L2;C ,

and hence ‖β‖2L2;C2
≤ 200e

− π2∑m
j=1

ℓ(γj) ‖β‖2L2;C . Moreover, for any pair of 1-forms β, β′ ∈ X′′
1 , we have´

C
β ∧ β′ = 0. Let β′

1, · · · , β′
dimX′′

1
be an L2-orthonormal basis of X′′

1 , and αj =
√
2
2

(
β′
j + i ? β′

j

)
. Then we

have
〈αj , αk〉L2;C =

〈
β′
j , β

′
k

〉
L2;C

+
i

2

ˆ
C

β′
j ∧ β′

k =
〈
β′
j , β

′
k

〉
L2;C

,

and hence α1, · · · , αdimX′′
1

forms an L2-orthonormal subset of Γ(C,ωC). Furthermore,

‖αj‖2L2;C2
=
〈
β′
j , β

′
j

〉
L2;C2

+
i

2

ˆ
C2

β′
j ∧ β′

j =
〈
β′
j , β

′
j

〉
L2;C2

≤ 200e
− π2∑m

j=1
ℓ(γj) .

Similarly, by considering the linear operator ΨC2,loc : X
′
2 −→ Z 1

C;R(C) and the space

X′′
2 = (ΨC2,loc − idX2

)
−1

(dA 0
C,R(C)),

we can conclude that dimX′′
2 ≥ g′2, and for any β ∈ X′′

2 , ‖β‖2L2;C1
≤ 200e

− π2∑m
j=1

ℓ(γj) ‖β‖2L2;C .
Let X′′ = X′′

1 +X′′
2 , and let (X′′

1)
⊥ be the L2-orthogonal completion of X′′

1 in X′′. Then the projection
X′′ → (X′′

1)
⊥ induces a vector space isomorphism X′′

2 → (X′′
1)

⊥.
Now, let β′′ ∈ (X′′

1)
⊥ ⊂ X′′. Then there exists a unique 1-form β′′

1 ∈ X′′
1 such that β′′ + β′′

1 ∈ X′′
2 . We

then estimate:

‖β′′
1 ‖2L2;C = 〈β′′ + β′′

1 , β
′′
1 〉L2;C1

+ 〈β′′ + β′′
1 , β

′′
1 〉L2;C2

≤ 20
√
2e

− π2

2
∑m

j=1
ℓ(γj) ‖β′′ + β′′

1 ‖L2;C‖β′′
1 ‖L2;C

≤ 20
√
2e

− π2

2
∑m

j=1
ℓ(γj)

(
‖β′′‖L2;C + ‖β′′

1 ‖L2;C

)
‖β′′

1 ‖L2;C ,
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which implies ‖β′′
1 ‖L2;C ≤ 20

√
2e

− π2

2
∑m

j=1
ℓ(γj)

1−20
√
2e

− π2

2
∑m

j=1
ℓ(γj)

‖β′′‖L2;C .

Given that
∑m
j=1 `(γj) ≤

1
4 , we further obtain:

‖β′′‖L2;C1
≤ ‖β′′ + β′′

1 ‖L2;C1
+ ‖β′′

1 ‖L2;C1

≤ 10
√
2e

− π2

2
∑m

j=1
ℓ(γj) ‖β′′‖L2;C +

(
1 + 10

√
2e

− π2

2
∑m

j=1
ℓ(γj)

)
‖β′′

1 ‖L2;C

≤ 30
√
2e

− π2

2
∑m

j=1
ℓ(γj)(

1− 20
√
2e

− π2

2
∑m

j=1
ℓ(γj)

)2 ‖β
′′‖L2;C

≤ 30
√
2e

− π2

2
∑m

j=1
ℓ(γj)(

1− 20
√
2e−2π2

)2 ‖β′′‖L2;C ≤ 20
√
5e

− π2

2
∑m

j=1
ℓ(γj) ‖β′′‖L2;C .

Let β′′′
1 , · · · , β′′′

dimX′′
2

be an L2-orthonormal basis of (X′′
1)

⊥. Via complexification of (X′′
1)

⊥, and following a
construction analogous to that of the αj , we obtain an L2-orthonormal system {α′

1, · · · , α′
dimX′′

2
} ⊂ Γ(C,ωC),

satisfying

‖α′
j‖2L2;C1

≤ 2000e
− π2∑m

j=1
ℓ(γj) ,

which completes the proof of the lemma.

We are now ready to estimate the ϕ-invariant.
Proposition 9.10. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic
metric µKE of constant curvature −1. Suppose {γk}mk=1 is a minimal separating multicurve on C satisfying∑m
k=1 `(γk) ≤

1
6 log g . Let C1, C2 denote the two connected components of C \ (

⋃m
k=1 γk), and let g1 and g2

denote the genera of C1 and C2, respectively. Set g′1 = max{g1− (m− 1), 0}, g′2 = max{g2− (m− 1), 0} and
g′ = g′1 + g′2. Then the ϕ-invariant is bounded below by

ϕ(C) ≥ π2 · g′1g′2∑m
k=1 `(γk)

(
g′

g2
− 2

g
· e15−

π2∑m
k=1

ℓ(γk)

)
.

Proof. By Lemma 9.9, one can choose an L2-orthonormal basis {αj}gj=1 of Γ(C,ωC)

•
´
γk
αj = 0 for j = 1, · · · , g′ and k = 1, · · · ,m.

• ‖αj‖2L2;C2
≤ 200e

− π2∑m
k=1

ℓ(γk) for 1 ≤ j ≤ g′1.

• ‖αj‖2L2;C1
≤ 2000e

− π2∑m
k=1

ℓ(γk) for g′1 + 1 ≤ j ≤ g′.

Let uj ∈ A 0
C,R(C) be the unique solution to

ddcuj = iαj ∧ ᾱj − 2µAr,

ˆ
C

ujµAr = 0.

For each j, let ηj be a R-valued smooth function to be specified later. Then Proposition 9.2 implies

ϕ(C) ≥ 1

2π

g∑
j=1

‖duj‖2L2;C ≥ 1

2π

g∑
j=1

∣∣∣〈duj , dηj〉L2;C

∣∣∣2
‖dηj‖2L2;C

=
π

2

g∑
j=1

1

‖dηj‖2L2;C

∣∣∣∣ˆ
C

ηj (iαj ∧ ᾱj − 2µAr)

∣∣∣∣2 .
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Our next step is to construct the functions ηj and estimate the ϕ-invariant. As in the proof of Lemma
9.8, a standard mollification argument shows that it suffices to construct C0,1 functions ηj,0 for the present
estimate.

We make use of the local structure of the Kähler collars C (γk) to construct the functions ηj . By Lemma
7.10, there exist holomorphic coordinates

zk : C (γk) → De−ν(γk)(0) \ D
e
ν(γk)− 2π2

ℓ(γk)
(0)

such that zk (C (γk) ∩ C1) = De−ν(γk)(0)\D
e
− π2

ℓ(γk)
(0), where ν(γk) ∈ (0, π

2ℓ(γk)
) is determined by ν(γk)`(γk) =

2π arcsin
(
tanh ℓ(γk)

2

)
. Let ηcut ∈ C0,1(R; [0, 1]) be the cut-off function defined by:

ηcut =



0, on C \

(
C1

⋃(
m⋃
k=1

C (γk)

))
;

η[0,1]

(
2 +

2`(γk)

π2
log |zk|

)
, on C (γk);

1, on C1 \

(
m⋃
k=1

C (γk)

)
,

where η[0,1](t) = max{0,min{t, 1}} denotes the clipping function. Clearly, ηcut = 0 on C\C1. For 1 ≤ j ≤ g′1,
set ηj = ηcut. For such j, we compute

‖dηj‖2L2;C =
1

2

m∑
k=1

ˆ
C (γk)

dηj ∧ ?dηj =
1

2

m∑
k=1

ˆ e
− π2

2ℓ(γk)

e
− π2

ℓ(γk)

2π · 4`
2(γk)

π4

dςk
ςk

=

m∑
k=1

4`2(γk)

π3

(
π2

`(γk)
− π2

2`(γk)

)
=

2

π

m∑
k=1

`(γk),

where zk = ςke
iθk denotes polar coordinate. Moreover, for 1 ≤ j ≤ g′1, it follows from Proposition 7.16 and

Lemma 9.9 that

i

ˆ
C

ηjαj ∧ ᾱj ≥ 2‖αj‖2L2;C1
−

m∑
k=1

‖αj‖2L2;C (γk)

ˆ
{
−1≤ ℓ(γk) log |zk|

π2 ≤− 1
2

} 4e2π

π
µEuc

≥ 2‖αj‖2L2;C1
− 4e2πe

− π2∑m
k=1

ℓ(γk) ‖αj‖2L2;C

≥ 2−
(
400 + 4e2π

)
e
− π2∑m

k=1
ℓ(γk) ≥ 2− e

10− π2∑m
k=1

ℓ(γk) .

Let µ′
Ar = i

2g

∑g′

j=1 αj ∧ ᾱj . Then 0 ≤ µ′
Ar ≤ µAr, and by orthonormality we have µ′

Ar(C) = g′

g . By
Lemma 9.9, ∣∣∣∣µ′

Ar(C1)−
g′1
g

∣∣∣∣ ≤ 1

g

g′1∑
j=1

∣∣‖αj‖2L2;C1
− 1
∣∣+ 1

g

g′∑
j=g′1+1

‖αj‖2L2;C1

≤ 2000g′

g
e
− π2∑m

k=1
ℓ(γk) ,

and hence ∣∣∣∣µ′
Ar(C2)−

g′2
g

∣∣∣∣ =

∣∣∣∣g′g − µ′
Ar(C1)−

g′ − g′1
g

∣∣∣∣
=

∣∣∣∣µ′
Ar(C1)−

g′1
g

∣∣∣∣ ≤ 2000g′

g
e
− π2∑m

k=1
ℓ(γk) .

131



Suppose that g′2 ≥ 1. For any 1 ≤ j ≤ g′1 we have

1

‖dηj‖2L2;C

∣∣∣∣ˆ
C

ηj (iαj ∧ ᾱj − 2µAr)

∣∣∣∣2
≥ π

2
∑m
k=1 `(γk)

·
(∣∣∣∣ˆ

C

ηjαj ∧ ᾱj
∣∣∣∣− 2

∣∣∣∣ˆ
C1

1µAr

∣∣∣∣)2

≥ π

2
∑m
k=1 `(γk)

·
(
2− e

10− π2∑m
k=1

ℓ(γk) − 2(µAr(C)− µ′
Ar(C))− 2µ′

Ar(C1)

)2

=
π

2
∑m
k=1 `(γk)

·
(
2µ′

Ar(C2)− e
10− π2∑m

k=1
ℓ(γk)

)2

≥ π

2
∑m
k=1 `(γk)

·
(
2g′2
g

− e
10− π2∑m

k=1
ℓ(γk) − 4000g′

g
e
− π2∑m

k=1
ℓ(γk)

)2

.

Since e30−
π2∑m

k=1
ℓ(γk) ≤ e30g−6π2

< 1
100g , we obtain

1

‖dηj‖2L2;C

∣∣∣∣ˆ
C

ηj (iαj ∧ ᾱj − 2µAr)

∣∣∣∣2
≥ π

2
∑m
k=1 `(γk)

·
(
2g′2
g

− e
10− π2∑m

k=1
ℓ(γk) − 4000g′

g
e
− π2∑m

k=1
ℓ(γk)

)2

≥ 2π∑m
k=1 `(γk)

·
(
g′22
g2

− (e10 + 4000)g′2
g

e
− π2∑m

k=1
ℓ(γk) − e

25− 2π2∑m
k=1

ℓ(γk)

)
≥ 2π∑m

k=1 `(γk)
·
(
g′22
g2

− g′2
g

· e15−
π2∑m

k=1
ℓ(γk)

)
.

Hence

1

2π

g′1∑
j=1

‖duj‖2L2;C ≥ π

2

g′1∑
j=1

1

‖dηj‖2L2;C

∣∣∣∣ˆ
C

ηj (iαj ∧ ᾱj − 2µAr)

∣∣∣∣2
≥ π2 · g′1∑m

k=1 `(γk)
·
(
g′22
g2

− g′2
g

· e15−
π2∑m

k=1
ℓ(γk)

)
.

If instead g′2 = 0, the right-hand side vanishes and the inequality is trivial.
For any g′1 + 1 ≤ j ≤ g′, let ηj = 1− ηcut. By 7.16, for any g′1 + 1 ≤ j ≤ g′, we obtain

∣∣∣∣ˆ
C1

ηjµ
′
Ar

∣∣∣∣ ≤ 1

2g

g′∑
j=1

m∑
k=1

∣∣∣∣∣
ˆ

C (γk)∩C1

(1− ηcut)αj ∧ ᾱj

∣∣∣∣∣
≤ 1

2g

g′∑
j=1

m∑
k=1

‖αj‖2L2;C (γk)

ˆ
{
−1≤ ℓ(γk) log |zk|

π2 ≤− 1
2

} 4e2π

π
µEuc

≤ 1

2g

g′∑
j=1

m∑
k=1

‖αj‖2L2;C (γk)
· 4e2π · e−

π2

ℓ(γk)

≤ g′

g
· 2e2πe−

π2∑m
k=1

ℓ(γk) ≤ g′

g
· e8−

π2∑m
k=1

ℓ(γk) .
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Arguing as above, for g′1 + 1 ≤ j ≤ g′ we deduce

1

2π

g′∑
j=g′1+1

‖duj‖2L2;C ≥ π2 · g′2∑m
k=1 `(γk)

·
(
g′21
g2

− g′1
g

· e15−
π2∑m

k=1
ℓ(γk)

)
.

Therefore,

ϕ(C) ≥ 1

2π

g′∑
j=1

‖duj‖2L2;C ≥ 1

2π

g′∑
j=1

∣∣∣〈duj , dηj〉L2;C

∣∣∣2
‖dηj‖2L2;C

≥ π2∑m
k=1 `(γk)

(
g′1g

′
2g

′

g2
− 2g′1g

′
2

g
· e15−

π2∑m
k=1

ℓ(γk)

)
.

This completes the proof.

9.4 Non-separating case
As above, let C be a curve of genus g ≥ 2 over C, and let ωC denote its canonical bundle. Let µKE be the
unique Kähler metric on C with constant curvature −1.

Our goal in this subsection is to estimate the ϕ-invariant in the case where C contains a short non-
separating closed geodesic. A loop on C is called non-separating if its homology class is nonzero. Our
approach combines Tian’s peak section method with the fundamental relationship between loops and har-
monic 1-forms developed by Buser–Sarnak [BS94].

We next consider the relationship between the ϕ-invariant and the peak section along a short closed
geodesic.
Lemma 9.11. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Let γ be a non-separating closed geodesic on (C, µKE) with length `(γ) =
` < 2 arcsinh 1, and let α1, · · · , αg be an L2-orthonormal basis of Γ(C,ωC) such that α1 is the peak section
in Γ(C,ωC) along γ. Assume that |

´
γ
α1| = 2πtγ . Let uj ∈ A 0

C,R(C) satisfy
´
C
ujµAr = 0 and ddcuj =

iαj ∧ ᾱj − 2µAr. Then
g∑
j=1

ˆ
C (γ)

duj ∧ ?duj ≥
32π2(g − 1)t2γ

g

(
π2

`
− ν

)(
2πt2γ
3

(
π2

`
− ν

)2

− 1

)
,

where C (γ) denotes the collar of γ as in Theorem 7.4.

Proof. By Lemma 7.10, we have

(C (γ), µKE|C (γ)) ∼=

(
De−ν (0) \ D

eν− 2π2
ℓ
(0),

`2µEuc

4π2|z|2 sin2( ℓ
2π log |z|)

)
,

where µEuc =
idz∧dz̄

2 denotes the standard Euclidean metric on C, and ν ∈ (0, π2ℓ ) satisfies ν` = 2π arcsin
(
tanh ℓ

2

)
.

Define uγ(z) =
1
2π

´ 2π

0
u1(ze

iθ)dθ, ∀z ∈ De−ν (0) \ D
eν− 2π2

ℓ
(0). By a similar argument as in the proof of

Lemma 9.3, we obtain ˆ
C (γ)

du1 ∧ ?du1 ≥
ˆ

C (γ)

duγ ∧ ?duγ .

Write αj =
∑
k∈Z aktj,kz

kdz, where ak ∈ C satisfy

|ak|2 =


1

4π

(
π2

`
− ν

)−1

, k = −1;

k + 1

π

(
e−2(k+1)ν − e2(k+1)(ν− 2π2

ℓ )
)−1

, k 6= −1.
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By Lemma 7.15, the set {akzk}k∈Z forms a local L2-orthonormal basis on C (γ). Hence, we have
∑
k∈Z |tj,k|2 ≤

1, j = 1, · · · , g. Since |
´
γ
α1| = 2πtγ , it follows that a−1|t1,−1| = tγ .

By definition, on C (γ) ∼= De−ν (0) \ D
eν− 2π2

ℓ
(0), we have

ddcu1 = iα1 ∧ ᾱ1 − 2µAr =
(g − 1)i

g
α1 ∧ ᾱ1 −

i

g

g∑
j=2

αj ∧ ᾱj .

Hence

ddcuγ =

 (g − 1)i

g

∑
k∈Z

|ak|2|t1,k|2|z|2k −
i

g

g∑
j=2

∑
k∈Z

|ak|2|tj,k|2|z|2k
 dz ∧ dz̄.

We express z in polar coordinates by setting z = ςeiθ, where ς = |z| and θ ∈ [0, 2π). Then ?dς = ςdθ,
and ?dθ = − 1

ς dς. Hence

ddcuγ =
i

4π

(
∂2uγ
∂ς2

+
1

ς

∂uγ
∂ς

)
dz ∧ dz̄.

Observing that tj,−1 = 0 for j ≥ 2, we obtain

1

4πς

∂

∂ς

(
ς
∂uγ
∂ς

)
=

1

4π

(
∂2uγ
∂ς2

+
1

ς

∂uγ
∂ς

)
=
g − 1

g
t2γς

−2 +Ψ0(ς),

where Ψ0(ς) =
∑
k ̸=−1

|ak|2
(
g−1
g |t1,k|2 − 1

g

g∑
j=2

|tj,k|2
)
ς2k. Integrating, we have

ς

4π

∂uγ
∂ς

=

ˆ ς

e−
π2
ℓ

(
g − 1

g
t2γς

−1 + ςΨ0(ς)

)
dς +

e−
π2

ℓ

4π

∂uγ
∂ς

(e−
π2

ℓ )

=
g − 1

g
t2γ

(
log ς +

π2

`

)
+Ψ1(ς)−Ψ1(e

−π2

ℓ ) +
e−

π2

ℓ

4π

∂uγ
∂ς

(e−
π2

ℓ ),

where

Ψ1(ς) =
∑
k ̸=−1

|ak|2

2k + 2

g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
 ς2k+2.

Set ϑ0 = e−
π2

ℓ

4π
∂uγ

∂ς (e
−π2

ℓ )−Ψ1(e
−π2

ℓ ). Then

ς

4π

∂uγ
∂ς

=
g − 1

g
t2γ

(
log ς +

π2

`

)
+Ψ1(ς) + ϑ0,

and consequently,
ˆ

C (γ)

duγ ∧ ?duγ =

ˆ
C (γ)

16π2(g − 1)2t4γ
g2ς2

(
log ς +

π2

`

)2

µEuc

+

ˆ
C (γ)

16π2

ς2
(Ψ1(ς) + ϑ0)

2
µEuc

+

ˆ
C (γ)

32π2(g − 1)

gς2
t2γ

(
log ς +

π2

`

)
(Ψ1(ς) + ϑ0)µEuc.
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By a straightforward calculation, we have
ˆ e−ν

eν− 2π2
ℓ

1

ς

(
log ς +

π2

`

)
dς = 0,

ˆ e−ν

eν− 2π2
ℓ

1

ς

(
log ς +

π2

`

)2

dς =
2

3

(
−ν + π2

`

)3

.

It follows that
ˆ

C (γ)

duγ ∧ ?duγ ≥
32π3(g − 1)2t4γ

g2

ˆ e−ν

eν− 2π2
ℓ

1

ς

(
log ς +

π2

`

)2

dς

+
64π3(g − 1)t2γ

g

ˆ e−ν

eν− 2π2
ℓ

Ψ1(ς) + ϑ0
ς

(
log ς +

π2

`

)
dς

≥
64π3(g − 1)2t4γ

3g2

(
−ν + π2

`

)3

+
64π3(g − 1)t2γ

g

ˆ e−ν

eν− 2π2
ℓ

Ψ1(ς)

ς

(
log ς +

π2

`

)
dς.

Since Ψ1(ς) =
∑
k ̸=−1

|ak|2
2k+2

(
g−1
g |t1,k|2 − 1

g

g∑
j=2

|tj,k|2
)
ς2k+2, we obtain

ˆ e−ν

eν− 2π2
ℓ

Ψ1(ς)

ς

(
log ς +

π2

`

)
dς

=
∑
k ̸=−1

|ak|2

2k + 2

g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
ˆ e−ν

eν− 2π2
ℓ

ς2k+1

(
log ς +

π2

`

)
dς

=
∑
k ̸=−1

π2

ℓ − ν

4π(k + 1)

g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
 1 + e4(k+1)(ν−π2

ℓ )

1− e4(k+1)(ν−π2

ℓ )

−
∑
k ̸=−1

1

8π(k + 1)2

g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
 .

Since
∑
k∈Z |tj,k|2 ≤ 1, j = 1, · · · , g, we have

∑
k ̸=−1

∣∣∣∣∣∣g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
∣∣∣∣∣∣ ≤ g − 1

g
+

1

g

g∑
j=2

1 =
2(g − 1)

g
.
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It follows that ∣∣∣∣∣
ˆ e−ν

eν− 2π2
ℓ

Ψ1(ς)

ς

(
log ς +

π2

`

)
dς

∣∣∣∣∣
=

∣∣∣∣∣∣
∑
k ̸=−1

π2

ℓ − ν

4π(k + 1)

g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
 1 + e4(k+1)(ν−π2

ℓ )

1− e4(k+1)(ν−π2

ℓ )

−
∑
k ̸=−1

1

8π(k + 1)2

g − 1

g
|t1,k|2 −

1

g

g∑
j=2

|tj,k|2
∣∣∣∣∣∣

≤
(g − 1)

(
π2

ℓ − ν
)

2πg
· sup
k ̸=−1

∣∣∣∣∣∣ 1 + e4(k+1)(ν−π2

ℓ )

(k + 1)
(
1− e4(k+1)(ν−π2

ℓ )
) − 1

2(k + 1)2
(
π2

ℓ − ν
)
∣∣∣∣∣∣

=
(g − 1)

(
π2

ℓ − ν
)

2πg
· sup
k≥0

(∣∣∣∣ 1

k + 1

∣∣∣∣
∣∣∣∣∣1 + 2

e4(k+1)(π2

ℓ −ν) − 1
− 1

2(k + 1)
(
π2

ℓ − ν
) ∣∣∣∣∣
)

≤
(g − 1)

(
π2

ℓ − ν
)

2πg
.

Therefore, we obtain the lower bound
ˆ

C (γ)

duγ ∧ ?duγ ≥
64π3(g − 1)2t4γ

3g2

(
−ν + π2

`

)3

+
64π3(g − 1)t2γ

g

ˆ e−ν

eν− 2π2
ℓ

Ψ1(ς)

ς

(
log ς +

π2

`

)
dς

≥
32π2(g − 1)2t2γ

g2

(
π2

`
− ν

)(
2πt2γ
3

(
π2

`
− ν

)2

− 1

)
.

By definition,
∑g
j=1 uj = 0, and using an argument analogous to that in Lemma 9.4, we conclude that

g∑
j=1

ˆ
C (γ)

duj ∧ ?duj ≥ g

g − 1

ˆ
C (γ)

du1 ∧ ?du1.

This completes the proof.

We now consider the shortest non-separating simple closed geodesic γ0, together with the shortest loop
in the free loop space whose homology class has nonzero intersection number with [γ0].

Lemma 9.12. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Let γ0 be the shortest non-separating simple closed geodesic on (C, µKE), and
define

Sγ0 =
{
c : S1 = R/Z → C

∣∣ c piecewise smooth, and c∗(eS1) ∩ [γ0] 6= 0
}
,

where eS1 denotes the generator of H1(S1;Z) ∼= Z. Assume that `(γ0) ≤ 2 arcsinh 1. Then there exists a
closed geodesic c0 ∈ Sγ0 satisfying the following properties:

(1) `(c0) ≤ `(c) for all c ∈ Sγ0 .

(2) For any t0 ∈ (0, 1) and t ∈ R, we have

distµKE
(c0(t), c0(t+ t0)) = min{`(c0)t0, `(c0)(1− t0)}.
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(3) For any simple closed geodesic γ′ on C with `(γ′) ≤ 2 arcsinh 1, we have #(γ′ ∩ c0) ≤ 1.

Proof. The argument is standard. Since the injectivity radius of any compact surface is strictly positive,
every sufficiently short loop must be homotopically trivial. Hence the infimum of lengths among loops in Sγ0
is strictly positive. Consider a minimizing sequence of loops in Sγ0 whose lengths converge to this infimum.
By compactness of the space of loops with bounded length, a subsequence converges to a closed geodesic
loop realizing the minimum. This limit loop is the desired c0, and the lemma follows.

To construct a suitable curve near the given geodesic loop, we invoke the segment inequality of Cheeger–
Colding, specialized to the setting of hyperbolic surfaces.

Theorem 9.13 (Cheeger–Colding’s segment inequality (hyperbolic surface version)). Let C be a Riemann
surface equipped with a complete hyperbolic metric µKE of constant curvature −1. Let A,B,W ⊂ C be
Borel measurable subsets, and let u : C → [0,∞) be a nonnegative Borel measurable function. For any pair
(x, y) ∈ A × B, choose a minimal geodesic cx,y : [0, 1] → C joining x and y. Assume that the geodesics lie
entirely within W , i.e., cx,y ⊂W . Let dW = diamµKE

(W ) denote the diameter of W . Then
ˆ
A×B

ˆ 1

0

u(cx,y(t))dt µKE(x) ∧ µKE(y) ≤ cosh

(
dW
2

)(
µKE(A) · sup

x∈A,t∈[ 12 ,1]

ˆ
cx,B(t)

uµKE

+µKE(B) · sup
y∈B,t∈[0, 12 ]

ˆ
cA,y(t)

uµKE

)

≤ cosh

(
dW
2

)
(µKE(A) + µKE(B))

ˆ
W

uµKE,

where cx,B(t) = {cx,y(t) : y ∈ B and the minimal geodesic from x to y is unique}, and cA,y(t) is defined
analogously.

Remark 9.14. For any point x ∈ C, the set of points in C that are connected to x by more than one minimal
geodesic is contained in the “cut locus” of x, and hence has measure zero [Heb94, IT98]. Therefore, the
integral appearing in Cheeger–Colding’s segment inequality is unchanged if one restricts to pairs of points
connected by a unique minimal geodesic.

Proof. By the Ricci comparison (see [Pet06, Lemma 7.1.2]), for any x ∈ A and t ∈ (0, 1),
ˆ
B

u(cx,y(t))µKE(y) =

ˆ
cx,B(1)

u(cx,y(t))µKE(y) ≤
sinh dW

t sinh(tdW )

ˆ
cx,B(t)

uµKE.

Note that the measure µKE(B \ cx,B(1)) = 0. It follows that
ˆ
A

ˆ
B

ˆ 1

1
2

u(cx,y(t))dt ∧ µKE(y) ∧ µKE(x) ≤
sinh dW

2 sinh dW
2

µKE(A) · sup
x∈A,t∈[ 12 ,1]

ˆ
cx,B(t)

uµKE.

Note that ˆ 1

1
2

1

t sinh(tdW )
dt ≤

ˆ 1

1
2

1

t2
· 1

2 sinh dW
2

dt =
1

2 sinh dW
2

.

Similarly,
ˆ
B

ˆ
A

ˆ 1
2

0

u(cx,y(t))dt ∧ µKE(x) ∧ µKE(y) ≤
sinh dW

2 sinh dW
2

µKE(B) · sup
y∈B,t∈[0, 12 ]

ˆ
cA,y(t)

uµKE.

Combining the two estimates yields the stated inequalities. For more details, see [CC96, Theorem 2.11] or
[Pet06, Theorem 7.1.10].
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To proceed, we investigate the behavior of peak sections associated with short geodesics intersecting the
loop c0 constructed in Lemma 9.12. In particular, we apply Cheeger–Colding’s segment inequality to derive
lower bounds on their periods along the corresponding geodesics.
Lemma 9.15. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric µKE

of constant curvature −1. Let γ0 be the shortest non-separating simple closed geodesic on (C, µKE), and let
c0 be the closed geodesic defined in Lemma 9.12. Assume that `(γ0) ≤ 2 arcsinh 1

8 .
Let γ0, γ1, · · · , γm be the simple closed geodesics with `(γj) ≤ 2 arcsinh 1

2 that intersect c0. For each
l = 1, . . . ,m, let αγl denote the peak section in Γ(C,ωC) along γl. Let J0 ⊂ {0, . . . ,m} denote the set of
indices j such that γj is non-separating.

Then for any γl with `(γl) ≤ 2 arcsinh 1
3 , we have∣∣∣∣ˆ

γl

αγl

∣∣∣∣ ≥ √
π

240
√
g − 1 +

(∑
j∈J0

∣∣∣ π2

ℓ(γj)
− ν(γj)

∣∣∣) 1
2

.

Proof. Let βγl be the harmonic form representing the Poincaré dual of γl. Then the peak section in Γ(C,ωC)

along γl is given by αγl = −
√
2

2∥βγl
∥L2;C

(?βγl − iβγl), and hence
ˆ
γl

αγl =

ˆ
C

αγl ∧ βγl =
ˆ
C

−
√
2

2‖βγl‖L2;C
(?βγl − iβγl) ∧ βγl =

√
2‖βγl‖L2;C .

We now proceed to estimate ‖βγl‖L2;C .
Let ρH : H → C be a universal covering map, let c̃1 : R → H be a unit-speed parametrization lifting c0,

and set c1 = ρH ◦ c̃1. For convenience, we write γj+m+1 = γj . After reparameterizing c̃1, we may choose
constants {rj}j∈Z satisfying r0 = 0, r2j < r2j+1, r2j−1 ≤ r2j , r2m+2+j = `(c0) + rj , and c1([r2j , r2j+1]) are
the connected components of c0 ∩C (γj) containing c0 ∩ γj , where C (γj) is the collar of γj . By Lemma 7.10,
there exist holomorphic coordinates

zj : C (γj) → D
e−ν(γj)(0) \ D

e
ν(γj)−

2π2

ℓ(γj)
(0)

such that |zj(c1(r))| is strictly increasing on [r2j , r2j+1], where ν(γj) ∈ (0, π
2ℓ(γj)

) satisfies ν(γj)`(γj) =

2π arcsin
(
tanh

ℓ(γj)
2

)
. See also Corollary 7.6.

We now choose points r′2j , r
′
2j+1 ∈ (r2j , r2j+1) such that |zj(r′2j)| = e

2ν(γj)− 2π2

ℓ(γj) and |zj(r′2j+1)| =

e−2ν(γj). Let r ∈ R. By the above construction and Corollary 7.6, we conclude that, if r /∈ (r′2j , r
′
2j+1) for

all j ∈ Z, then injµKE
(c1(r)) ≥ arcsinh 1

2 .
For any j ∈ Z, choose Nj+1 points r′2j−1 = r′′j,0 < r′′j,1 < · · · < r′′j,Nj

= r′2j so that the interval [r′2j−1, r
′
2j ]

is divided into Nj segments of equal length, satisfying c1(r
′′
j,k) = c1(r

′′
j+m+1,k) and r′′j,k+1−r′′j,k

arcsinh 1
2

∈ [1, 32 ]. This
is possible since Proposition 7.11 implies that |r′2j − r′2j−1| ≥ 2 log 2 > 2 arcsinh 1

2 .
Let r′′′j,k =

r′′j,k+r′′j,k+1

2 be the midpoint of [r′′j,k, r′′j,k+1]. Set

B̃j,k =

{
τ ∈ H : distµH(τ, c̃1(r

′′
j,k)) < arcsinh 1

2

}
,

and
W̃j,k =

{
τ ∈ H : distµH

(
τ, c̃1

(
r′′′j,k
))
< arcsinh 1

2
+

r′′j,k+1 − r′′j,k
2

}
,

where µH = ρ∗HµKE is the pullback of µKE. Write Bj,k = ρH(B̃j,k) and Wj,k = ρH(W̃j,k). Since
injµKE

(c1(r
′′
j,k)) ≥ arcsinh 1

2 , ρH|B̃j,k
: B̃j,k → Bj,k is a diffeomorphism. By a straightforward calculation,

µKE(Bj,k) = µH(B̃j,k) = 2π

ˆ arcsinh 1
2

0

sinh tdt = π(
√
5− 2),
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and
diamµKE(Wj,k) = diamµH(W̃j,k) = 2 arcsinh 1

2
+ r′′j,k+1 − r′′j,k ≤ 7

2
arcsinh 1

2
.

For each 0 ≤ k < Nj and any pair (x̃j,k, x̃j,k+1) ∈ B̃j,k × B̃j,k+1, there exists a unique geodesic segment
c̃x̃j,k,x̃j,k+1

: [0, 1] → H joining x̃j,k and x̃j,k+1, which lies entirely within W̃j,k. Moreover, by the hyperbolic
triangle formula (see [Bus92, Theorem 2.2.2]), for any t ∈ (0, 1),

distµH(c̃x̃j,k,x̃j,k+1
(t), c̃c̃1(r′′j,k),x̃j,k+1

(t)) < arcsinh 1

2
,

distµH(c̃x̃j,k,x̃j,k+1
(t), c̃x̃j,k,c̃1(r′′j,k+1)

(t)) < arcsinh 1

2
,

distµH(c̃1(tr
′′
j,k+1 + (1− t)r′′j,k), c̃c̃1(r′′j,k),x̃j,k+1

(t)) < arcsinh 1

2
,

distµH(c̃1(tr
′′
j,k+1 + (1− t)r′′j,k), c̃x̃j,k,c̃1(r′′j,k+1)

(t)) < arcsinh 1

2
.

We now apply Cheeger–Colding’s segment inequality to the balls B̃j,k.
Write xj,k = ρH(x̃j,k) and cxj,k,xj,k+1

= ρH ◦ c̃x̃j,k,x̃j,k+1
. By definition, we have∣∣∣∣∣

ˆ
cxj,k,xj,k+1

βγl

∣∣∣∣∣ ≤
√
2

2
`(cxj,k,xj,k+1

)

ˆ 1

0

‖βγl‖hyp(cxj,k,xj,k+1
(t))dt

≤
7
√
2 · arcsinh 1

2

4

ˆ 1

0

‖βγl‖hyp(cxj,k,xj,k+1
(t))dt,

where the norm ‖ · ‖hyp is defined by β ∧ ?β =
∥β∥2

hyp

2 µKE. By the above argument, for any t ∈ [0, 1],
injµKE

(c1(tr
′′
j,k+1 + (1 − t)r′′j,k)) ≥ arcsinh 1

2 . Hence, by combining Corollary 7.6 with Theorem 9.13, we
obtain

ˆ
Bj,k×Bj,k+1

ˆ 1

0

‖βγl‖hyp(cxj,k,xj,k+1
(t))dt ∧ µKE(xj,k) ∧ µKE(xj,k+1)

=

ˆ
B̃j,k×B̃j,k+1

ˆ 1

0

‖βγl‖hyp(ρH(c̃x̃j,k,x̃j,k+1
(t)))dt ∧ µH(x̃j,k) ∧ µH(x̃j,k+1)

≤ cosh

(
7

4
arcsinh 1

2

)µH(B̃j,k) · sup
x̃j,k∈B̃j,k,t∈[ 12 ,1]

ˆ
c̃x̃j,k,B̃j,k+1

(t)

(‖βγl‖hyp ◦ ρH)µH

+µH(B̃j,k+1) · sup
x̃j,k+1∈B̃j,k+1,t∈[0, 12 ]

ˆ
c̃B̃j,k,x̃j,k+1

(t)

(‖βγl‖hyp ◦ ρH)µH


≤ 2π(

√
5− 2) cosh

(
7

4
arcsinh 1

2

) sup
x̃j,k∈B̃j,k,t∈[ 12 ,1]

ˆ
ρH(c̃x̃j,k,B̃j,k+1

(t))

‖βγl‖hypµKE

+ sup
x̃j,k+1∈B̃j,k+1,t∈[0, 12 ]

ˆ
ρH(c̃B̃j,k,x̃j,k+1)(t)

‖βγl‖hypµKE


≤ 4π(

√
5− 2) cosh

(
7

4
arcsinh 1

2

)ˆ
Wj,k

‖βγl‖hyp µKE,

where c̃B̃j,k,x̃j,k+1
(t) and c̃x̃j,k,B̃j,k+1

(t) are defined as in Theorem 9.13.
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It follows that
 

Nj∏
k=0

Bj,k

∣∣∣∣∣∣
Nj−1∑
k=0

ˆ
cxj,k,xj,k+1

βγl

∣∣∣∣∣∣
Nj∧
k=0

µKE(xj,k)

≤
7
√
2 · arcsinh 1

2

4

 
Nj∏
k=0

Bj,k

Nj−1∑
k=0

ˆ 1

0

‖βγl‖hyp(cxj,k,xj,k+1
(t))dt ∧

Nj∧
k=0

µKE(xj,k)

=

Nj−1∑
k=0

7
√
2 · arcsinh 1

2

4π2(
√
5− 2)2

·
ˆ
Bj,k×Bj,k+1

ˆ 1

0

‖βγl‖hyp(cxj,k,xj,k+1
(t))dt ∧ µKE(xj,k) ∧ µKE(xj,k+1)

≤
7
√
2 · arcsinh 1

2 cosh
(
7
4 arcsinh 1

2

)
π(
√
5− 2)

·
Nj−1∑
k=0

ˆ
Wj,k

‖βγl‖hyp µKE,

where
ffl

denotes the integral average. Hence, for any ε > 0, there exists a choice of points xj,k ∈ Bj,k such
that ∣∣∣∣∣∣

Nj−1∑
k=0

ˆ
cxj,k,xj,k+1

βγl

∣∣∣∣∣∣ ≤ ε+
7
√
2 · arcsinh 1

2 cosh
(
7
4 arcsinh 1

2

)
π(
√
5− 2)

·
Nj−1∑
k=0

ˆ
Wj,k

‖βγl‖hyp dµKE.

Since |zj(r′2j+1)| = e−2ν(γj), it follows from Proposition 7.11 that

distµKE

(
c1(r

′′
j+1,0),

{
x ∈ C (γj) :

∣∣∣∣ log |zj(x)|ν(γj)
+

√
5

∣∣∣∣ = 1

})
> arcsinh 1

2
.

Therefore,
Bj+1,0 ⊂

{
x ∈ C (γj) :

∣∣∣∣ log |zj(x)|ν(γj)
+

√
5

∣∣∣∣ < 1

}
.

Similarly,

Bj,Nj ⊂

x ∈ C (γj) :

∣∣∣∣∣∣
log |zj(x)|+ 2π2

ℓ(γj)

ν(γj)
−
√
5

∣∣∣∣∣∣ < 1

 .

By Theorem 7.4, γj ∩ γl = ∅, and thus
´
γj
βγl = 0. It follows that

α′
γl

= βγl + i ? βγl −

(
1

2π

ˆ
γj

?βγl

)
dzj
zj

defines a holomorphic 1-form on C (γj) satisfying
´
γj
α′
γl

= 0. Applying Proposition 7.16, we see that for
any pair (xj,Nj

, xj+1,0) ∈ Bj,Nj
×Bj+1,0, there exists a piecewise smooth curve cxj,Nj

,xj+1,0
joining xj,Nj

and
xj+1,0, such that∣∣∣∣∣∣

ˆ
cxj,Nj

,xj+1,0

βγl

∣∣∣∣∣∣ =

∣∣∣∣∣∣
ˆ
cxj,Nj

,xj+1,0

Re(βγl + i ? βγl)

∣∣∣∣∣∣
≤

 −4 log
(
1− e−2(

√
5−2)ν(γj)

)
π(1− e−3π)

(
1 + e

− 2π2

ℓ(γj)
+2(

√
5+1)ν(γj)

)−2


1
2

‖βγl + i ? βγl‖L2;C (γj)

+
1

2π

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
∣∣∣∣ 2π2

`(γj)
− 2(

√
5− 1)ν(γj)

∣∣∣∣ ,
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where ν(γj) ∈ (0, π
2ℓ(γj)

) satisfies ν(γj)`(γj) = 2π arcsin
(
tanh

ℓ(γj)
2

)
. Moreover, Proposition 7.11 implies

that ν(γj) ≥ π arcsin
√

5
5

arcsinh 1
2

≈ 2.83 · · · > 5
2 . Consequently,

−2 log
(
1− e−2(

√
5−2)ν(γj)

)
π(1− e−3π)

(
1 + e

− 2π2

ℓ(γj)
+2(

√
5+1)ν(γj)

)−2

<
−2 log

(
1− e−5(

√
5−2)

)
π(1− e−3π)

(
1 + e

− π2

arcsinh( 1
2 )

+2(
√
5+1)π

)−2 ≈ 0.789 · · · < 1.

Thus ∣∣∣∣∣∣
ˆ
cxj,Nj

,xj+1,0

βγl

∣∣∣∣∣∣ < ‖βγl + i ? βγl‖L2;C (γj) +
1

π

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣
≤ 2‖βγl‖L2;C (γj) +

1

π

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣ .
Set cγl to be the piecewise smooth loop on C given by

cγl =

 m⋃
j=0

Nj−1⋃
k=0

cxj,k,xj,k+1

⋃ m⋃
j=0

cxj,Nj
,xj+1,0

 .

Our next step is to show that |[cγl ] ∩ [γl]| ≥ 1. By construction, the difference of the homology classes
satisfies

[cγl ]− [c0] ∈
m∑
j=0

Z[γj ] ⊂ H1(C;Z),

where [γj ] ∈ H1(C;Z) denotes the homology class represented by γj . By Theorem 7.4, the short closed
geodesics γj are pairwise disjoint, and hence

[cγl ] ∩ [γl] = [c0] ∩ [γl] 6= 0.

Since [cγl ] ∩ [γl] ∈ Z, it follows that |[cγl ] ∩ [γl]| ≥ 1. Consequently,
∣∣∣´cγl

βγl

∣∣∣ = |[cγl ] ∩ [γl]| ≥ 1. See also
[BT82b, (6.31)]. Hence, for any ε > 0,

1 ≤
m∑
j=0

∣∣∣∣∣∣
Nj−1∑
k=0

ˆ
cxj,k,xj,k+1

βγl

∣∣∣∣∣∣+
m∑
j=0

∣∣∣∣∣∣
ˆ
cxj,Nj

,xj+1,0

βγl

∣∣∣∣∣∣
≤ ε+

7
√
2 · arcsinh 1

2 cosh
(
7
4 arcsinh 1

2

)
π(
√
5− 2)

·
m∑
j=0

Nj−1∑
k=0

ˆ
Wj,k

‖βγl‖hypµKE

+2

m∑
j=0

‖βγl‖L2;C (γj) +
1

π

m∑
j=0

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣ .
Letting ε→ 0, the first term vanishes. We next estimate the remaining three terms.
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Let y ∈ C. We now estimate #{Wj,k : y ∈Wj,k}. If y ∈Wj,k ∩Wj′,k′ , then

distµKE
(c1(r

′′′
j,k), c1(r

′′′
j′,k′)) ≤ distµKE

(y, c1(r
′′′
j,k)) + distµKE

(y, c1(r
′′′
j′,k′))

<
|r′′j,0 − r′′j,1|+ |r′′j′,0 − r′′j′,1|

2
+ 2 arcsinh 1

2
.

By construction, we have |r′′j,0−r′′j,1|+|r′′
j′,0−r′′

j′,1|
2 ≤ 3

2 arcsinh 1
2 and

`(c0) ≥ 2 arcsinh 8 ≈ 5.55294 · · · > 21

2
arcsinh 1

2
≈ 5.05272 · · · .

Then Lemma 9.12 implies that there exists an integer n such that

|r′′′j,k − r′′′j′,k′ − n`(c0)| = distµKE
(c1(r

′′′
j,k), c1(r

′′′
j′,k′))

<
|r′′j,0 − r′′j,1|+ |r′′j′,0 − r′′j′,1|

2
+ 2 arcsinh 1

2

≤ 7

2
arcsinh 1

2
.

Without loss of generality, assume that there exists Wj0,k0 containing y, such that for any Wj,k containing
y, we have

|r′′′j,k − r′′′j0,k0 | <
|r′′j,0 − r′′j,1|+ |r′′j0,0 − r′′j0,1|

2
+ 2 arcsinh 1

2
.

For any pair Wj0,k1 ,Wj0,k2 ∈ {Wj,k : y ∈Wj,k}, we have

|r′′′j0,k1 − r′′′j0,k2 | = |k1 − k2||r′′j0,1 − r′′j0,0| ≤ 2 arcsinh 1

2
+ |r′′j0,0 − r′′j0,1|,

and hence |k1 − k2| ≤ 2. It follows that #{Wj0,k : y ∈Wj0,k} ≤ 3.
Suppose that there exist Wj0,k1 ,Wj1,k2 ∈ {Wj,k : y ∈Wj,k} with m+1 ∤ j1−j0. Without loss of generality

we may assume j0 +m ≥ j1 ≥ j0 + 1. By Proposition 7.11 we obtain

|r′′′j0,k1 − r′′′j1,k2 | ≥ |r′′j0,Nj0
− r′′j0+1,0|+

|r′′j0+1,0 − r′′j0+1,1|+ |r′′j0,Nj0
− r′′j0,Nj0−1|

2

≥ 2 arcsinh 2− log

(
tan(

ℓ(γj0 )ν(γj0 )

2π )

tan(
ℓ(γj0 )ν(γj0 )

4π )

)
− log

(
tan(

ℓ(γj0+1)ν(γj0+1)

2π )

tan(
ℓ(γj0+1)ν(γj0+1)

4π )

)
+ arcsinh 1

2

≥ 2 log(
√
5 + 2)− 2 log

(
tan(arcsin

√
5
5 )

tan( 12 arcsin
√
5
5 )

)
+ arcsinh 1

2

= 2 log 2 + arcsinh 1

2
>

7

2
arcsinh 1

2
,

a contradiction. Hence #{Wj,k : y ∈Wj,k} ≤ 3, ∀y ∈ C. Then

m∑
j=0

Nj−1∑
k=0

ˆ
Wj,k

‖βγl‖hypµKE ≤ 3

ˆ
C

‖βγl‖hypµKE

≤ 3

(ˆ
C

‖βγl‖2hypdµKE

) 1
2

(µKE(C))
1
2

= 12
√
π(g − 1)‖βγl‖L2;C .
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Since the collars C (γj) are pairwise disjoint, we have

m∑
j=0

‖βγl‖L2;C (γj) ≤

(m+ 1)

m∑
j=0

‖βγl‖2L2;C (γj)

 1
2

≤
(
(m+ 1)‖βγl‖2L2;C

) 1
2 ≤

√
3(g − 1)‖βγl‖L2;C ,

where the last inequality uses Theorem 7.4, which implies m+ 1 ≤ 3(g − 1).
We now consider the Kähler collar C (γj). Denote by zj = ςje

iθj the polar coordinates on C (γj). On
C (γj), we observe that the decomposition

?βγl =

(
1

2π

ˆ
γj

?βγl

)
dθj +

(
?βγl −

(
1

2π

ˆ
γj

?βγl

)
dθj

)

is L2-orthogonal. It follows that

2‖βγl‖2L2;C (γj)
=

ˆ
C (γj)

βγl ∧ ?βγl ≥

∣∣∣∣∣ 12π
ˆ
γj

?βγl

∣∣∣∣∣
2 ˆ

C (γj)

dθj ∧ ?dθj

=
1

π

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
2(

π2

`(γj)
− ν(γj)

)
.

Applying the Cauchy–Schwarz inequality, we obtain m∑
j=0

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣
2

≤ 2π‖βγl‖2L2;C

∑
j∈J0

∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣
 .

Note that γj is non-separating if and only if j ≤ J0 ∈ {0, · · · ,m}.
Combining the above estimates, a direct computation yields

1 ≤
7
√
2 · arcsinh 1

2 cosh
(
7
4 arcsinh 1

2

)
π(
√
5− 2)

·
m∑
j=0

Nj−1∑
k=0

ˆ
Wj,k

‖βγl‖hypµKE

+2

m∑
j=0

‖βγl‖L2;C (γj) +
1

π

m∑
j=0

∣∣∣∣∣
ˆ
γj

?βγl

∣∣∣∣∣
∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣
≤

84
√
2π · arcsinh 1

2 cosh
(
7
4 arcsinh 1

2

)√
g − 1

π(
√
5− 2)

· ‖βγl‖L2;C

+2
√
3(g − 1)‖βγl‖L2;C +

√
2π

π

∑
j∈J0

∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣
 1

2

‖βγl‖L2;C

≤
√

2

π

240
√
g − 1 +

∑
j∈J0

∣∣∣∣ π2

`(γj)
− ν(γj)

∣∣∣∣
 1

2

 ‖βγl‖L2;C .

Note that
84 · arcsinh 1

2 cosh
(
7
4 arcsinh 1

2

)
√
5− 2

+
√
6π ≈ 239.960239024 · · · .
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Hence ∣∣∣∣ˆ
γl

αγl

∣∣∣∣ =
√
2‖βγl‖L2;C ≥

√
π

240
√
g − 1 +

(∑
j∈J0

∣∣∣ π2

ℓ(γj)
− ν(γj)

∣∣∣) 1
2

,

and the proof is complete.

Before estimate the ϕ-invariant, we need the following elementary lemma from calculus.

Lemma 9.16. Set u(k, t) = 1+kt3

(1+kt)2 , k ∈ N, t ∈ [0, 1]. Then the following hold:

(1) For any given t ∈ [0, 1], u(k, t) ≥ u(k + 1, t), ∀k ∈ N.

(2) We have u(3k − 2, t) > I6(k), where I6(k) is defined as follows:

k 2 3 4 ≥ 5

I6(k)
1
4

1
8

3
40

7
20 · k− 4

3

.

Proof. We begin with proving (1).
Extend u(k, t) to a function of a real variable x ≥ 1 by setting u(x, t) = 1+xt3

(1+xt)2 , ∀x ∈ [1,∞), t ∈ [0, 1].
A direct computation gives

∂u(x, t)

∂x
=
t(t2 − 2− xt3)

(1 + xt)3
≤ 0,

and hence u(k + 1, t) ≤ u(k, t), ∀k ∈ N. This proves (1).
We now turn to the estimate (2).
For any k ∈ N, let tk be the unique number in (0, 1) that satisfies kt3k + 3t2k = 2. Clearly, tk+1 < tk,

∀k ∈ N. Then ∂u(k,t)
∂t = k(kt3+3t2−2)

(1+kt)3 shows that u(k, t) ≥ u(k, tk). Moreover, kt3k + 3t2k = 2 implies that
u(k, tk) =

3t4k
4(1−t2k)

.
Now we consider the case k ∈ {2, 3, 4}.
Since 2 · ( 67

100 )
3 + 3 · ( 67

100 )
2 − 2 = − 25887

500000 < 0, we have t2 > 67
100 , and hence

u(2, t2) =
3t42

4(1− t22)
>

3

4
·
(

67
100

)4
1−

(
67
100

)2 > 1

4
.

Similarly, one finds t5 > 29
50 and t8 >

13
25 , which yield u(5, t5) >

1
8 and u(8, t8) >

3
40 .

Since kt3k + 3t2k = 2, we have

(k + 1)
4
3u(k, tk) =

3

4
· (1− tk)

1
3 (1 + tk)

−1(2 + 2tk − t2k)
4
3 .

Let u1(t) = (1− t)(1 + t)−3(2 + 2t− t2)4, ∀t ∈ (0, 1). Then (k + 1)
4
3u(k, t) ≥ 3

4u1(tk)
1
3 . Since

du1(t)

dt
=

6t(t2 − 2) · u1(t)
(1− t2)(2 + 2t− t2)

< 0,

the function u1(t) is decreasing on t. Moreover, since 11
8 + 3

4 = 17
8 > 2, we have t11 < 1

2 . Hence for all k ≥ 11,

(k + 1)
4
3u(k, t) ≥ 3

4
u1(tk)

1
3 ≥ 3

4
u1

(
1

2

) 1
3

=
(11)

4
3

16
>

7 · 3 4
3

20
.

This completes the lemma.
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Combining Lemma 9.11, Lemma 9.15 and Lemma 9.16, we obtain the following estimate for Zhang’s
ϕ-invariant.

Lemma 9.17. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric µKE

of constant curvature −1. Let γ0 be the shortest non-separating simple closed geodesic on (C, µKE), and let
c0 be the geodesic loop defined in Lemma 9.12.

Let γ0, γ1, · · · , γm be the simple closed geodesics intersecting c0 and satisfying `(γj) ≤ 2 arcsinh 1
2 . Assume

that `(γ0) ≤ 2 arcsinh 1
8 . Let J0 ⊂ {0, . . . ,m} denote the set of indices j such that γj is non-separating.

Define κj = π2

ℓ(γj)
− ν(γj) and κΣ =

∑
j∈J0 κj. Then for any ε ∈ (0, 12 ), if

κ0 ≥ max

{
240(1 + ε) ·

√
7(g − 1),

7 · (1 + ε)2

I6(g) · ε2

}
,

we have
ϕ(C) ≥ min

{
κ0

3 · (240)2(1 + ε)2g
,
ε4(g − 1)I6(g) · κ0

21(1 + ε)4g

}
,

where I6 is the constant defined in Lemma 9.16.

Proof. let αj denote the peak section in Γ(C,ωC) along γj , and let tj =
∣∣∣´γj αj∣∣∣. By Lemma 9.15, if

`(γj) ≤ 2 arcsinh 1
3 , then tj ≥

√
π

240
√
g−1+

√κΣ
. Set J ′

0 = {j ∈ J0 : `(γj) ≤ 2 arcsinh 1
3}.

Combining Proposition 9.2 with Lemma 9.11, we deduce

ϕ(C) ≥
m∑
j=0

max

{
0,

2(g − 1)t2jκj
πg

(
t2jκ2

j

6π
− 1

)}
.

Let ε ∈ (0, 12 ).
If √κΣ ≤ 240ε

√
g − 1, then t0 ≥

√
π

240(1+ϵ)
√
g−1

, which implies

ϕ(C) ≥ 2κ0

(240)2(1 + ε)2g

(
κ2
0

6 · (240)2(1 + ε)2(g − 1)
− 1

)
≥ 2κ0

(240)2(1 + ε)2g

(
7

6
− 1

)
=

κ0

3 · (240)2(1 + ε)2g
.

If instead √κΣ ≥ 240ε
√
g − 1, then for any j ∈ J ′

0, tj ≥ ϵ
√
π

(1+ϵ)
√κΣ

. Using this bound and enlarging the
summation from J ′

0 to J0, we obtain

ϕ(C) ≥ 2ε2(g − 1)

(1 + ε)2g

(
ε2
∑
j∈J ′

0
κ3
j

6(1 + ε)2κ2
Σ

−
∑
j∈J ′

0
κj

κΣ

)
≥ 2ε2(g − 1)

(1 + ε)2g

(
ε2
∑
j∈J0 κ

3
j

6(1 + ε)2κ2
Σ

− 1

)
,

where we used that `(γj) ≥ 2 arcsinh 1
3 implies κ2

j < 6(1 + 1
ϵ )

2κΣ. By Lemma 9.16 and our assumption on
κ0, we can conclude that

ϕ(C) ≥ 2ε2(g − 1)

(1 + ε)2g

(
ε2I6(g) · κ0

6(1 + ε)2
− ε2I6(g) · κ0

7(1 + ε)2

)
=
ε4(g − 1)I6(g) · κ0

21(1 + ε)4g
.

This completes the proof.

We are now in a position to estimate the ϕ-invariant of hyperbolic Riemann surfaces that admit a short
non-separating geodesic.
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Proposition 9.18. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Let γ0 be the shortest non-separating simple closed geodesic on (C, µKE).
Assume that `(γ0) ≤ 2 arcsinh 1

8 .
If `(γ0) ≤ I7(g), then ϕ(C) ≥ I8(g)

ℓ(γ0)
, where the constants I7(g), I8(g) are given in the following table:

g 2 3 4 ≥ 5

I7(g)
1
80

17
2000

4
625

1
22 · g− 4

3

I8(g)
1

100000
1

120000
1

140000
1

30000 · g− 4
3

.

Proof. Let c0 be the geodesic loop defined in Lemma 9.12. Let γ0, γ1, · · · , γm be the short simple closed
geodesics with `(γj) ≤ 2 arcsinh

(
1
2

)
and γj ∩c0 6= ∅. For j = 0, · · · ,m, let αγj be a peak section in Γ(C,ωC)

along γj , and let C (γj) be the collar of γj . Denote π2

ℓ(γj)
− ν(γj) and

∣∣∣´γj αj∣∣∣ by κj and tj , respectively. Let
J0 ⊂ {0, . . . ,m} be the set of indices j for which γj is non-separating, and set κΣ =

∑
j∈J0 κj .

For any g ≥ 2, define ε1(g) by
g 2 3 4 ≥ 5

ε1(g)
47
200

113
400

42
125

11
25

.

Applying Lemma 9.17 with the choice ε = ε1(g), we conclude that if κ0 ≥ ϑ1(g), then ϕ(C) ≥ ε2(g)κ0,
where ϑ1(g) and ε2(g) are constants defined by

g 2 3 4 ≥ 5

ϑ1(g) 785 1155 1476 429
2 · g 4

3

ε2(g)
1

600000
1

1000000
1

1250000
1

250000 · g− 4
3

.

Since κ0 = π2

ℓ(γ0)
− ν(γ0) and ν(γ0) < π, we can conclude that if `(γ0) ≤ π2

ϑ1(g)+π
, then ϕ(C) ≥

ϵ2(g)(π2−ν(γ0)ℓ(γ0))
ℓ(γ0)

. It follows that if `(γ0) ≤ I7(g), then ϕ(C) ≥ I8(g)
ℓ(γ0)

, where the constants I7(g), I8(g)

are as given in the table above. This completes the proof.

Combining Proposition 9.6, Proposition 9.10 and Proposition 9.18, we obtain the following global estimate
for Zhang’s ϕ-invariant.

Theorem 9.19. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Denote by sys(C) the systole of (C, µKE), and by ϕ(C) the ϕ-invariant of C.
Then

ϕ(C) ≥ max

{
ξ1(g),

ξ2(g)

sys(C)

}
,

where the constants ξ1(g), ξ2(g) are given in the following table:

g 2 3 4 ≥ 5

ξ1(g)
1

6400
1

10900
1

15500
1

15625 · g− 1
3

ξ2(g)
1

512000
17

21800000
1

2421875
1

343750 · g− 5
3

.

Proof. Let γ0 be the shortest closed geodesic on (C, µKE). Then `(γ0) = sys(C). Let I7(g) be the constant
defined in Proposition 9.18.

If sys(C) ≥ I7(g), then Proposition 9.6 yields

ϕ(C) ≥ I5(g) · I7(g)
I7(g) + 2 arcsinh 1

,
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where I5(g) is the constant defined in Proposition 9.6. By a direct computation, when g = 2, 3, 4, we obtain
I5(g)·I7(g)

I7(g)+2 arcsinh 1 ≥ ξ1(g). Now assume g ≥ 5. By definition, one checks that I5(g) ≥ g
400 , and hence for any

g ≥ 5,

ϕ(C) ≥ I5(g) · I7(g)
I7(g) + 2 arcsinh 1

≥ g

400
· g

− 4
3

22
· 1

2 arcsinh 1 + g−
4
3

22

≥ g−
1
3

15625
= ξ1(g).

Moreover, by definition we have ξ2(g) = I7(g) · ξ1(g). Therefore,

ϕ(C) ≥ max

{
ξ1(g),

ξ2(g)

sys(C)

}
, if sys(C) ≥ I7(g).

Next, consider the case sys(C) ≤ I7(g). In this case, max
{
ξ1(g),

ξ2(g)
sys(C)

}
= ξ2(g)

sys(C) .

Assume first that γ0 is separated. Let C1, C2 denote the two connected components of C \
(⋃m

j=1 γj

)
,

and let g1 and g2 denote the genera of C1 and C2, respectively. Since e15−
π2

I7(g) ≤ 1
4 , Proposition 9.10 gives

ϕ(C) ≥ π2 · g1g2
sys(C)

(
1

g
− 2

g
· e15−

π2

sys(C)

)
≥ π2 · g1(g − g1)

sys(C) · g

(
1− 1

2

)
≥ π2

4sys(C)
>

ξ2(g)

sys(C)
.

If γ0 is non-separated, then combining I8(g) ≥ ξ2(g) with Proposition 9.18 yields ϕ(C) ≥ ξ2(g)
sys(C) . This

proves the theorem.

10 Lower bounds of the Faltings–Elkies invariant
Let C be a curve of genus g ≥ 2 over C, and let ωC denote its canonical bundle. Let µhyp be the unique Kähler
metric on C with constant curvature 4π(1− g), normalized to have volume 1. Then µKE = 4π(g− 1)µhyp is
the unique Kähler metric on C with constant curvature −1. Since dimC = 1, we identify the Kähler metric
µhyp with the measure it induces. Let {αj}gj=1 be an L2-orthonormal basis of Γ(C,ωC). The Arakelov Kähler
metric is defined by

µAr =
i

2g

g∑
k=1

αk ∧ ᾱk.

This definition is independent of the choice of basis.
Let GAr and Ghyp denote the Green functions associated with µAr and µhyp, respectively. Our goal in

this section is to derive explicit lower bounds for the Faltings–Elkies invariant

FEv(n,C) = inf
x1,...,xn∈C

∑
1≤j<k≤n

GAr(xj , xk),

most notably an explicit bound in terms of Zhang’s ϕ-invariant.
The key idea is to transform the estimate for the Arakelov Green function into one involving hyperbolic

geometric data. The first step is to observe that the difference between the two Green functions can be
expressed through a single-variable function.

Theorem 10.1. There exists a unique R-valued smooth function ψAr on C, such that

GAr(x, y)−Ghyp(x, y) = ψAr(x) + ψAr(y).

In particular, ddcψAr = µAr − µhyp and
´
C
ψArµAr +

´
C
ψArµhyp = 0.

Proof. It suffices to check that the sum Ghyp(x, y) + ψAr(x) + ψAr(y) satisfies the defining properties of
GAr(x, y), and then apply the uniqueness of the Green function. See [JK06, Theorem 3.8] for more details.
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As a preliminary step toward the explicit lower bound estimates, we establish the following lemma. Its
proof is based on an argument similar to that of [Aut01, Proposition 3.2.5], which generalizes the original
estimate of Faltings and Elkies [Lan88, Theorem 5.1].

Lemma 10.2. Let x1, · · · , xn be pairwise distinct points on C. Then for any t > 0,

∑
1≤j<k≤n

GAr(xj , xk) ≥ −1

2

n∑
j=1

Ghyp(xj , xj ; t)−
n(n− 1)t

2

(
1 + sup

C

∣∣∣∣ µAr

µhyp
− 1

∣∣∣∣) .
Proof. Let ψAr be the function defined in Theorem 10.1, and ψt(x) is the solution of the hyperbolic heat
equation du

dt = ∆hyp,xu with initial data u(x; 0) = ψAr(x). Set al =
´
C
(ψArφhyp,l)µhyp, ∀l ≥ 0. Then

ψt(x) =
∑∞
l=0 ale

−tλhyp,lφhyp,l(x). Since dψt(x)
dt = ∆hyp,xψt(x) also satisfies the heat equation, we can apply

the maximum principle to show that

|ψt(x)− ψAr(x)| =

∣∣∣∣ˆ t

0

d

dς
ψς(x)dς

∣∣∣∣ = ∣∣∣∣ˆ t

0

∆hyp,xψς(x)dς

∣∣∣∣
≤ t sup

C
|∆hyp,xψAr(x)| = t sup

C

∣∣∣∣µAr − µhyp

µhyp

∣∣∣∣ .
By the maximum principle of the heat equations, we have Ghyp(x, y; t) ≤ t+Ghyp(x, y), ∀x 6= y. See also

[Lan88, Lemma 5.2]. Then we have∑
1≤j<k≤n

GAr(xj , xk) =
∑

1≤j<k≤n

(Ghyp(xj , xk) + ψAr(xj) + ψAr(xk))

≥
∑

1≤j<k≤n

Ghyp(xj , xk; t)−
n(n− 1)t

2

+(n− 1)

n∑
j=1

ψ t
2
(xj)−

n(n− 1)t

2
sup
C

∣∣∣∣ µAr

µhyp
− 1

∣∣∣∣ .
For any l ≥ 1, set Φl(t) =

∑n
j=1 e

−
tλhyp,l

2 φhyp,l(xj). Hence we have

n∑
j=1

ψ t
2
(xj) =

n∑
j=1

∞∑
l=0

e−
tλhyp,l

2 alφhyp,l(xj) = na0 +

∞∑
l=1

alΦl(t),

and ∑
1≤j<k≤n

Ghyp(xj , xk; t) =

∞∑
l=1

∑
1≤j<k≤n

e−tλhyp,l

λhyp,l
φhyp,l(xj)φhyp,l(xk)

=

∞∑
l=1

Φ2
l (t)

2λhyp,l
−

∞∑
l=1

n∑
j=1

e−tλhyp,l

2λhyp,l
(φhyp,l(xj))

2

=

∞∑
l=1

Φ2
l (t)

2λhyp,l
− 1

2

n∑
j=1

Ghyp;t(xj , xj).
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It follows that∑
1≤j<k≤n

GAr(xj , xk) ≥
∞∑
l=1

Φ2
l (t)

2λhyp,l
+ (n− 1)

∞∑
l=1

alΦl(t)−
1

2

n∑
j=1

Ghyp;t(xj , xj)

+n(n− 1)a0 −
n(n− 1)t

2

(
1 + ‖b0 − 1‖sup

)
≥ −

∞∑
l=1

(n− 1)2a2l λhyp,l
2

− 1

2

n∑
j=1

Ghyp;t(xj , xj)

+n(n− 1)a0 −
n(n− 1)t

2

(
1 + sup

C

∣∣∣∣ µAr

µhyp
− 1

∣∣∣∣) .
By definition, we have a0 =

´
C
ψArdµhyp and

∞∑
l=1

a2l λhyp,l = −
ˆ
C

ψArdd
cψAr =

ˆ
C

ψAr(µhyp − µAr) = 2

ˆ
C

ψArµhyp = 2a0.

Hence a0 > 0, and

n(n− 1)a0 −
∞∑
l=1

(n− 1)2a2l λhyp,l
2

= n(n− 1)a0 − (n− 1)2a0

= (n− 1)a0 ≥ 0.

This completes the proof.

Applying Lemma 10.2 with t = 1
40n(g−1) , we obtain the following estimate.

Lemma 10.3. Let x1, · · · , xn be pairwise distinct points on C. Then∑
1≤j<k≤n

GAr(xj , xk) ≥ − n− 1

80(g − 1)

(
1 + sup

C

∣∣∣∣b0

g
− 1

∣∣∣∣)

− 5n

2(g − 1)
sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣
−n
2

ˆ 1
40(g−1)

1
40n(g−1)

sup
x∈C

Khyp(x, x; ς)dς

−n
2

∑
0<λKE,l≤ 1

20π

sup
C

|φKE,l|2

λKE,l
,

where b0(x) is the Bergman kernel function associated with (Γ(C,ωC), µhyp).

Proof. From Lemma 10.2 with t = 1
40n(g−1) , we deduce that

n(n− 1)t

2

(
1 + sup

C

∣∣∣∣ µAr

µhyp
− 1

∣∣∣∣) =
n− 1

80(g − 1)

(
1 +

1

g
sup
x∈C

|b0(x)− g|
)
.

We are thus reduced to proving that, for each j = 1, . . . , n,

Ghyp

(
xj , xj ;

1

40n(g − 1)

)
≤

∑
λKE,l≤ 1

20π

sup
C

|φKE,l|2

λKE,l
+

ˆ 1
40(g−1)

1
40n(g−1)

sup
x∈C

|Khyp(x, x; ς)| dς

+
5

g − 1
sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣ .
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By definition, we have

Ghyp

(
xj , xj ;

1

40n(g − 1)

)
=

∞∑
l=1

e−
λhyp,l

40n(g−1)

λhyp,l
|φhyp,l(xj)|2

≤
∑

λhyp,l≥ g−1
5

e−
λhyp,l

40n(g−1)

λhyp,l
|φhyp,l(xj)|2

+
∑

0<λhyp,l≤ g−1
5

|φhyp,l(xj)|2

λhyp,l
.

It is enough to prove that

∑
λhyp,l≥ g−1

5

e−
λhyp,l

40n(g−1)

λhyp,l
|φhyp,l(xj)|2 ≤

ˆ 1
40(g−1)

1
40n(g−1)

sup
x∈C

Khyp(x, x; ς)dς

+
5

g − 1
sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣ .
Indeed, by definition of the heat kernel,
ˆ 1

40(g−1)

1
40n(g−1)

Khyp(x, x; ς)dς =

ˆ 1
40(g−1)

1
40n(g−1)

∞∑
l=1

e−ςλhyp,l |φhyp,l(x)|2dς

≥
∑

λhyp,l≥ g−1
5

e−
λhyp,l

40n(g−1)

λhyp,l
|φhyp,l(x)|2 −

∑
λhyp,l≥ g−1

5

e−
λhyp,l
40(g−1)

λhyp,l
|φhyp,l(x)|2

≥
∑

λhyp,l≥ g−1
5

e−
λhyp,l

40n(g−1)

λhyp,l
|φhyp,l(x)|2 −

5

g − 1

∑
λhyp,l≥ g−1

5

e−
λhyp,l
40(g−1) |φhyp,l(x)|2

≥
∑

λhyp,l≥ g−1
5

e−
λhyp,l

40n(g−1)

λhyp,l
|φhyp,l(x)|2 −

5

g − 1
sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣ ,
and the lemma follows.

We now estimate the three contributions in the right-hand side of Lemma 10.3. The first term involves
the Bergman kernel, for which we have the following bound.

Lemma 10.4. Let ϕ(C) denote Zhang’s ϕ-invariant of C, and let b0 be the Bergman kernel function
associated with (Γ(C,ωC), µhyp). The following chain of inequalities holds:

n− 1

80(g − 1)

(
1 + sup

C

∣∣∣∣b0

g
− 1

∣∣∣∣) <
n

8g
·
(
1 +

2

sys(C)

)
≤ n

8g
·
(

1

ξ1
+

2

ξ2

)
· ϕ(C),

where sys(C) denotes the systole of (C, µKE), and ξ1(g), ξ2(g) are the positive constants defined in Theorem
9.19.

Remark 10.5. The first inequality in Lemma 10.4 improves upon an estimate of Jorgensen–Kramer [JK14,
Proposition 4.4]. More precisely, they proved that for any unramified covering C → C0,

sup
C

µAr

µhyp
≤ 1.2 · 103esys(C0)/2

(1− e−sys(C0)/4)5/2
.
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Although our lemma is stated only in the case C0 = C, the general case considered in [JK14] can be deduced
immediately. Indeed, one applies the lemma together with the inequality sys(C) ≥ sys(C0). In particular,
our estimate improves the exponent in the denominator from 5

2 to 1.

Proof. Let b0,µKE be the Bergman kernel function associated with (Γ(C,ωC), µKE). Since µKE = 4π(g −
1)µhyp, it follows that b0 = 4π(g − 1)b0,µKE

. Because C is compact, there exists a point x ∈ C with
b0,µKE

(x) = supC |b0,µKE
|. To estimate this quantity, we pass to the covering map ρD : D → C from the

Poincaré disk such that ρD(0) = x. Let α ∈ Γ(C,ωC) be the peak section at x. Then i
2

´
C
α ∧ ᾱ = 1. Write

ρ∗Dα = f(z)dz. Since ρ∗DµKE(0) = 2idz ∧ dz̄, we obtain b0,µKE(x) =
1
4 |f(0)|

2.
By Lemma 7.8, we have

#
(
ρ−1
D (y) ∩ D√

2−1(0)
)
< 1 +

2 arcsinh 1

sys(C)
, ∀y ∈ C,

where sys(C) denotes the systole of (C, µKE), i.e., the length of the shortest closed geodesic on (C, µKE).
Hence

π
(√

2− 1
)2

|f(0)|2 ≤
ˆ
D√

2−1(0)

|f(z)|2µEuc

=
i

2

ˆ
D√

2−1(0)

ρ∗Dα ∧ ρ∗Dᾱ

≤ 1 +
2 arcsinh 1

sys(C)
.

Consequently,

sup
x∈C

|b0(x)| = 4π(g − 1)b0,µKE
(x) = π(g − 1)|f(0)|2

≤
(√

2 + 1
)2

(g − 1)
(
1 + 2 arcsinh 1

sys(C)

)
,

and hence

1 + sup
x∈C

∣∣∣∣b0(x)

g
− 1

∣∣∣∣ ≤
(√

2 + 1
)2

(g − 1)

g

(
1 +

2 arcsinh 1

sys(C)

)
.

By Theorem 9.19, we have

n− 1

80(g − 1)

(
1 + sup

x∈C

∣∣∣∣b0(x)

g
− 1

∣∣∣∣) ≤
(√

2 + 1
)2

(n− 1)

80g

(
1 +

2 arcsinh 1

sys(C)

)
<

9n

80g

(
1 +

2

sys(C)

)
<

n

8g
·
(

1

ξ1(g)
+

2

ξ2(g)

)
· ϕ(C).

This completes the proof.

Our next step is to estimate the sup norm of the hyperbolic heat kernel.

Lemma 10.6. Let x ∈ C, and n ≥ 2. Then we have

5n

2(g − 1)
sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣ <

(
51 +

100

sys(C)

)
n

≤
(

51

ξ1(g)
+

100

ξ2(g)

)
nϕ(C),

where ξ1(g), ξ2(g) are the positive constants defined in Theorem 9.19.
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Proof. By Lemma 8.3, we have

sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣ <
40(g − 1)

2
+

6
√
g − 1

sys(C)
·
√

40(g − 1) +
g − 1

100
·
(
1 +

4 arcsinh 1

sys(C)

)
=

2001(g − 1)

100
+

(
6
√
40 +

arcsinh 1

25

)
· g − 1

sys(C)

<
2001(g − 1)

100
+

40(g − 1)

sys(C)
.

Hence
5n

2(g − 1)
sup
x∈C

∣∣∣∣Khyp

(
x, x;

1

40(g − 1)

)∣∣∣∣ < 51n+
100n

sys(C)

≤
(

51

ξ1(g)
+

100

ξ2(g)

)
nϕ(C),

which completes the proof.

Next we consider the integral involving the hyperbolic heat kernel.

Lemma 10.7. Let x ∈ C, and n ≥ 2. Then we have

n

2

ˆ 1
40(g−1)

1
40n(g−1)

Khyp(x, x; t)dt <
n log n

4
+

(
1

8000
+

1

sys(C)

)
n

≤ n log n

4ξ1(g)
ϕ(C) +

(
1

8000ξ1(g)
+

1

ξ2(g)

)
nϕ(C),

where ξ1(g), ξ2(g) are the positive constants defined in Theorem 9.19.

Proof. Applying Lemma 8.3, we obtain
ˆ 1

40(g−1)

1
40n(g−1)

Khyp(x, x; t)dt <

ˆ 1
40(g−1)

1
40n(g−1)

1

2t
+

6
√
g − 1√

t · sys(C)
+
g − 1

100
·
(
1 +

4 arcsinh 1

sys(C)

)
dt

=
log n

2
+

12
√
g − 1

sys(C)

(√
1

40(g − 1)
−

√
1

40n(g − 1)

)

+
g − 1

100
·
(
1 +

4 arcsinh 1

sys(C)

)
·
(

1

40(g − 1)
− 1

40n(g − 1)

)
<

log n

2
+

1

4000
+

(
3
√
10

5
+

arcsinh 1

1000

)
1

sys(C)
.

It follows that

n

2

ˆ 1
40(g−1)

1
40n(g−1)

Khyp(x, x; t)dt <
n

2

(
log n

2
+

1

4000
+

(
3
√
10

5
+

arcsinh 1

1000

)
1

sys(C)

)

<
n log n

4
+

(
1

8000
+

1

sys(C)

)
n.

By Theorem 9.19, we conclude that

n

2

ˆ 1
40(g−1)

1
40n(g−1)

Khyp(x, x; t)dt <
n log n

4ξ1(g)
ϕ(C) +

(
1

8000ξ1(g)
+

1

ξ2(g)

)
nϕ(C),

where ξ1(g), ξ2(g) are the positive constants defined in Theorem 9.19. This completes the proof.
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The remaining term arises from small eigenvalues. To deal with this part, we first establish a quantitative
lower bound for the first nonzero eigenvalue in terms of Zhang’s ϕ-invariant. This is provided by the following
lemma.

Lemma 10.8. Let C be a connected smooth complex curve of genus g ≥ 2, let µKE be the unique Kähler
metric on C with constant curvature −1, and let ϕ(C) be the ϕ-invariant of C. Then the following estimate
holds:

1

λKE,1
< min

{
98π3(g − 1)2

sys(C)
,
385π3(g − 1) · ϕ(C)

ξ2(g)

}
,

where sys(C) denotes the systole of (C, µKE), and the constant ξ2(g) is the positive constant defined in
Theorem 9.19.

Proof. The first inequality 1
λKE,1

< 98π3(g−1)2

sys(C) follows directly from Proposition 8.10. See also the remark
following that proposition. We now turn to the second inequality.

According to Proposition 8.10, one of the alternatives (1)–(3) in its statement must hold. We first consider
the case where (1) or (2) applies. In this situation, we obtain

λKE,1 ≥ min

{
1

8π
,

1

32π3(g − 1)2
,
`Σ(C, µKE)

2π3
,

1

52π3(g − 1)2

}
≥ min

{
`Σ(C, µKE)

2π3
,

1

52π3(g − 1)2

}
≥ min

{
sys(C)

2π3
,

1

52π3(g − 1)2

}
,

where `Σ(C, µ) denotes the infimum of the total length of all geodesics in a separating multicurve, and sys(C)
denotes the systole of (C, µKE). By Theorem 9.19, we conclude that

1

λKE,1
≤ max

{
2π3

sys(C)
, 52π3(g − 1)2

}
≤ max

{
2π3

ξ2(g)
,
52π3(g − 1)2

ξ1(g)

}
· ϕ(C) < 385π3(g − 1) · ϕ(C)

ξ2(g)
.

Here ξ1(g), ξ2(g) are the positive constants defined in Theorem 9.19, and we used the fact that ξ1(g) >
20g

4
3 ξ2(g).
Now we assume that (iii) in Proposition 8.10 holds. Then there exists a minimal separating multicurve

{γj}mj=1 splitting C into two parts C1, C2, such that

λKE,1 ≥
∑m
j=1 `(γj)

8π3
· 1

min
{
7(g1 − 1) + 5m, 7(g2 − 1) + 5m, 7(g−1)

2

}2 ,

where g1, g2 are the genera of C1 and C2, respectively.
We now consider three subcases. If

∑m
j=1 `(γj) >

1
6 log g , then

1

λKE,1
≤ 8π3∑m

j=1 `(γj)
·min

{
7(g1 − 1) + 5m, 7(g2 − 1) + 5m,

7(g − 1)

2

}2

≤ 8π3 · (6 log g) · 49(g − 1)2

4
= 588π3(g − 1)2 log g

≤ 588π3(g − 1)2 log g

ξ1(g)
· ϕ(C) < 90π3(g − 1)

ξ2(g)
· ϕ(C).

On the other hand, if
∑m
j=1 `(γj) ≤ 1

6 log g and m ≤ 4
5 · min{g1, g2}, then g1 + g2 +m − 1 = g implies
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m ≤ 2g+2
7 . In this situation, Proposition 9.10 yields

ϕ(C) ≥ π2 · (g1 −m+ 1)(g2 −m+ 1)∑m
j=1 `(γj)

·
(
g − 3(m− 1)

g2
− 2

g
· e

15− π2∑m
j=1

ℓ(γj)

)
≥ π2 · g1g2

25
∑m
j=1 `(γj)

·
(
g + 15

7g2
− 2

g
· e15−59 log g

)
>

π2 · (g1 + g2 − 1)

25
∑m
j=1 `(γj)

· 1

7g
=

π2 · (g −m)

25
∑m
j=1 `(γj)

· 1

7g

>
π2

25
∑m
j=1 `(γj)

· 5g − 2

7
· 1

7g
>

π2

400
· 1∑m

j=1 `(γj)
.

It follows that

1

λKE,1
≤ 8π3∑m

j=1 `(γj)
·min

{
7(g1 − 1) + 5m, 7(g2 − 1) + 5m,

7(g − 1)

2

}2

≤ 98π3(g − 1)2 · 1∑m
j=1 `(γj)

< 98π3(g − 1)2 · 400
π2

ϕ(C)

= 39200π · (g − 1)2 · ϕ(C) < g − 1

ξ2(g)
· ϕ(C).

Finally, in the remaining situation where
m∑
j=1

`(γj) ≤ 1
6 log g and m ≥ 4

5 min{g1, g2}, we may assume

without loss of generality that g1 ≤ g2. Then 7g1 + 5m ≤ 55
4 m, and hence

1

λKE,1
≤ 8π3∑m

j=1 `(γj)
·min

{
7(g1 − 1) + 5m, 7(g2 − 1) + 5m,

7(g − 1)

2

}2

≤
8π3 ·min

{
55
4 m,

7(g−1)
2

}2

m · sys(C)
=

8π3

sys(C)
·min

{
55

4

√
m,

7(g − 1)

2
√
m

}2

≤ 8π3

sys(C)
· 55
4

· 7(g − 1)

2
=

385π3 · (g − 1)

sys(C)
≤ 385π3(g − 1) · ϕ(C)

ξ2(g)
.

This completes the proof.

We are now in a position to estimate the contribution of the small eigenvalues.

Lemma 10.9. Let C be a connected smooth complex curve of genus g ≥ 2, let µKE be the unique Kähler
metric on C with constant curvature −1, and let ϕ(C) be the ϕ-invariant of C. Then the estimate below
holds:

n

2

∑
0<λKE,l≤ 1

20π

sup
C

|φKE,l|2

λKE,l
< 616π3(g − 1)(2g − 3)n ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
,

where sys(C) denotes the systole of (C, µKE), and the constant ξ2(g) is the positive constant defined in
Theorem 9.19.

Proof. Since ∆KE = 1
2π ?KE d?KE d, it follows that λKE,l ≤ 1

20π if and only if λRm
KE,l ≤ 1

10 . Recall from [OR09,
Théorème 2] that if λRm

KE,l ≤ 1
4 , then l ≤ 2g − 3. Thus it remains to show that for 0 < λKE,l ≤ 1

20π ,

sup
C

|φKE,l|2

λKE,l
< 1232π3(g − 1) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
.
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By Proposition 8.16, we obtain in this case

sup
C

|φKE,l|2 ≤ max

{
2 · sys(C)−8πλKE,l + 1,

16

5

}
.

If sup
C

|φKE,l|2 ≤ 16
5 , then by Lemma 10.8, we have

sup
C

|φKE,l|2

λKE,l
≤ 16

5
· 1

λKE,1
< 1232π3(g − 1) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
.

Otherwise, suppose sup
C

|φKE,l|2 ≤ 2 ·sys(C)−8πλKE,l +1. By Theorem 9.19, we have 1
sys(C) ≤

φ(C)
ξ2(g)

. Hence

sup
C

|φKE,l|2

λKE,l
≤ 2 · sys(C)−8πλKE,l + 1

λKE,l
<

2

λKE,l
·
(
ϕ(C)

ξ2(g)

)8πλKE,l

+
1

λKE,l
.

Set λmin = ξ2(g)
385π3(g−1)·φ(C) and λmax = 1

20π . By convexity,

1

λKE,l
·
(
ϕ(C)

ξ2(g)

)8πλKE,l

< max

{
1

λmax
·
(
ϕ(C)

ξ2(g)

)8πλmax

,
1

λmin
·
(
ϕ(C)

ξ2(g)

)8πλmin
}
.

Evaluating at λmax and λmin gives

1

λmax
·
(
ϕ(C)

ξ2(g)

)8πλmax

= 20π ·
(
ϕ(C)

ξ2(g)

) 2
5

≤ 20π

ξ2(g)
· ϕ(C),

and

1

λmin
·
(
ϕ(C)

ξ2(g)

)8πλmin

=
385π3(g − 1) · ϕ(C)

ξ2(g)
·
(
ϕ(C)

ξ2(g)

) 8ξ2(g)

385π2(g−1)·φ(C)

≤ 385π3(g − 1) · ϕ(C)
ξ2(g)

· sup
t>0

e
8 log t

385π2(g−1)·t

≤ 385π3(g − 1) · ϕ(C)
ξ2(g)

· e
8

385eπ2 .

It follows that

sup
C

|φKE,l|2

λKE,l
<

385π3(g − 1) · ϕ(C)
ξ2(g)

·
(
2e

8
385eπ2 + 1

)
<

1232π3(g − 1)

ξ2(g)
· ϕ(C).

Set λ′min = sys(C)
98π3(g−1)2 . Similarly to above, we have

sys(C)−8πλKE,l

λKE,l
< max

{
sys(C)−8πλmax

λmax
,
sys(C)−8πλ′

min

λ′min

}

≤ max

{
20π · sys(C)− 2

5 ,
98π3(g − 1)2sys(C)−

4·sys(C)

49π2

sys(C)

}

≤ 98π3e
4

49eπ2 (g − 1)2 · max{1, sys(C)}
sys(C)

.
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Hence

sup
C

|φKE,l|2

λKE,l
≤ 2 · sys(C)−8πλKE,l + 1

λKE,l
≤ 98π3(2e

4
49eπ2 + 1)(g − 1)2 · max{1, sys(C)}

sys(C)

<
1568π3(g − 1)2 ·max{1, sys(C)}

5 · sys(C)
,

which completes the proof.

By combining Lemma 10.3, Lemma 10.4, Lemma 10.6, Lemma 10.7 and Lemma 10.9, we first obtain the
following Faltings–-Elkies type estimate in terms of the systole.

Proposition 10.10. Let x1, · · · , xn be pairwise distinct points on C. Then we have∑
1≤j<k≤n

GAr(xj , xk) ≥ −1

4
n log n− 400π3(g − 1)3 max {1, sys(C)}

sys(C)
n,

where sys(C) is the systole of (C, µKE).

Proof. By combining Lemma 10.3, Lemma 10.4, Lemma 10.6, Lemma 10.7 and Lemma 10.9, we obtain∑
1≤j<k≤n

GAr(xj , xk) ≥ − n

8g
·
(
1 +

2

sys(C)

)
−
(
51 +

100

sys(C)

)
n

−n log n
4

−
(

1

8000
+

1

sys(C)

)
n

−784π3(g − 1)2(2g − 3)n

5
·max

{
1,

1

sys(C)

}
> −n log n

4
− 400π3(g − 1)3n ·max

{
1,

1

sys(C)

}
,

where sys(C) is the systole of (C, µKE). This completes the proof.

The above result gives a systole-based lower bound. In contrast, the next theorem provides a similar
estimate in terms of Zhang’s ϕ-invariant, which is of primary importance for our later arguments.

Theorem 10.11 (Theorem 3.5). Let x1, · · · , xn be pairwise distinct points on C. Then we have∑
1≤j<k≤n

GAr(xj , xk) ≥ − (ξ3(g)n log n+ ξ4(g)n) · ϕ(C) ≥ −
(
4 · 103g 1

3n log n+ 1.32 · 1010g 11
3 n
)
· ϕ(C),

where the constants ξ3(g), ξ4(g) are given in the following table:

g ξ3(g) ξ4(g)

2 1600 19558263230

3 2725 195942159193

4 3875 832634802404

≥ 5 4000 · g 1
3 13131158175 · g 11

3

.
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Proof. Again, combining the five lemmas yields∑
1≤j<k≤n

GAr(xj , xk) ≥ − n

8g
·
(

1

ξ1
+

2

ξ2

)
· ϕ(C)− n ·

(
51

ξ1
+

100

ξ2

)
· ϕ(C)

−n log n
4ξ1(g)

· ϕ(C)−
(

1

8000ξ1(g)
+

1

ξ2(g)

)
nϕ(C)

−616π3(g − 1)(2g − 3)n

ξ2(g)
· ϕ(C)

≥ −n log n
4ξ1(g)

· ϕ(C)− 1232π3(g − 1)2n

ξ2(g)
ϕ(C),

where the constants ξ1(g), ξ2(g) are the positive constants defined in Theorem 9.19.
Finally, one checks that

1

4ξ1(g)
≤ ξ3(g) and 1232π3(g − 1)2

ξ2(g)
≤ ξ4(g),

which establishes the theorem.

11 Arakelov metric versus hyperbolic metric
Let C be a curve of genus g ≥ 2 over C, and let ωC denote its canonical bundle. Let µhyp denote the unique
Kähler metric on C with constant curvature 4π(1− g) and volume 1, and µKE = 4π(g − 1)µhyp denote the
unique Kähler metric on C with constant curvature −1. Since dimC = 1, we identify a Kähler metric µ
with its associated volume form and measure. Let {αj}gj=1 be an L2-orthonormal basis of Γ(C,ωC). The
Arakelov Kähler metric can be defined by

µAr =
i

2g

g∑
k=1

αk ∧ ᾱk.

Let GAr be the Green function associated with µAr. Recall that the Arakelov hermitian metric ‖ · ‖Ar on
the canonical bundle ωC is defined as follows.

For any point x ∈ C and any α ∈ ωC |x, choose a local coordinate z : Ux → C centered at x (i.e. z(x) = 0)
such that α coincides with dz at x. Then the norm ‖α‖Ar(x) can be determined by

log ‖α‖Ar(x) = lim
y→x

(GAr(x, y) + log |z(y)|) .

Equivalently, one can describe this construction via the diagonal embedding C ↪→ C2. Indeed, the
canonical bundle ωC is the restriction of O(−∆) to the diagonal ∆ ⊂ C2. On C2, let 1∆ ∈ Γ(C2,O(∆)) be
the canonical section of O(∆). By declaring its hermitian norm to satisfy − log ‖1∆‖∆(x, y) = GAr(x, y), we
obtain a hermitian metric ‖ · ‖∆ on O(∆). The Arakelov metric on ωC is then recovered as the dual metric
of (O(∆), ‖ · ‖∆) via the canonical residue isomorphism ωC ∼= O(−∆)|∆.

Another important hermitian metric on ωC is the hyperbolic hermitian metric ‖α‖hyp, defined by the
relation iα ∧ ᾱ =

∥α∥2
hyp

2 µKE.
In this section, we compare the Arakelov hermitian metric ‖ · ‖Ar and the hyperbolic hermitian metric

‖ · ‖hyp. It is worth noting that our arguments also apply to the off-diagonal setting (O(∆), ‖ · ‖∆)
In order to compare the Arakelov hermitian metric ‖ · ‖Ar with the hyperbolic hermitian metric ‖ · ‖hyp,

certain auxiliary constructions are required to connect local data with global geometry. By the thick-thin
decomposition (Theorem 7.4), the analysis is naturally divided into two cases: points contained in a collar
around a short geodesic and points contained in the thick part. The discussion starts with the thick part.
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Lemma 11.1. Let x ∈ C be a point such that the injectivity radius injµKE
(x) ≥ ε for some ε ∈ (0, arcsinh 1

2 ].
Let zx,ϵ : Bϵ(x) → D be the local coordinate given by the inverse of the universal covering map ρD : D → C
with ρD(0) = x, where Br(x) = {y ∈ C : distµKE

(y, x) < r}. Then the following hold:

(1) The map zx,ϵ restricts to a biholomorphism

Bϵ(x) −→ Dtanh ϵ
2
(0) =

{
z ∈ D : |z| < tanh

ε

2

}
.

(2) zx,ϵ(x) = 0, and the norm |log (‖dzx,ϵ‖hyp)| ≤ 1.

Moreover, there exists a smooth function 𝟋x,ϵ : C \ {x} → R on C \ {x}, such that

(3) 𝟋x,ϵ(y) = 0 for all y ∈ C \Bϵ(x).

(4) The function 𝟋x,ϵ(y) + log |zx,ϵ(y)| extends to a smooth function on Bϵ(x), and

|𝟋x,ϵ(y) + log |zx,ϵ(y)|| ≤ log

(
3

tanh ϵ
2

)
.

(5) The integral satisfies
∣∣´
C
𝟋x,ϵ(y)µKE(y)

∣∣ ≤ 4.

(6) In the sense of currents,

− 135

32π|tanh ϵ2 |2
· log

(
3

tanh ϵ2

)
· µKE ≤ ddc𝟋x,ϵ + δx ≤ 135

32π|tanh ϵ2 |2
· log

(
3

tanh ϵ2

)
· µKE,

where δx is the Dirac measure at x.

Proof. On the Poincaré disk (D, µD) (see Theorem 7.2), we have distµD(z, 0) = 2arctanh(|z|), ∀z ∈ D, which
immediately yields (1).

For (2), note that ε ≤ arcsinh 1
2 implies tanh ϵ2 ≤

√
5− 2. Hence

|log ‖dzx,ϵ‖hyp| =
∣∣log (1− |zx,ϵ|2

)∣∣ < log
4

3
< 1,

proving (2).
We now turn to the construction of the function 𝟋x,ϵ required in (3)–(6).
Let η : R → R≥0 be a smooth cutoff function such that

η(ς) = 1 for ς ≤
tanh ϵ

2

3
, η(ς) = 0 for ς ≥ tanh

ε

2
,

and
|η′| ≤ 9

2 tanh ϵ
2

, |η′′| ≤ 81

4(tanh ϵ
2 )

2
.

Set 𝟋x,ϵ(y) = −η(|zx,ϵ(y)|) · log |zx,ϵ(y)| on Bϵ(x), and set 𝟋x,ϵ = 0 on C \Bϵ(x). Then 𝟋x,ϵ : C \ {x} → R
is a smooth function on C \ {x}, and (3) follows.

Moreover, 𝟋x,ϵ(y) + log |zx,ϵ(y)| extends smoothly to Bϵ(x), Since η(ς) = 1 for ς ≤ tanh ϵ
2

3 , we obtain

|𝟋x,ϵ(y) + log |zx,ϵ(y)|| = |1− η(|zx,ϵ(y)|)| · |log |zx,ϵ(y)|| ≤ log

(
3

tanh ϵ
2

)
,

establishing (4).
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For (5), observe that |𝟋x,ϵ(y)| ≤ |log |zx,ϵ(y)||. By Theorem 7.2,∣∣∣∣ˆ
C

𝟋x,ϵ(y)µKE(y)

∣∣∣∣ ≤
ˆ
Dtanh( ϵ

2
)(0)

|log |z||µD(z) ≤
ˆ
D√

5−2(0)

4 |log |z||µEuc

(1− |z|2)2

<
8π

(1− (
√
5− 2)2)2

ˆ √
5−2

0

|ς log ς|dς

<
8π
(√

5− 2
)2 (

1− log(
√
5− 2)

)
(1− (

√
5− 2)2)2

≈ 3.838 · · · < 4,

which proves (5).
Finally, we establish (6). A direct computation on Bϵ(x) gives

ddc𝟋x,ϵ + δx = − log |zx,ϵ| · ddcη(|zx,ϵ|)− dη(|zx,ϵ|) ∧ dc log |zx,ϵ| − d log |zx,ϵ| ∧ dcη(|zx,ϵ|)

=
1

2π
·
(
− log |zx,ϵ| · η′′(|zx,ϵ|)−

2 + log |zx,ϵ|
|zx,ϵ|

η′(|zx,ϵ|)
)
· (1− |zx,ϵ|2)2

4
· µKE

≤ 1

8π
·
(
− log |zx,ϵ| · η′′(|zx,ϵ|)−

2 + log |zx,ϵ|
|zx,ϵ|

η′(|zx,ϵ|)
)
· µKE.

From the bounds on η′ and η′′,

| log |zx,ϵ| · η′′(|zx,ϵ|)| ≤
81

4(tanh ϵ
2 )

2
· log

(
3

tanh ϵ
2

)
,

and ∣∣∣∣2 + log |zx,ϵ|
|zx,ϵ|

η′(|zx,ϵ|)
∣∣∣∣ ≤ sup

tanh ϵ
2

3 ≤|ς|≤tanh ϵ
2

|2 + log ς| · 3

tanh ϵ
2

· 9

2 tanh ϵ
2

≤ 27

2(tanh ϵ
2 )

2
· log

(
3

tanh ϵ
2

)
.

Thus ∣∣∣∣log |zx,ϵ| · η′′(|zx,ϵ|) + 2 + log |zx,ϵ|
|zx,ϵ|

η′(|zx,ϵ|)
∣∣∣∣ ≤

(
81

4
+

27

2

)
· 1

(tanh ϵ
2 )

2
· log

(
3

tanh ϵ
2

)
=

135

4
· 1

(tanh ϵ
2 )

2
· log

(
3

tanh ϵ
2

)
,

which establishes (6) and completes the proof.

We now turn to the thin part. In this case we work in a collar C (γ) around a short geodesic γ, endowed
with the coordinate from Lemma 7.10. The following lemma provides the analogue of Lemma 11.1 in this
setting.

Lemma 11.2. Let γ be a simple closed geodesic on C of length ` ≤ 2 arcsinh 1
2 . Let C (γ) and ν(γ) be as in

Lemma 7.10, and let
zγ : C (γ) → De−ν(γ)(0) \ D

eν(γ)− 2π2
ℓ
(0)

be the holomorphic coordinate given there. Then
∣∣∣π2

ℓ + log (‖dzγ‖hyp)
∣∣∣ < π2

ℓ .
Moreover, for any x ∈ C (γ) satisfying | log |zγ(x)| + π2

ℓ | ≤
π2

ℓ − 2ν(γ), there exists a smooth function
𝟋x,γ : C \ {x} → R on C \ {x}, such that
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(1) 𝟋x,γ(y) = 0 for all y ∈ C \ C (γ).

(2) The function 𝟋x,γ(y) + log |zγ(y)− zγ(x)| extends smoothly to C (γ), and

|𝟋x,γ(y) + log |zγ(y)− zγ(x)|| ≤
3π2

`
.

(3) The integral satisfies
∣∣´
C
𝟋x,γ(y)µKE(y)

∣∣ ≤ 8π2

ℓ .

(4) In the sense of currents,
−600 · µKE ≤ ddc𝟋x,γ + δx ≤ 600 · µKE,

where δx is the Dirac measure at x.

Proof. We first estimate the norm ‖ · ‖hyp using the explicit expression of the metric µKE in the collar C (γ).
By Lemma 7.10, we have

µKE =
`2z∗γ(µEuc)

4π2|zγ |2 sin2( ℓ
2π log |zγ |)

,

where µEuc =
idz∧dz̄

2 is the standard Euclidean metric on C.
Set ς = π2

ℓ + log |zγ |. Then |ς| ≤ π2

ℓ − ν(γ), and the relation between dzγ and µKE yields

π2

`
+ log(‖dzγ‖hyp) = log

4π

`
+ ς + log

(
cos

`ς

2π

)
.

A direct calculation shows

d

dς

(
ς + log

(
cos

`ς

2π

))
= 1− `

2π
tan

`ς

2π
≥ 1− `

2π
cot

`ν(γ)

2π
= 1− `

2π sinh ℓ
2

> 0.

and hence the function is strictly increasing in the admissible range of ς.
Since ` ≤ 2 arcsinh 1

2 < 1, 2 tanh ℓ
2

ℓ > 2 tanh 1
2 ≈ 0.924 · · · > 9

10 . It follows from Proposition 7.11 and the
calculations above that

π2

`
+ log(‖dzγ‖hyp) ≤ log

4π

`
+
π2

`
− ν(γ) + log

(
sin

`ν(γ)

2π

)
< log 2π − ν(γ) +

π2

`
<
π2

`
,

and

π2

`
+ log(‖dzγ‖hyp) ≥ log

4π

`
− π2

`
+ ν(γ) + log

(
sin

`ν(γ)

2π

)
> log

9π

5
+ ν(γ)− π2

`
> −π

2

`
.

Hence
∣∣∣π2

ℓ + log (‖dzγ‖hyp)
∣∣∣ < π2

ℓ , which establishes the desired bound on ‖ · ‖hyp.
We now turn to the construction of the function 𝟋x,γ . For any x ∈ C (γ) satisfying | log |zγ(x)| + π2

ℓ | ≤
π2

ℓ −2ν(γ), set 𝟋x,loc(y) = log |zγ(y)−zγ(x)|+ ℓ log |zγ(x)|
2π2 log |zγ(y)| on C (γ)\{x}. To extend 𝟋x,loc globally,

we choose a cut-off function η supported on C (γ) as follows. Let η1 : R → R≥0 be a smooth function with

η1(ς) = 1 for ς ≤ e−
3ν(γ)

2 , η1(ς) = 0 for ς ≥ e−ν(γ),

and derivatives bounded by |η′1| ≤ 3eν(γ), |η′′1 | ≤ 15e2ν(γj). Note that e
ν(γ)

2 > e
π2

8 arcsinh 1 ≈ 4.05 · · · > 4.
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Set η(y) = η1(|zγ(y)|) · η1
(
e−

2π2

ℓ |zγ(y)|−1
)

, and define

𝟋x,γ(y) =

{
−η(y) ·𝟋x,loc(y), y ∈ C (γ) \ {x};

0, y ∈ C \ C (γ).

Clearly, the support of dη is contained in{
y ∈ C (γ) :

π2

`
− 3ν(γ)

2
≤
∣∣∣∣π2

`
+ log |zγ(y)|

∣∣∣∣ ≤ π2

`
− ν(γ)

}
.

The property (1) follows immediately from the support of η. For (2), note that by construction the
function 𝟋x,γ(y) + log |zγ(y)− zγ(x)| extends smoothly to C (γ). Moreover, a direct estimate yields

|𝟋x,γ(y) + log |zγ(y)− zγ(x)|| ≤ |𝟋x,loc(y) + log |zγ(y)− zγ(x)||+ |η(y)− 1| |𝟋x,loc(y)|

<
2π2

`
+ |η(y)− 1| |𝟋x,loc(y)| .

When y ∈ C (γ) and − 3ν(γ)
2 ≤ log |zγ(y)| ≤ −ν(γ), we have

|𝟋x,loc(y)| ≤ | log |zγ(y)||+
∣∣∣∣log ∣∣∣∣1− zγ(x)

zγ(y)

∣∣∣∣∣∣∣∣+ ∣∣∣∣` log |zγ(x)|2π2
log |zγ(y)|

∣∣∣∣
≤ 3ν(γ)

2
− log

(
1− e−

ν(γ)
2

)
+

3ν(γ)

2
< 3π + log

4

3
.

Using the involution (x, y) 7→ (x′, y′) with zγ(x′)zγ(x) = zγ(y
′)zγ(y) = e−

2π2

ℓ , we further obtain 𝟋x′,loc(y
′) =

𝟋x,loc(y), and thus |η(y)− 1| |𝟋x,loc(y)| ≤ 3π + log 4
3 . Hence

|𝟋x,γ(y) + log |zγ(y)− zγ(x)|| <
2π2

`
+ 3π + log

4

3
<

3π2

`
,

which establishes property (2).
We now proceed to estimate the integral in (3). Since |𝟋x,γ(y)| ≤ |𝟋x,loc(y)|, it suffices to perform the

same type of estimate for 𝟋x,loc(y). By definition, we can decompose the integral as∣∣∣∣∣
ˆ

C (γ)

𝟋x,γ(y)dµKE(y)

∣∣∣∣∣ ≤

∣∣∣∣∣
ˆ

C (γ)

` log |zγ(x)|
2π2

log |zγ(y)|dµKE(y)

∣∣∣∣∣
+

∣∣∣∣∣
ˆ
{
|zγ(y)−zγ(x)|≤

|zγ (x)|
10

} log |zγ(y)− zγ(x)|dµKE(y)

∣∣∣∣∣
+

∣∣∣∣∣
ˆ
{
|zγ(y)−zγ(x)|≥

|zγ (x)|
10

} log |zγ(y)− zγ(x)|dµKE(y)

∣∣∣∣∣ .
By symmetry we may assume log |zγ(x)| ≥ −π2

ℓ . For the first term, a straightforward calculation gives∣∣∣∣∣
ˆ

C (γ)

` log |zγ(x)|
2π2

log |zγ(y)|dµKE(y)

∣∣∣∣∣ ≤

∣∣∣∣∣
ˆ e−ν(γ)

eν(γ)− 2π2
ℓ

πς · `2 log ςdς
4π2ς2 sin2( ℓ

2π log ς)

∣∣∣∣∣
=

π2

sinh ℓ
2

<
2π2

`
.
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If |zγ(y)−zγ(x)| ≤ |zγ(x)|
10 , then |zγ(y)| ≥ 9

10e
−π2

ℓ , and it follows that | sin( ℓ
2π log |zγ(y)|)| ≥ | ℓ8π log |zγ(x)||.

A direct estimate then yields∣∣∣∣∣
ˆ
{
|zγ(y)−zγ(x)|≤

|zγ (x)|
10

} log |zγ(y)− zγ(x)|dµKE(y)

∣∣∣∣∣
≤ 16 · 100

81

∣∣∣∣∣
ˆ
{
|zγ(y)−zγ(x)|≤

|zγ (x)|
10

} log |zγ(y)− zγ(x)|z∗γ(µEuc)(y)

|zγ(x)|2| log |zγ(x)||2

∣∣∣∣∣
<

−20

|zγ(x)|2| log |zγ(x)||2

ˆ |zγ (x)|
10

0

2πς log ςdς < 1.

For the last term, since µKE(C (γ)) = 2ℓ
sinh ℓ

2

< 4, we have∣∣∣∣∣
ˆ
{
|zγ(y)−zγ(x)|≥

|zγ (x)|
10

} log |zγ(y)− zγ(x)|dµKE(y)

∣∣∣∣∣ <

∣∣∣∣log |zγ(x)|
10

∣∣∣∣ · µKE(C (γ))

< 4

(
π2

`
+ log 10

)
.

Combining these estimates, we obtain∣∣∣∣∣
ˆ

C (γ)

𝟋x,γ(y)dµKE(y)

∣∣∣∣∣ < 2π2

`
+ 1 + 4

(
π2

`
+ log 10

)
<

8π2

`
,

which proves (3).
Finally, we establish property (4) for 𝟋x,γ . Recall that

µKE =
`2z∗γ(µEuc)

4π2|zγ |2 sin2( ℓ
2π log |zγ |)

≥
z∗γ(µEuc)

|zγ |2| log |zγ ||2
.

A straightforward calculation shows that on supp (d (η1(|zγ |))),

d𝟋x,loc(y) ∧ dc𝟋x,loc(y)

=
i

π

∣∣∣∣ 1

2(zγ(y)− zγ(x))
+
` log |zγ(x)|
4π2zγ(y)

∣∣∣∣2 dzγ(y) ∧ dz̄γ(y)
≤ 2

π
·

∣∣∣∣∣∣ 1

2
(
1− e−

ν(γ)
2

)
|zγ(y)|

+
1

2|zγ(y)|

∣∣∣∣∣∣
2

z∗γ(µEuc)

≤ 49

18π · |zγ(y)|2
· z∗γ(µEuc) ≤

49

18π
· 9ν

2(γ)

4
· µKE <

49π

8
· µKE.

Next, we estimate dη and ddcη. By symmetry, it suffices to consider η1(|zγ |).
Since |η′1| ≤ 3eν(γ) and |η′′1 | ≤ 15e2ν(γ), we have

dη1(|zj(y)|) ∧ dcη1(|zj(y)|) = |η′1(|zj(y)|)|2
idzj(y) ∧ dz̄j(y)

4π

< 9e2ν(γj) · |zγ |
2| log |zγ ||2

2π
· µKE <

9π

2
· µKE,
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and

ddcη1,1(|zj(y)|) =

(
η′′1,1(|zj(y)|) +

η′1,1(|zj(y)|)
|zj(y)|

)
idzj(y) ∧ dz̄j(y)

4π

≤
(
15e2ν(γj) +

3eν(γj)

|zj(y)|

)
·
z∗γ(µEuc)

2π

<
1

2π
·
(
15π2 + 3 · 9π

2

4

)
· µKE =

87π

8
· µKE.

Combining these estimates for d𝟋x,loc, dη1, and ddcη1, we obtain

ddc𝟋x,γ + δx = −𝟋x,loc · ddcη1 − dη1 ∧ dc𝟋x,loc − d𝟋x,loc ∧ dcη1

≤
(
3π + log

4

3

)
· 87π

8
· µKE + 2 ·

√
49π

8
· 9π
2

· µKE < 600 · µKE.

By the same reasoning, the lower bound also holds: ddc𝟋x,γ+δx > −600·µKE. This completes the proof.

Combining Lemma 11.1 and Lemma 11.2 yields a global construction on C × C.

Lemma 11.3. Let C be a curve of genus g ≥ 2 over C, and let µKE denote the unique Kähler metric on C
with constant curvature −1. Let sys(C) denote the systole of (C, µKE). Then there exists a Borel measurable
R-valued function 𝟋 on C × C, such that for every x ∈ C we can choose a local coordinate

zx : Ux → C, Ux = B 1
2 arcsinh 1

2
(x) =

{
y ∈ C : distµKE

(x, y) <
1

2
arcsinh 1

2

}
,

with the following properties:

(1) For any x ∈ C,
∣∣´
C
𝟋x(y)µKE(y)

∣∣ ≤ 8π2·max{1,sys(C)}
sys(C) , where 𝟋x(y) = 𝟋(x, y).

(2) For any x ∈ C, in the sense of currents,

−600 · µKE ≤ ddc𝟋x + δx ≤ 600 · µKE,

where δx is the Dirac measure at x.

(3) For any x ∈ C, the function 𝟋x(y) + log |zx(y)− zx(x)| extends smoothly to Ux.

(4) If distµKE
(x, y) ≥ 1

100 , then |𝟋(x, y)| ≤ 6π2·max{1,sys(C)}
sys(C) .

(5) For any x ∈ C and (y1, y2) ∈ Ux × Ux, |𝟋(y1, y2) + log |zx(y1)− zx(y2)|| ≤ 8π2·max{1,sys(C)}
sys(C) .

Proof. Let {γj}mj=1 be the set of all simple closed geodesics on (C, µKE) of length ≤ 2 arcsinh 1
2 . By Lemma

7.10, there exist holomorphic coordinates

zj : C (γj) → D
e−ν(γj)(0) \ D

e
ν(γj)−

2π2

ℓ(γj)
(0)

such that
µKE =

`2(γj)z
∗
j (µEuc)

4π2|zj |2 sin2( ℓ(γj)2π log |zj |)
,

where µEuc = idz∧dz̄
2 is the standard Euclidean metric on C, and ν(γj) ∈ (0, π2

2ℓ(γj)
) is chosen such that

ν(γj)`(γj) = 2π arcsin
(
tanh

ℓ(γj)
2

)
.
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For any x ∈ C with injµKE
(x) ≤ arcsinh 1

2 , Proposition 7.11 shows that x ∈ C (γj) for some γj , and∣∣∣ π2

ℓ(γj)
+ log |zj(x)|

∣∣∣ ≤ π2

ℓ(γj)
− 2ν(γj). Note that the collars C (γj) are disjoint, so the index j is unique when

x ∈
⋃m
j=1 C (γj). We then define

𝟋(x, y) =

 𝟋x,γj (y), if x ∈ C (γj) and
∣∣∣∣ π2

`(γj)
+ log |zj(x)|

∣∣∣∣ ≤ π2

`(γj)
− 2ν(γj),

𝟋x,arcsinh 1
2
(y), otherwise,

where 𝟋x,ϵ and 𝟋x,γ are as in Lemma 11.1 and Lemma 11.2, respectively. The local coordinate zx is defined
in the same way, by taking zγ in the first case and zx,arcsinh 1

2
in the second, where zx,ϵ and zγ are the

coordinates in Lemma 11.1 and Lemma 11.2, respectively.
By construction, (1)-(3) follow from Lemma 11.1 and Lemma 11.2.
We now turn to (4). The argument for (4) splits into two cases. First, suppose 𝟋x(y) = 𝟋x,arcsinh 1

2
(y).

By Lemma 11.1, for any y ∈ Barcsinh 1
2
(x), we have

∣∣∣𝟋x(y) + log |zx,arcsinh 1
2
(y)|
∣∣∣ ≤ log

(
3

tanh
arcsinh 1

2

2

)
,

and 𝟋x(y) = 0 otherwise. Hence, if distµKE
(x, y) ≥ 1

100 , then

|𝟋x(y)| ≤
∣∣∣log |zx,arcsinh 1

2
(y)|
∣∣∣+ log

(
3

tanh
arcsinh 1

2

2

)

≤ log

(
1

tanh 1
200

)
+ log

(
3

tanh
arcsinh 1

2

2

)
< 10.

Next, suppose 𝟋x(y) = 𝟋x,γj (y) for some j. By Lemma 11.2, for any y ∈ C (γj),∣∣𝟋x(y) + log |zγj (y)− zγj (x)|
∣∣ ≤ 3π2

`(γj)
,

and 𝟋x(y) = 0 otherwise. Recall that on C (γj),

µKE =
`2(γj)z

∗
γj (µEuc)

4π2|zγj |2 sin2(
ℓ(γj)
2π log |zγj |)

≤
`2(γj)z

∗
γj (µEuc)

4π2|zγj |2 tanh
2(
ℓ(γj)
2 )

≤ e
4π2

ℓ(γj) z∗γj (µEuc).

Thus distµKE
(x, y) ≥ 1

100 implies |zγj (y)− zγj (x)| ≥ 1
100e

− 2π2

ℓ(γj) , and hence

|𝟋x(y)| ≤
∣∣log |zγj (y)− zγj (x)|

∣∣+ 3π2

`(γj)
≤ log 100 +

2π2

`(γj)
+

3π2

`(γj)
<

6π2

`(γj)
.

Combining the two cases, we conclude that whenever distµKE
(x, y) ≥ 1

100 , we have |𝟋(x, y)| ≤ 6π2·max{1,sys(C)}
sys(C) .

Thus, property (4) follows.
It remains to establish (5). Similar to the argument in (4), for any x ∈ C and (y1, y2) ∈ Ux×Ux, we have

|𝟋(y1, y2) + log |zy1(y1)− zy1(y2)|| ≤
3π2 ·max{1, sys(C)}

sys(C)
,

as follows directly from Lemma 11.1 and Lemma 11.2. What is left is to show that

|log |zx(y1)− zx(y2)| − log |zy1(y1)− zy1(y2)|| ≤
5π2 ·max{1, sys(C)}

sys(C)
.
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First consider the case zx = zx,arcsinh 1
2
. In this setting the geodesic segment joining y1, y2 lies in Ux. By

Theorem 7.2, on zx(Ux), we have 4µEuc ≤ µD ≤ 8µEuc. Hence

distµKE
(y1, y2)

2
√
2

=
distµD(zx(y1), zx(y2))

2
√
2

≤ |zx(y1)− zx(y2)| ≤
distµKE

(y1, y2)

2
,

which gives
|log |zx(y1)− zx(y2)| − log distµKE

(y1, y2)| ≤
3

2
log 2.

On the other hand, if zx = zγj for some j, then the geodesic segment joining y1, y2 lies in C (γj). A direct
computation yields

e
4π2

ℓ(γj) z∗γj (µEuc) ≥ µKE =
`2(γj)z

∗
γj (µEuc)

4π2|zγj |2 sin2(
ℓ(γj)
2π log |zγj |)

≥
`2(γj)z

∗
γj (µEuc)

4π2e−2ν(γj)
≥ e

− π2

ℓ(γj) z∗γj (µEuc),

so that
e
− π2

ℓ(γj) · distµKE
(y1, y2) ≤ |zx(y1)− zx(y2)| ≤ e

2π2

ℓ(γj) · distµKE
(y1, y2).

It follows that
|log |zx(y1)− zx(y2)| − log distµKE

(y1, y2)| ≤
2π2

`(γj)
.

We now return to (5).
If both coordinate charts are thin–part charts, i.e. zx = zγj1 and zy1 = zγj2 for some j1, j2, then the

assumption injµKE
(x) ≤ arcsinh 1

2 together with y1 ∈ Ux implies that j1 = j2, and hence

|log |zx(y1)− zx(y2)| − log |zy1(y1)− zy1(y2)|| = 0.

Otherwise, at least one of the coordinate charts zx or zy1 comes from the thick part, that is, zx =
zx,arcsinh 1

2
or zy1 = zy1,arcsinh 1

2
(and possibly both). Combining the two estimates above, we obtain

|log |zx(y1)− zx(y2)| − log |zy1(y1)− zy1(y2)|| ≤ |log |zx(y1)− zx(y2)| − log distµKE
(y1, y2)|

+ |log |zy1(y1)− zy1(y2)| − log distµKE
(y1, y2)|

≤ max

{
2π2

sys(C)
+

3

2
log 2, 3 log 2

}
<

5π2 ·max{1, sys(C)}
sys(C)

.

Thus property (5) is verified, and hence the lemma is proved.

Before comparing the Arakelov hermitian metric ‖ · ‖Ar with the hyperbolic hermitian metric ‖ · ‖hyp, we
need the following estimate.

Lemma 11.4. Let u : C → R be a smooth function such that ∆hypu ≥ −υ1 and |∆hypu| ≤ υ2, for some
constants υ1, υ2 > 0. Then the following inequalities hold:

ˆ
C

du ∧ dcu ≤ 5υ1 · υ2 + υ21 · 1232π3(g − 1)(2g − 3) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
≤ υ1 ·

(
1232π3(g − 1)(2g − 3)

ξ2(g)
· υ1ϕ(C) + 5 · υ2

)
,
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and

sup
C

∣∣∣∣u−
ˆ
C

uµhyp

∣∣∣∣ ≤

√
υ1υ2 ·

(
1

2
+

1

sys(C)

)
· 2000
g − 1

+υ1 · 1232π3(g − 1)(2g − 3) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
≤

√(
1000

ξ1(g)
+

2000

ξ2(g)

)
· υ1υ2ϕ(C)

g − 1
+

1232π3(g − 1)(2g − 3)

ξ2(g)
· υ1ϕ(C),

where ξ1(g), ξ2(g) are the positive constants defined in Theorem 9.19.

Proof. We expand u into its L2-orthonormal eigenfunction decomposition:

u = a0 +

∞∑
j=1

ajφhyp,j ,

where aj are constants, and φhyp,j are eigenfunctions of the hyperbolic Laplacian with eigenvalues λhyp,j .
By definition,

∞∑
j=1

|aj |2λ2hyp,j =

ˆ
C

|∆hypu|2dµhyp =

ˆ
C

∆hypu (dd
cu+ υ1µhyp)

≤ sup
C

|∆hypu|
ˆ
C

(ddcu+ υ1µhyp) ≤ υ1 · υ2.

Similarly, for each j we have

|aj |λhyp,j =
∣∣∣∣ˆ
C

φhyp,jdd
cu

∣∣∣∣ ≤ υ1 sup
C

|φhyp,j | .

Following Lemma 10.9, we obtain

∑
0<λhyp,l≤ g−1

5

supC |φhyp,j |2

λhyp,j
=

∑
0<λKE,l≤ 1

20π

sup
C

|φKE,l|2

λKE,l

< 1232π3(g − 1)(2g − 3) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
.

Therefore,
ˆ
C

du ∧ dcu ≤ 5

g − 1

∑
λhyp,l≥ g−1

5

|aj |2λ2hyp,j +
∑

0<λhyp,l≤ g−1
5

|aj |2λhyp,j

≤ 5υ1 · υ2 + υ21 ·
∑

0<λhyp,l≤ g−1
5

supC |φhyp,j |2

λhyp,j

≤ 5υ1 · υ2 + υ21 · 1232π3(g − 1)(2g − 3) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
.

166



For the sup-norm of u, we have

sup
C

∣∣∣∣u−
ˆ
C

uµhyp

∣∣∣∣ ≤

∣∣∣∣∣∣
∑

λhyp,l≥ g−1
5

ajφhyp,j

∣∣∣∣∣∣+
∑

0<λhyp,l≤ g−1
5

|ajφhyp,j |

≤

√√√√√
 ∑
λhyp,l≥ g−1

5

|aj |2λ2hyp,j

 ∑
λhyp,l≥ g−1

5

λ−2
hyp,jφ

2
hyp,j


+υ1 ·

∑
0<λhyp,l≤ g−1

5

supC |φhyp,j |2

λhyp,j

≤

√√√√√υ1υ2 ·

 ∑
λhyp,l≥ g−1

5

λ−2
hyp,jφ

2
hyp,j


+υ1 · 1232π3(g − 1)(2g − 3) ·min

{
ϕ(C)

ξ2(g)
,
14(g − 1) ·max{1, sys(C)}

55 · sys(C)

}
.

It remains to estimate the sum
∑

λhyp,l≥ g−1
5

λ−2
hyp,jφ

2
hyp,j . By a straightforward calculation,

∑
λhyp,l≥ g−1

5

|φhyp,l(x)|2

λ2hyp,l
=

ˆ 1
80(g−1)

0

∑
λhyp,l≥ g−1

5

e−tλhyp,l

λhyp,l
(
1− e−

λhyp,l
80(g−1)

) |φhyp,l(x)|2 dt
≤ 1

1− e−
1

400

ˆ 1
80(g−1)

0

∑
λhyp,l≥ g−1

5

e−tλhyp,l

λhyp,l
|φhyp,l(x)|2 dt.

As in the proofs of Lemma 10.3, Lemma 10.6 and Lemma 10.7, for any t ∈
(
0, 1

80(g−1)

]
, we have

∑
λhyp,l≥ g−1

5

e−tλhyp,l

λhyp,l
|φhyp,l(x)|2 ≤ −

log
(
40(g − 1)t

)
2

+ 101 +
200

sys(C)
.

Hence ∑
λhyp,l≥ g−1

5

|φhyp,l(x)|2

λ2hyp,l
≤ 1

(g − 1)
(
1− e−

1
400

) ( log 2 + 1

160
+

101

80
+

5

2 · sys(C)

)

≤
(
1

2
+

1

sys(C)

)
· 2000
g − 1

.

This completes the proof.

Consequently, we can estimate the difference between the Arakelov Green function and 𝟋x.

Corollary 11.5. Let GAr be the Arakelov Green function on C. Let 𝟋x be the function constructed in
Lemma 11.3. Then we have

sup
y∈C

|GAr(x, y)−𝟋x(y)| ≤
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 )

ξ2(g)
· ϕ(C),

where ξ2(g) is the constant from Theorem 9.19.
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Proof. By Lemma 11.3,

−2400π · (g − 1) · µhyp < ddc𝟋x + δx(y) < 2400π · (g − 1) · µhyp.

Note that µKE = 4π(g − 1)µhyp.
Set Fx(y) = Ghyp(x, y)−𝟋x(y). By construction, Fx(y) is smooth and satisfies

−2401π · (g − 1) · µhyp < ddcFx(y) < 2401π · (g − 1) · µhyp.

Applying 11.4 and Theorem 9.19, we obtain

sup
C

|Fx| ≤ sup
C

∣∣∣∣Fx − ˆ
C

Fxdµhyp

∣∣∣∣+ ∣∣∣∣ˆ
C

Ghyp(x, y)dµhyp(y)

∣∣∣∣+ ∣∣∣∣ˆ
C

𝟋xdµhyp

∣∣∣∣
≤ 2401π · ϕ(C) ·

√(
1000

ξ1(g)
+

2000

ξ2(g)

)
· g − 1

ξ1(g)

+
2958032π4(g − 1)2(2g − 3)

ξ2(g)
· ϕ(C) + 8π2

(
1

ξ1(g)
+

1

ξ2(g)

)
· ϕ(C)

<
2958032π4(g − 1)2(2g − 3) + 30000π

ξ2(g)
· ϕ(C),

where ξ1(g) and ξ2(g) are the constants from Theorem 9.19, and we have used the inequalities φ(C)
ξ1(g)

≥ 1 and
ξ1 ≥ 20g · ξ2.

Next, let ψAr be the function defined in Theorem 10.1, so that GAr(x, y)−Ghyp(x, y) = ψAr(x)+ψAr(y).
By Lemma 10.4,

µAr

µhyp
≤ (

√
2 + 1)2

(
1 +

2 arcsinh 1

sys(C)

)
< 11

(
1 +

1

sys(C)

)
,

where sys(C) is the systole of (C, µKE). Since −µhyp < ddcψAr < µAr and 2
´
C
ψArµhyp =

´
C
dψAr ∧ dcψAr,

it follows that

sup
C

|ψAr| ≤ sup
C

∣∣∣∣ψAr −
ˆ
C

ψArdµhyp

∣∣∣∣+ 1

2

∣∣∣∣ˆ
C

dψAr ∧ dcψAr

∣∣∣∣
≤

√(
1000

ξ1(g)
+

2000

ξ2(g)

)
· 11 + 11sys(C)

(g − 1)sys(C)
· ϕ(C)

+
1232π3(g − 1)2(2g − 3)

ξ2(g)
· ϕ(C) + 616π3(g − 1)2(2g − 3)

ξ2(g)
· ϕ(C)

≤ 1848π3(g − 1)2(2g − 3) + 200

ξ2(g)
· ϕ(C),

where we used 1 ≤ φ(C)
ξ1(g)

, 1
sys(C) ≤

φ(C)
ξ2(g)

and ξ1 ≥ 20g · ξ2.
Finally, combining the bounds for Fx and ψAr, we deduce

|GAr(x, y)−𝟋x(y)| ≤ |ψAr(x)|+ |ψAr(y)|+ |Fx(y)|

≤ 3696π3(g − 1)2(2g − 3) + 400

ξ2(g)
· ϕ(C)

+
2958032π4(g − 1)2(2g − 3) + 30000π

ξ2(g)
· ϕ(C)

≤
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 )

ξ2(g)
· ϕ(C).

This completes the proof.
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In addition to the previous corollary, Lemma 11.4 also yields an upper bound of Zhang’s ϕ-invariant,
which provides an inequality in the opposite direction to Theorem 9.19. Although this result will not be
used later, it provides a complementary perspective on the inequality established earlier.

Corollary 11.6. Let C be a compact Riemann surface of genus g ≥ 2, equipped with the hyperbolic metric
µKE of constant curvature −1. Denote by sys(C) the systole of (C, µKE), and by ϕ(C) the ϕ-invariant of C.
Then

ϕ(C) ≤ 106g5 ·max

{
1,

1

sys(C)

}
,

Proof. For any α ∈ Γ(C,ωC), let uα ∈ A 0
C,R(C) be the unique function satisfying

´
C
uαµhyp = 0 and

ddcuα = iα ∧ ᾱ−
(ˆ

C

iα ∧ ᾱ
)
µhyp.

By the argument used in the proof of Lemma 10.4, we have

i

2
α ∧ ᾱ ≤ (

√
2 + 1)2(g − 1)

(
1 +

2 arcsinh 1

sys(C)

)
‖α‖2L2;C · µhyp,

where ‖α‖2L2;C = i
2

´
C
α ∧ ᾱ. Hence

−2‖α‖2L2;C ≤ ddcuα ≤ 2(
√
2 + 1)2(g − 1)

(
1 +

2 arcsinh 1

sys(C)

)
‖α‖2L2;C .

Lemma 11.4 then gives
ˆ
C

duα ∧ dcuα ≤ 20(
√
2 + 1)2(g − 1)

(
1 +

2 arcsinh 1

sys(C)

)
‖α‖4L2;C

+
6272π3

5
· (g − 1)2(2g − 3) · max{1, sys(C)}

sys(C)
· ‖α‖4L2;C

≤ 12544π3

5
· (g − 1)3 · max{1, sys(C)}

sys(C)
· ‖α‖4L2;C .

Next, let {αj}gj=1 ⊂ Γ(C,ωC) be an L2 orthonormal basis. For each pair j, k, let uj,k ∈ A 0
C,C(C) be the

unique function satisfying
´
C
uj,kµAr = 0 and

ddcuj,k = iαj ∧ ᾱk −
(ˆ

C

iαj ∧ ᾱk
)
µAr.

By Proposition 9.2, the ϕ-invariant of C satisfies

ϕ(C) =
1

2

g∑
j,k=1

ˆ
C

duj,k ∧ dcūj,k =
1

2π

g∑
j,k=1

‖duj,k‖2L2;C .

We split the sum into two parts according to whether j = k or j 6= k.
We first consider the case j = k. Since

ddcuj,j = iαj ∧ ᾱj − 2µAr =
g − 1

g
ddcuαj −

1

g

∑
m ̸=j

ddcuαm ,
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the function uj,j − g−1
g uαj +

1
g

∑
m ̸=j uαm is a constant. It follows that

ˆ
C

duj,j ∧ dcuj,j =
1

π
‖duj,j‖2L2;C =

1

π

∥∥∥∥∥∥d
g − 1

g
uαj −

1

g

∑
m ̸=j

uαm

∥∥∥∥∥∥
2

L2;C

≤ 1

π

g − 1

g

∥∥duαj

∥∥
L2;C

+
1

g

∑
m ̸=j

‖duαm
‖L2;C

2

≤ 4(g − 1)2

g2
· 12544π

3

5
· (g − 1)3 · max{1, sys(C)}

sys(C)
.

Next, assume that j 6= k. A straightforward computation gives

ddcuj,k =
i

2
(αj + αk) ∧ (ᾱj + ᾱk)−

i

2
(αj − αk) ∧ (ᾱj − ᾱk)

+
1

2
(αj − iαk) ∧ (ᾱj + iᾱk)−

1

2
(αj + iαk) ∧ (ᾱj − iᾱk)

=
1

2
ddc(uαj+αk

− uαj−αk
+ iuαj+iαk

− iuαj−iαk
).

Applying the previous L2-estimate to each term and using the triangle inequality, we obtain
ˆ
C

duj,k ∧ dcūj,k ≤ 1

4π

(∥∥duαj+αk

∥∥
L2;C

+
∥∥duαj−αk

∥∥
L2;C

+
∥∥duαj+iαk

∥∥
L2;C

+
∥∥duαj−iαk

∥∥
L2;C

)2
≤ 16 · 12544π

3

5
· (g − 1)3 · max{1, sys(C)}

sys(C)
.

Combining the two cases,

ϕ(C) ≤ 1

2

g∑
j=1

ˆ
C

duj,j ∧ dcuj,j +
1

2

∑
j ̸=k

ˆ
C

duj,k ∧ dcūj,k

≤ g

2
· 4(g − 1)2

g2
· 12544π

3

5
· (g − 1)3 · max{1, sys(C)}

sys(C)

+
g(g − 1)

2
· 16 · 12544π

3

5
· (g − 1)3 · max{1, sys(C)}

sys(C)

≤ 106 · g5 · max{1, sys(C)}
sys(C)

,

as claimed.

We now establish an estimate for the hermitian line bundle (O(∆), ‖ · ‖∆), and derive a quantitative
comparison between the Arakelov hermitian metric ‖ · ‖Ar and hyperbolic hermitian metric ‖ · ‖hyp on ωC .

Theorem 11.7 (Theorem 3.9). Let ‖ · ‖∆ denote the Arakelov hermitian metric on O(∆) → C × C, and
let ϕ(C) be the ϕ-invariant of C. For any (x1, x2) ∈ C × C, let ρ = (ρ1, ρ2) : D × D → C × C be a
universal covering map with ρ1(0) = x1 and ρ2(0) = x2. Then there exists a local holomorphic section s of
(ρ∗O(∆), ρ∗‖ · ‖∆) on D 1

20
(0)× D 1

20
(0), such that

∣∣ log ‖s‖∣∣ ≤ (5916064π4 + 7392π3)(g − 1)3

ξ2(g)
· ϕ(C) < 2 · 1014g 14

3 · ϕ(C),

where ξ2(g) is the constant from Theorem 9.19.
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In particular, the Arakelov hermitian metric ‖ · ‖Ar and the hyperbolic hermitian metric ‖ · ‖hyp on
ωC ∼= O(−∆)|∆ satisfy∣∣∣∣log ‖ · ‖Ar

‖ · ‖hyp

∣∣∣∣ ≤ (5916064π4 + 7392π3)(g − 1)3

ξ2(g)
· ϕ(C) < 2 · 1014g 14

3 · ϕ(C).

Proof. The proof of the first statement divides naturally into two cases, depending on the distance between
x1 and x2 with respect to the unique Kähler metric µKE with constant curvature −1.

If distµKE
(x1, x2) <

1
2 arcsinh 1

2 , there exists a point x′ ∈ B 1
4 arcsinh 1

2
(x1) ∩ B 1

4 arcsinh 1
2
(x2). Let Ux′ ,

zx′ and 𝟋 be as in Lemma 11.3. Then Ux′ contains both B 1
4 arcsinh 1

2
(x1) and B 1

4 arcsinh 1
2
(x2), so for any

(y1, y2) ∈ B 1
4 arcsinh 1

2
(x1)×B 1

4 arcsinh 1
2
(x2), we have

|GAr(y1, y2)− log |zx′(y1)− zx′(y2)|| ≤ |GAr(y1, y2)−𝟋y1(y2)|+ |𝟋y1(y2)− log |zx′(y1)− zx′(y2)||.

Applying Theorem 9.19, Lemma 11.3 and Corollary 11.5, we deduce

|GAr(y1, y2)− log |zx′(y1)− zx′(y2)|| ≤
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 )

ξ2(g)
· ϕ(C)

+
8π2 ·max{1, sys(C)}

sys(C)

≤
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 )

ξ2(g)
· ϕ(C)

+8π2 ·max

{
1

ξ1(g)
,

1

ξ2(g)

}
· ϕ(C)

<
2 · (2958032π4 + 3696π3)(g − 1)3

ξ2(g)
· ϕ(C),

where ξ1(g) is the constant from Theorem 9.19, and we used that 1 ≤ φ(C)
ξ1(g)

, 1
sys(C) ≤

φ(C)
ξ2(g)

, and ξ1 ≥ 20g · ξ2.
Let 1∆ denote the canonical section of O(∆) and set s′(y1, y2) = 1

zx′ (y1)−zx′ (y2)
1∆ on B 1

4 arcsinh 1
2
(x1) ×

B 1
4 arcsinh 1

2
(x2). Its Arakelov norm satisfies

|log ‖s′‖∆| ≤
(5916064π4 + 7392π3)(g − 1)3

ξ2(g)
· ϕ(C) < 2 · 1014g 14

3 · ϕ(C).

Since tanh
arcsinh 1

2

8 ≈ 0.06 · · · > 1
20 , ρ−1(B 1

4 arcsinh 1
2
(x1) × B 1

4 arcsinh 1
2
(x2)) contains D 1

20
(0) × D 1

20
(0). We

define s = ρ∗s′, which then serves as the desired local holomorphic section on D 1
20
(0)× D 1

20
(0).

On the other hand, if distµKE
(x1, x2) ≥ 1

2 arcsinh 1
2 , then for any (y1, y2) ∈ B 2

9 arcsinh 1
2
(x1)×B 2

9 arcsinh 1
2
(x2),

we have

distµKE(y1, y2) ≥ distµKE(x1, x2)− distµKE(x1, y1)− distµKE(x2, y2) >
arcsinh 1

2

18
>

1

100
.

Lemma 11.3 then gives |𝟋(y1, y2)| ≤ 6π2·max{1,sys(C)}
sys(C) , and thus

|GAr(y1, y2)| ≤ |GAr(y1, y2)−𝟋(y1, y2)|+ |𝟋(y1, y2)|

≤
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 ) + 6π2

ξ2(g)
· ϕ(C)

<
2 · (2958032π4 + 3696π3)(g − 1)3

ξ2(g)
· ϕ(C).
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Then on B 2
9 arcsinh 1

2
(x1)×B 2

9 arcsinh 1
2
(x2),

|log ‖1∆‖∆| ≤
(5916064π4 + 7392π3)(g − 1)3

ξ2(g)
· ϕ(C) < 2 · 1014g 14

3 · ϕ(C).

Since tanh
arcsinh 1

2

9 ≈ 0.053 · · · > 1
20 , ρ−1(B 2

9 arcsinh 1
2
(x1) × B 2

9 arcsinh 1
2
(x2)) contains D 1

20
(0) × D 1

20
(0). We

take the pullback of the canonical section 1∆ to D 1
20
(0) × D 1

20
(0) as s, which serves as the desired local

holomorphic section.
For the second statement, for any x, let zx and 𝟋x : C \ {x} → R be as in Lemma 11.3. By the definition

of the Arakelov hermitian metric,∣∣∣∣log ‖ · ‖Ar

‖ · ‖hyp
(x)

∣∣∣∣ =

∣∣∣∣log ‖dzx‖Ar

‖dzx‖hyp
(x)

∣∣∣∣
≤

∣∣∣∣ limy→x
(𝟋x(y) + log |zx(x)− zx(y)|)

∣∣∣∣+ |log ‖dzx‖hyp(x)|

+

∣∣∣∣ limy→x
(GAr(x, y)−𝟋x(y))

∣∣∣∣ .
Using the local estimates for 𝟋x(y) + log |zx(x)− zx(y)| and ‖dzx‖hyp in terms of the systole sys(C) and

the global bound from Theorem 9.19, we obtain∣∣∣∣log ‖ · ‖Ar

‖ · ‖hyp
(x)

∣∣∣∣ ≤ 12π2 ·max {1, sys(C)}
sys(C)

+
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 )

ξ2(g)
· ϕ(C),

Using again that 1 ≤ φ(C)
ξ1(g)

, 1
sys(C) ≤

φ(C)
ξ2(g)

and ξ1 ≥ 20g · ξ2, we deduce∣∣∣∣log ‖ · ‖Ar

‖ · ‖hyp
(x)

∣∣∣∣ ≤
(2958032π4 + 3696π3)(g − 1)2(2g − 5

2 ) + 12π2

ξ2(g)
· ϕ(C)

<
2 · (2958032π4 + 3696π3)(g − 1)3

ξ2(g)
· ϕ(C) < 2 · 1014g 14

3 · ϕ(C),

which completes the proof.

References
[Alp18] Levent Alpoge, The average number of rational points on genus two curves is bounded,

arXiv:1804.05859, 2018.

[AMM21] Hugues Auvray, Xiaonan Ma, and George Marinescu. Bergman kernels on punctured Riemann
surfaces. Math. Ann., 379(3-4):951–1002, 2021. doi:10.1007/s00208-020-01957-y.

[AMM22] Hugues Auvray, Xiaonan Ma, and George Marinescu. Quotient of Bergman kernels on punctured
Riemann surfaces. Math. Z., 301(3):2339–2367, 2022. doi:10.1007/s00209-022-02977-x.

[Ara74] Suren Yurievich Arakelov. Intersection theory of divisors on an arithmetic surface. Mathematics
of the USSR. Izvestiya, 8(6):1167–1180, 1974.

[AS60] Lars V. Ahlfors and Leo Sario. Riemann surfaces, volume No. 26 of Princeton Mathematical
Series. Princeton University Press, Princeton, NJ, 1960.

[Aut01] Pascal Autissier. Points entiers sur les surfaces arithmétiques. J. Reine Angew. Math., 531:201–
235, 2001. doi:10.1515/crll.2001.015.

172

https://doi.org/10.1007/s00208-020-01957-y
https://doi.org/10.1007/s00209-022-02977-x
https://doi.org/10.1515/crll.2001.015


[Ber90] Vladimir Berkovich. Spectral theory and analytic geometry over non-archimedean fields. American
Mathematical Society, 1990.

[BG06] Enrico Bombieri and Walter Gubler. Heights in Diophantine Geometry. New Mathematical
Monographs. Cambridge University Press, 2006.

[BG13] Manjul Bhargava and Benedict H. Gross. The average size of the 2-Selmer group of Jacobians
of hyperelliptic curves having a rational Weierstrass point. In Automorphic representations and
L-functions, volume 22 of Tata Inst. Fundam. Res. Stud. Math., pages 23–91. Tata Inst. Fund.
Res., Mumbai, 2013.

[Bha13] Manjul Bhargava, Most hyperelliptic curves over Q have no rational points, arXiv:1308.0395.

[Bom90] Enrico Bombieri. The Mordell conjecture revisited. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4),
17(4):615–640, 1990.

[BR07] M. Baker, R. Rumely, Harmonic analysis on metrized graphs. Canad. J. Math. 59 (2007), no. 2,
225–275.

[BS94] P. Buser and P. Sarnak. On the period matrix of a Riemann surface of large genus. Invent.
Math., 117(1):27–56, 1994. With an appendix by J. H. Conway and N. J. A. Sloane. doi:
10.1007/BF01232233.

[BSTTTZ20] M. Bhargava, A. Shankar, T. Taniguchi, F. Thorne, J. Tsimerman, and Y. Zhao. Bounds on
2-torsion in class groups of number fields and integral points on elliptic curves, J. Amer. Math.
Soc. 33 (2020), no. 4, 1087–1099.

[BT82a] Eric Bedford and B. A. Taylor. A new capacity for plurisubharmonic functions. Acta Math.,
149(1-2):1–40, 1982. doi:10.1007/BF02392348.

[BT82b] Raoul Bott and Loring W. Tu. Differential forms in algebraic topology, volume 82 of Graduate
Texts in Mathematics. Springer-Verlag, New York-Berlin, 1982.

[Bus92] Peter Buser. Geometry and spectra of compact Riemann surfaces, volume 106 of Progress in
Mathematics. Birkhäuser Boston, Inc., Boston, MA, 1992.

[CC96] Jeff Cheeger and Tobias H. Colding. Lower bounds on Ricci curvature and the almost rigidity of
warped products. Ann. of Math. (2), 144(1):189–237, 1996. doi:10.2307/2118589.

[Che08] Huayi Chen. Positive degree and arithmetic bigness. arXiv: 0803.2583v3, 2008.

[Cin11] Zubeyir Cinkir. Zhang’s conjecture and the effective bogomolov conjecture over function fields.
Inventiones mathematicae, 183(3):517–562, 2011.

[Cin15] Zubeyir Cinkir. Admissible invariants of genus 3 curves, Manuscripta Math. 148 no. 3-4 (2015),
317–339.

[CL06] Antoine Chambert-Loir. Mesures et équidistribution sur les espaces de Berkovich. J. Reine Angew.
Math., 595:215–235, 2006. doi:10.1515/CRELLE.2006.049.

[CLT09] Antoine Chambert-Loir and Amaury Thuillier. Mesures de Mahler et équidistribution logarith-
mique. Annales de l’Institut Fourier, 59(3):977–1014, 2009. doi:10.5802/aif.2454.

[Col85] Robert F. Coleman. Effective Chabauty. Duke Math. J., 52(3):765–770, 1985. doi:10.1215/
S0012-7094-85-05240-8.

[Con06] Brian Conrad. Chow’s K/k-image and K/k-trace, and the Lang-Néron theorem. Enseign. Math.
(2), 52(1-2):37–108, 2006.

173

https://doi.org/10.1007/BF01232233
https://doi.org/10.1007/BF01232233
https://doi.org/10.1007/BF02392348
https://doi.org/10.2307/2118589
https://doi.org/10.1515/CRELLE.2006.049
https://doi.org/10.5802/aif.2454
https://doi.org/10.1215/S0012-7094-85-05240-8
https://doi.org/10.1215/S0012-7094-85-05240-8


[CZ03] P. Corvaja and U. M. Zannier, On the number of integral points on algebraic curves, J. Reine
Angew. Math. 565 (2003), 27–42.

[Del87] P. Deligne. Le déterminant de la cohomologie. In Current trends in arithmetical algebraic geometry
(Arcata, Calif., 1985), volume 67 of Contemp. Math., pages 93–177. Amer. Math. Soc., Providence,
RI, 1987. doi:10.1090/conm/067/902592.

[DGH21] Vesselin Dimitrov, Ziyang Gao, and Philipp Habegger. Uniformity in mordell–lang for curves.
Annals of mathematics, 194(1):237–298, 2021.

[DGH22] Vesselin Dimitrov, Ziyang Gao, and Philipp Habegger. A consequence of the relative Bogomolov
conjecture. J. Number Theory, 230:146–160, 2022. doi:10.1016/j.jnt.2021.03.028.

[dJ18] Robin de Jong. Néron-Tate heights of cycles on Jacobians. J. Algebraic Geom., 27(2):339–381,
2018. doi:10.1090/jag/700.

[DKY20] L. DeMarco, H. Krieger, H. Ye, Uniform Manin-Mumford for a family of genus 2 curves. Ann.
Math. (3) 191 (2020), 949–1001.

[DR86] Jozef Dodziuk and Burton Randol. Lower bounds for λ1 on a finite-volume hyperbolic manifold.
J. Differential Geom., 24(1):133–139, 1986. URL: http://projecteuclid.org/euclid.jdg/
1214440261.

[Fal83] Gerd Faltings. Endlichkeitssätze für abelsche varietäten über zahlkörpern. Inventiones mathe-
maticae, 73(3):349–366, 1983.

[Fal84] Gerd Faltings. Calculus on arithmetic surfaces. Ann. of Math. (2), 119(2):387–424, 1984. doi:
10.2307/2007043.

[Ful98] William Fulton. Intersection Theory. Springer New York, New York, NY, 1998. doi:10.1007/
978-1-4612-1700-8.

[GLN24] Renan Gross, Guy Lachman, and Asaf Nachmias. A sharp lower bound on the small eigenvalues
of surfaces, 2024. arXiv:2407.21780.

[GS90] Henri Gillet and Christophe Soulé. Arithmetic intersection theory. Inst. Hautes Études Sci. Publ.
Math., (72):93–174, 1990. URL: http://www.numdam.org/item?id=PMIHES_1990__72__93_0.

[GS92] H. Gillet and C. Soulé, An arithmetic Riemann-Roch theorem, Invent. Math., 110(3):473–543,
1992, https://doi.org/10.1007/BF01231343.

[GZ24] Z. Gao and S. Zhang. Heights of the Ceresa and Gross–Schoen cycles. arXiv: 2407.01304, 2024.

[Hab23] Philipp Habegger. The number of rational points on a curve of genus at least two. In International
congress of mathematicians 2022, ICM 2022, Helsinki, Finland, virtual, July 6–14, 2022. Volume
3. Sections 1–4, pages 1838–1869. Berlin: European Mathematical Society (EMS), 2023. doi:
10.4171/ICM2022/79.

[Heb94] James J. Hebda. Metric structure of cut loci in surfaces and Ambrose’s problem. J. Differential
Geom., 40(3):621–642, 1994. URL: http://projecteuclid.org/euclid.jdg/1214455780.

[HW25] Yuxin He and Yunhui Wu. On second eigenvalues of closed hyperbolic surfaces for large genus. J.
Differential Geom., 130(2):403–441, 2025.

[HM98] Joe Harris and Ian Morrison. Moduli of curves, volume 187 of Grad. Texts Math. New York, NY:
Springer, 1998.

174

https://doi.org/10.1090/conm/067/902592
https://doi.org/10.1016/j.jnt.2021.03.028
https://doi.org/10.1090/jag/700
http://projecteuclid.org/euclid.jdg/1214440261
http://projecteuclid.org/euclid.jdg/1214440261
https://doi.org/10.2307/2007043
https://doi.org/10.2307/2007043
https://doi.org/10.1007/978-1-4612-1700-8
https://doi.org/10.1007/978-1-4612-1700-8
https://arxiv.org/abs/2407.21780
http://www.numdam.org/item?id=PMIHES_1990__72__93_0
https://doi.org/10.1007/BF01231343
https://doi.org/10.4171/ICM2022/79
https://doi.org/10.4171/ICM2022/79
http://projecteuclid.org/euclid.jdg/1214455780


[Hri85] Paul Hriljac. Heights and Arakelov’s intersection theory. Amer. J. Math., 107(1):23–38, 1985.
doi:10.2307/2374455.

[HS00] Marc Hindry and Joseph H. Silverman. Diophantine Geometry: An Introduction. Springer New
York, New York, NY, 2000. doi:10.1007/978-1-4612-1210-2.

[Huy05] Daniel Huybrechts. Complex geometry. Universitext. Springer-Verlag, Berlin, 2005. An introduc-
tion.

[IT98] Jin-ichi Itoh and Minoru Tanaka. The dimension of a cut locus on a smooth Riemannian manifold.
Tohoku Math. J. (2), 50(4):571–575, 1998. doi:10.2748/tmj/1178224899.

[JK06] Jay Jorgenson and Jürg Kramer. Bounds on canonical Green’s functions. Compos. Math.,
142(3):679–700, 2006. doi:10.1112/S0010437X06001990.

[JK14] Jay Jorgenson and Jürg Kramer. Effective bounds for Faltings’s delta function. Ann. Fac. Sci.
Toulouse Math. (6), 23(3):665–698, 2014. doi:10.5802/afst.1420.

[Kuh21] Lars Kühne. Equidistribution in families of abelian varieties and uniformity, 2021. arXiv:2101.
10272.

[KL78] G. A. Kabatjanskiĭ and V. I. Levenšteĭn. Bounds for packings on the sphere and in space. Problemy
Peredači Informacii, 14(1):3–25, 1978.

[Lan88] Serge Lang. Introduction to Arakelov theory. Springer-Verlag, New York, 1988. doi:10.1007/
978-1-4612-1031-3.

[Li12] Peter Li. Geometric analysis, volume 134 of Cambridge Studies in Advanced Mathematics. Cam-
bridge University Press, Cambridge, 2012. doi:10.1017/CBO9781139105798.

[Liu02] Qing Liu. Algebraic Geometry and Arithmetic Curves. Oxford University Press, 05 2002. doi:
10.1093/oso/9780198502845.001.0001.

[Lev79] V. I. Levenšteĭn. Boundaries for packings in n-dimensional Euclidean space. Dokl. Akad. Nauk
SSSR, 245(6):1299–1303, 1979.

[LSW25] Nicole Looper, Joseph Silverman, and Robert Wilms. A uniform quantitative manin–mumford
theorem for curves over function fields. Journal für die reine und angewandte Mathematik (Crelles
Journal), 2025. URL: https://doi.org/10.1515/crelle-2025-0055 [cited 2025-09-05], doi:
doi:10.1515/crelle-2025-0055.

[LV20] Brian Lawrence and Akshay Venkatesh. Diophantine problems and p-adic period mappings. In-
vent. Math., 221(3):893–999, 2020. doi:10.1007/s00222-020-00966-7.

[Mas89] David William Masser. Specializations of finitely generated subgroups of abelian varieties. Trans.
Am. Math. Soc., 311(1):413–424, 1989. doi:10.2307/2001034.

[Maz86] Barry Mazur. Arithmetic on curves. Bull. Amer. Math. Soc. (N.S.), 14(2):207–259, 1986. doi:
10.1090/S0273-0979-1986-15430-3.

[MM07] Xiaonan Ma and George Marinescu. Holomorphic Morse inequalities and Bergman kernels,
volume 254 of Progress in Mathematics. Birkhäuser Verlag, Basel, 2007. doi:10.1007/
978-3-7643-8115-8.

[Mor22] L. J. Mordell, On the rational solutions of the indeterminate equations of the third and fourth
degrees, Mathematical Proceedings of the Cambridge Philosophical Society 21 (1922), pp. 17–192.

[Mum65] D. Mumford. A remark on Mordell’s conjecture. Amer. J. Math. 87 (1965), 1007–1016.

175

https://doi.org/10.2307/2374455
https://doi.org/10.1007/978-1-4612-1210-2
https://doi.org/10.2748/tmj/1178224899
https://doi.org/10.1112/S0010437X06001990
https://doi.org/10.5802/afst.1420
https://arxiv.org/abs/2101.10272
https://arxiv.org/abs/2101.10272
https://doi.org/10.1007/978-1-4612-1031-3
https://doi.org/10.1007/978-1-4612-1031-3
https://doi.org/10.1017/CBO9781139105798
https://doi.org/10.1093/oso/9780198502845.001.0001
https://doi.org/10.1093/oso/9780198502845.001.0001
https://doi.org/10.1515/crelle-2025-0055
https://doi.org/doi:10.1515/crelle-2025-0055
https://doi.org/doi:10.1515/crelle-2025-0055
https://doi.org/10.1007/s00222-020-00966-7
https://doi.org/10.2307/2001034
https://doi.org/10.1090/S0273-0979-1986-15430-3
https://doi.org/10.1090/S0273-0979-1986-15430-3
https://doi.org/10.1007/978-3-7643-8115-8
https://doi.org/10.1007/978-3-7643-8115-8


[NSW08] Neukirch, J., Schmidt, A.& Wingberg, K. Cohomology of Number Fields. Springer Berlin Heidel-
berg,2008, https://doi.org/10.1007/978-3-540-37889-1.

[OR09] Jean-Pierre Otal and Eulalio Rosas. Pour toute surface hyperbolique de genre g, λ2g−2 > 1/4.
Duke Math. J., 150(1):101–115, 2009. doi:10.1215/00127094-2009-048.

[OT89] T. Ooe and J. Top, On the Mordell-Weil rank of an abelian variety over a number field, J. Pure
Appl. Algebra 58 (1989), no. 3, 261–265.

[Pet06] Peter Petersen. Riemannian geometry, volume 171 of Graduate Texts in Mathematics. Springer,
New York, second edition, 2006.

[Ran55] R. A. Rankin. The closest packing of spherical caps in n dimensions. Proc. Glasgow Math. Assoc.,
2:139–144, 1955.

[Ray83a] Michel Raynaud. Courbes sur une variété abélienne et points de torsion. Invent. Math., 71(1):207–
233, 1983.

[Ray83b] Michel Raynaud. Sous-variétés d’une variété abélienne et points de torsion. In Arithmetic and
geometry, volume I of Progr. Math., pages 327–352. Birkhäuser Boston, Boston, MA, 1983.

[Rem00b] G. Rémond, Inégalité de Vojta en dimension supérieure, Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4), 29 (2000), pp. 101–151, https://doi.org/10.1016/S0764-4442(00)88135-5.

[Rem10] G. Rémond, Nombre de points rationnels des courbes, Proc. Lond. Math. Soc. (3) 101 (2010),
no. 3, 759–794; MR2734960.

[Ser97] Jean-Pierre Serre. Lectures on the Mordell-Weil Theorem. Vieweg+Teubner Verlag, Wiesbaden,
1997. doi:10.1007/978-3-663-10632-6.

[Sto01] M. Stoll, Implementing 2-descent for Jacobians of hyperelliptic curves, Acta Arith. 98 (2001),
no. 3, 245–277; MR1829626

[SUZ97] L. Szpiro, E. Ullmo, and S. Zhang, Équirépartition des petits points, Invent. Math., 127 (1997),
pp. 337–347, https://doi.org/10.1007/s002220050123.

[SW18] Arul Shankar and Xiaoheng Wang. Rational points on hyperelliptic curves having a marked non-
Weierstrass point. Compos. Math., 154(1):188–222, 2018. doi:10.1112/S0010437X17007515.

[SWY80] Richard Schoen, Scott Wolpert, and Shing-Tung Yau. Geometric bounds on the low eigenvalues
of a compact surface. In Geometry of the Laplace operator (Proc. Sympos. Pure Math., Univ.
Hawaii, Honolulu, Hawaii, 1979), volume XXXVI of Proc. Sympos. Pure Math., pages 279–285.
Amer. Math. Soc., Providence, RI, 1980.

[SZ24] Naser Talebizadeh Sardari and Masoud Zargar. New upper bounds for spherical codes and pack-
ings. Math. Ann., 389(4):3653–3703, 2024. doi:10.1007/s00208-023-02738-z.

[Tia90a] Gang Tian. On a set of polarized Kähler metrics on algebraic manifolds. J. Differential Geom.,
32(1):99–130, 1990. URL: http://projecteuclid.org/euclid.jdg/1214445039.

[Tia90b] Gang Tian. On Calabi’s conjecture for complex surfaces with positive first Chern class. Invent.
Math., 101(1):101–172, 1990. doi:10.1007/BF01231499.

[Tia00] Gang Tian. Canonical metrics in Kähler geometry. Lectures in Mathematics ETH
Zürich. Birkhäuser Verlag, Basel, 2000. Notes taken by Meike Akveld. doi:10.1007/
978-3-0348-8389-4.

176

https://doi.org/10.1007/978-3-540-37889-1
https://doi.org/10.1215/00127094-2009-048
https://doi.org/10.1016/S0764-4442(00)88135-5
https://doi.org/10.1007/978-3-663-10632-6
https://doi.org/10.1007/s002220050123
https://doi.org/10.1112/S0010437X17007515
https://doi.org/10.1007/s00208-023-02738-z
http://projecteuclid.org/euclid.jdg/1214445039
https://doi.org/10.1007/BF01231499
https://doi.org/10.1007/978-3-0348-8389-4
https://doi.org/10.1007/978-3-0348-8389-4


[Tia13] Gang Tian. Partial C0-estimate for Kähler-Einstein metrics. Commun. Math. Stat., 1(2):105–113,
2013. doi:10.1007/s40304-013-0011-9.

[Tia15] Gang Tian. K-stability and Kähler-Einstein metrics. Comm. Pure Appl. Math., 68(7):1085–1156,
2015. doi:10.1002/cpa.21578.

[PS14] Bjorn Poonen and Michael Stoll. Most odd degree hyperelliptic curves have only one rational
point. Ann. of Math. (2), 180(3):1137–1166, 2014.

[Ull98] E. Ullmo. Positivité et discrètion des points algébriques des courbes. Ann. of Math. (2), 147:167–
179, 1998.

[Voj89] Paul Vojta. Dyson’s lemma for products of two curves of arbitrary genus. Invent. Math., 98(1):107–
113, 1989. doi:10.1007/BF01388846.

[Voj91] Paul Vojta. Siegel’s theorem in the compact case. Annals of mathematics, 133(3):509–548, 1991.

[War83] Frank W. Warner. Foundations of differentiable manifolds and Lie groups, volume 94 of Graduate
Texts in Mathematics. Springer-Verlag, New York-Berlin, 1983. Corrected reprint of the 1971
edition.

[Wen48] J. G. Wendel, Note on the Gamma function, Amer. Math. Monthly 55 (9) (1948) 563–564.

[Wil17] Robert Wilms. New explicit formulas for Faltings’ delta-invariant, Invent. Math. 209 no. 2 (2017),
481–539.

[Wil22] Robert Wilms. On arithmetic intersection numbers on self-products of curves. Journal of Algebraic
Geometry, 31:397–424, 2022.

[WX22a] Yunhui Wu and Yuhao Xue. Optimal lower bounds for first eigenvalues of Riemann surfaces for
large genus. Amer. J. Math., 144(4):1087–1114, 2022.

[WX22b] Yunhui Wu and Yuhao Xue. Small eigenvalues of closed Riemann surfaces for large genus. Trans.
Amer. Math. Soc., 375(5):3641–3663, 2022. doi:10.1090/tran/8608.

[Yu25] Jiawei Yu. An explicit uniform mordell conjecture over function fields of characteristic zero. to
appear in Journal of Algebraic Geometry, 2025.

[Yua08] Xinyi Yuan. Big line bundles over arithmetic varieties. Invent. Math., 173(3):603–649, 2008.
doi:10.1007/s00222-008-0127-9.

[Yua09] Xinyi Yuan. On volumes of arithmetic line bundles. Compos. Math., 145(6):1447–1464, 2009.

[Yua24] Xinyi Yuan. Arithmetic bigness and a uniform bogomolov-type result. to appear in Annals of
Mathematics, 2024.

[Yua25] Xinyi Yuan. On vojta’s proof of the mordell conjecture, 2025. URL: https://arxiv.org/abs/
2508.11888, arXiv:2508.11888.

[YZ24] Xinyi Yuan and Shou-Wu Zhang. Adelic line bundles on quasi-projective varieties. to appear in
Annals of Mathematics Studies, 2024.

[Zha93] Shou-Wu Zhang. Admissible pairing on a curve. Inventiones mathematicae, 112:171–193, 1993.

[Zha95] Shou-Wu Zhang. Small points and adelic metrics. Journal of Algebraic Geometry, 4:281–300,
1995.

[Zha10] Shou-Wu Zhang. Gross-Schoen cycles and dualising sheaves. Invent. Math., 179(1):1–73, 2010.
doi:10.1007/s00222-009-0209-3.

177

https://doi.org/10.1007/s40304-013-0011-9
https://doi.org/10.1002/cpa.21578
https://doi.org/10.1007/BF01388846
https://doi.org/10.1090/tran/8608
https://doi.org/10.1007/s00222-008-0127-9
https://arxiv.org/abs/2508.11888
https://arxiv.org/abs/2508.11888
https://arxiv.org/abs/2508.11888
https://doi.org/10.1007/s00222-009-0209-3


[Zho24] Shengxuan Zhou. Peak sections and Bergman kernels on Kähler manifolds with complex hyperbolic
cusps. Math. Ann., 390(2):1973–2041, 2024. doi:10.1007/s00208-024-02798-9.

Jiawei Yu
Address: School of Mathematical Sciences, Peking University, Haidian District, Beijing 100871, China
Email: yujiawei@pku.edu.cn

Xinyi Yuan
Address: BICMR, Peking University, Haidian District, Beijing 100871, China
Email: yxy@bicmr.pku.edu.cn

Shengxuan Zhou
Address: Institut de Mathématiques de Toulouse, 118 route de Narbonne, F-31062 Toulouse Cedex 9, France
Email: zhoushx98@outlook.com

178

https://doi.org/10.1007/s00208-024-02798-9

	Introduction
	Main theorem: quantitative Mordell conjecture
	Some consequences
	Quantitative Vojta inequality
	Quantitative Bogomolov conjecture
	Sphere packing
	Systoles of hyperbolic surfaces
	Estimate of the Lg-invariant
	Estimate of the Faltings–Elkies invariant
	Notation and terminology

	I Arithmetic Estimates
	Preliminaries on arithmetic intersection theory
	Néron–Tate heights
	Intersection theory of hermitian line bundles
	Metrized line bundles on Berkovich analytic spaces
	Adelic line bundles on projective varieties
	Admissible adelic line bundles
	Function fields

	Quantitative Vojta inequality
	Global sparsity
	Quantitative Mumford inequality
	Existence of small section
	Lower bound of the height
	Completion of the proof
	Functions fields

	Quantitative Bogomolov conjecture
	The first part
	The second part
	Function fields

	Counting points
	Different ranges of heights
	Medium points
	Large points: first bound
	Large points: refined bound
	Function fields

	Further bounds for hyperelliptic curves
	Bounds in terms of discriminants
	Average bounds


	II Analytic Estimates
	Preliminaries on hyperbolic geometry and Tian's peak sections
	Local structure of hyperbolic metrics
	Lg inner product and Hodge decomposition
	Holomorphic Lg-forms on Kähler collars
	Tian's peak sections

	Hyperbolic eigenvalues and eigenfunctions
	An explicit upper bound of hyperbolic heat kernel
	First eigenvalue and decompositions of hyperbolic surfaces
	Eigenfunctions of small eigenvalues

	Lower bounds of Zhang’s Lg-invariant
	Equivalent formulations of the invariant
	On the thick part
	Separating case
	Non-separating case

	Lower bounds of the Faltings–Elkies invariant
	Arakelov metric versus hyperbolic metric


